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Abstract:

The nonlinear predator-prey reaction diffusion systems for singularly perturbed Robin Problems are

considered. Under suitable conditions, the theory of differential inequalities can be used to study the asymp-

totic behavior of the solution for initial boundary value problems.
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INTRODUCTION

The nonlinear singularly perturbed problem
is a very attractive object of study in internation-
al academic circles (De Jager et al ., 1996) . In
the recent 10 years> many approximation meth-
ods; including the method of averaging, bound-
ary layer method> matched asymptotic expansion
method, and multiple scales method, have been
developed and refined. Recently, many scholars
(Bohé, 1999; Butuzov et al.> 1999; O’ Mal-
leys Jr.,> 1999; Butuzov et al.> 2001; Kelley
2001) have done a great deal of work on the
above problems. Using the method of differential
inequality and other methods; Mo considered al-
so a class of singularly perturbed nonlinear
boundary value problems for the ordinary differ-
ential equation in (Mo, 1993; 1999), the reac-
tion diffusion equations in (Mo, 1989; 2001a;
Mo and Feng, 2001), the boundary value prob-
lems of elliptic equation in ( Mo and Shao,
2001: Mo and Ouyang, 2001), the
boundary value problems of hyperbolic equation
in ( Mo, 2001b ) and the biomathematics
equation in ( Mo and Wang, 2002). In this
work, with the use of a special and simple meth-

initial

od, we studied a class of nonlinear singularly
perturbed predator-prey reaction diffusion system
in biomathematics .
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Now we consider the following Robin Prob-
lem for the nonlinear reaction diffusion system:

du
€—at1 _Lu1 = ulfl()(l — T —7’12u2)9 (t,

x) € (0, T]x O (1
eaa—‘;z_Lm = wfs (= Xy + ryuy)s Ctrx) €
(0, 7] x 0 2
Bu; = u; + ai(x)aal:: = 2.(x)s a,(x) = aq
>0 x €00 = 1,2, (3)
w = hi(x)s t =0, i = 1,2 (4)

where € is a positive small parameter which ex-
presses larger diffusion coefficient, wu; and u,
stand for the numbers of prey and predator re-
Ais Ty

represents the intrinsic growth rate of the prey

spectively, are positive constants, A,
population, A, refers to the death rate of the

predator, r; are density coefficients of the prey

i

and predator populations respectively, and
n 82 N a

L = wzzlaij(x) Tax] + gﬁl(x) a_xl

Eaif(x)fijsjk 2*25? V& E R A >0

ij=1 i=1

n
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5 x,) € Q5 Q denotes a bound-
ed region in R", d(2 signifies a boundary of
for class C'*%, (o€ (0, 1) is a Holder expo-

X E(xl’x2’

d L.
nent ) s an denotes the outward derivative on

32, and L is a uniformly elliptic operator. We
will construct the asymptotic expansions of the
solution and discuss their asymptotic behavior.

We need the following hypotheses:

LH, ] ap» B+ ai» g >0 and h; >0 with
respect to variables are Holder continuous in cor-
respondence ranges and g;(x) = h,(x), i=1,
2as x€IN0.

LH, ] f;(y) is continuous differentiable and

ﬁ(M)$0’ﬁﬂy)20Mﬁ(—M>$0’ﬁy
(y)<0.

We now construct the formal asymptotic ex-
pansions for the solution of the problem Eqs. (1)
- (4.

The reduced problem is
—Luy = u /iCA =y —rpun)s x€ QS

(5>
—Lu2=u2f2(—/12+r21u1), x&E 0> (6)
Bui=gi(x), an.Q, i=1’2. (7)

We also assume that

[ H; ] there is a positive solution (U, U,)
of the problem Eqs.(5) — (7).

But (U;» U,) may not satisfy the boundary
condition Eq.(4), so that we need to construct
the initial layer correction ( V;, V,).

We introduce a stretched variable (de Jager

et al.» 1996):

T=—_.
(S

And consider the initial boundary value problem
for the parabolic system:

v,

4§;~—LV1=0, €*))

av,

TT—LVQ =0’ (10)
BV(t,x)=0, x€EIQ> i=1,2, (11

Vi(O,x)zhi(x)— Ui(x), T=O, i=1,2.
(12>

It is easy to see that there is a positive solu-
tion (V;, V,) for the linear problem Eqs.(9) —

(12). It is not difficult to see that ( V,, V,)
possesses initial layer behavior.
Now we prove that

w;Ctox)=U;Cx)+ V,Ct/es x) + 0Ce),

(t,20€L0, TIx(Q+9Q)s O0<e<l, i=
1,2. (13)

We have the following theorem:

Theorem. Under the hypotheses [ H, 1 - [ H; ],
there exists a solution Cuys 1, ) of the singularly
perturbed Robin Problem Eqs.(1) — (4) for the
non-linear predator-prey reaction diffusion sys-
tem and holds the uniformly valid asymptotic ex-
pansions Eq.(13).

Proof. We first construct the auxiliary functions
a; and (3;:

ai=Ui+Vi—8i€, 1=1,2,
‘BiZUi+Vi+8i€s 1=1,2,

(14>
(15>

where 0; are large enough positive constants,
which will be decided below.

Obviously, we have

aiﬁﬁi’ (t’x)e[o’ T:|><<Q+9(2), 1=1,
2. (16>

And for x € 9 2, there are positive constants
Mil y 1= 1,2, SU.Ch that

Ba;l,con=BLU +V; - 8g J,con =
gi(x)lxgg_() +Mi1€ _8i€’ 1=1,2,

thus selecting &; = M;; > we have

Bailxeggggi(x)lxegg’ 1=1.2, (17)
Analogously, we obtain too that
Bﬁﬂxengi(x)'xeao’ t1=1,2, (18)

We also have that
aL(O,x)shl(x)sﬁl(O, X)y xeﬂy 1=1,2

(19
Now we prove that

d
S aitl — Lal — alfl(/\l - ra; — r12a2) = Os
(tyx)E(OsT)ng i =12 (20)

d
€ait2 - La2 - a2f2(— Ag + r21a1) = 0, (¢,
x) € 0, T)x 25 i =12, 21

and
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ad
53—‘8; - Ip - ‘81f1(7(1 - - T12:82) =0,

(t,x) 6 (O, T) x 2,1 =152 (22)
ad
5%—Lﬁz—52f2(—7kz+T21‘31)20’

(t,x) 6 (0’ T) X Qs 1 =12 (23)

From the mean value theorem, for e small

enough O < e <&, there exist positive constants

Mi2’ i=1’2’ SllCh that

da
a—tl—lal—alfl(/\l—rnal—rl2a2)=
[—LUl—Ulfl(/\l—fnUl—flez)]"'

aV,

a—tl_L(Vl) +|:U1f‘1(AI—THU1—T'12U2)—

CUL+ Vi =810/ —ry QU+ V) =

S16) —rp(Uy + Vy = 8,e 0 1=L U, fi(A -
ra Uy —rpUy) —CU + V= 81e)/1(A —
rll(U1+V1—81€)—r12(U2+V2—82€))]s
—ULA, OO, 8 + rndye + /(A —
mCU + V= 81e) —rp (U, + Vy, — 8e))
01e + Mpe,

and
da
ea—t—[a2—a2f2( —/\2+r21a1)=[—LU2—
aV,
UZfZ(_A2+r21U1):|+ a—t—L(Vz) +

LULLC=2 + 1y U)) = Uy + Vo — 82600
C=X+ (U + Vi =8 eD]=L U, (=2, +
oy Up) = CUy + Vy = 82060 =25 + 15 (U +
Vi—=8eNI<Ulfo, (" D Je + O - 25 +
1y (U + V= 8,e))8,e + Mye>

where ” " denotes certain value between A; —

(U +Vy=8,e) —rp(U, + V, — 8¢ and
A —rp Uy —rpU,s """ denotes certain value
between — A, + r (U, + V5, — 856 ) and — A,
+ry Us.

From the hypotheses and selecting large
enough 0;, i = 1,2, then we proved the ine-
qualities Eq.(20) and Eq.(21) respectively.

Analogously, we can prove the inequalities
Eq.(22) and Eq.(23).

Thus from Eqs. (160 — (23), we have that
there exists a solution (w5 u,) of the problem

Egs.(1) — (4) and that

ai(t,x’e)sui(t,x’e)sﬁi(bx,e), t=1,
2,
Ctr2,)€[0, TIx(Q+90Q)x[05¢,].

From Egs. (14) and (15), we then obtain
Eq.(13). The proof of the theorem is complet-
ed.
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