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Abstract:

This paper presents an efficient way to preserve the volume of implicit surfaces generated by skel-

etons. Recursive subdivision is used to efficiently calculate the volume. The criterion for subdivision is ob-

tained by using the property of density functions and treating different types of skeletons respectively to get ac-

curate minimum and maximum distances from a cube to a skeleton. Compared with the criterion generated by

other ways such as using traditional Interval Analysis, Affine Arithmetic, or Lipschitz condition, our approach

is much better both in speed and accuracy.
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INTRODUCTION however, that ensuring the Jacobian to be 1

Implicit surfaces, especially skeleton-based
ones, are widely used in modeling soft objects
such as organs, clouds and liquids because of
their capability for generating smooth surfaces of
arbitrary geometry and topology ( Fujita et al . »
19905 Yu et al.> 1999; Murta and Millers
1999) . They are also effective in controlling the
deformation and movement of objects; because
when skeletons move, the generated surface fol-
lows them automatically. Thus, the deformation
of objects can be easily described by the move-
ment of skeletons( Desbrun and Gasuel, 1995;
O’ Brien and Hodgins, 1995). But a problem
when using implicit surfaces to simulate animat-
ing objects is how to preserve the volume while
the objects undergo deformation.

All objects made of imcompressible sub-
stances will preserve their volume when they de-
forming. This drives many researchers to work on
the volume-preserving problem. Sederberg and
Parry (1986) pointed out that in Free-Form De-
formation, all objects inside the frame will pre-
serve their volume when the Jacobian of the de-
formation function is equal to 1. The problem is,

while the users move control points is difficult.
In Rappoport et al. (1996, volume preserva-
tion is solved for objects defined by Bezier sol-
ids. Aubert and Bechmann(1997) presented a
volume-preserving deformation method suitable
for polyhedral objects. And Hirota et al . (2000)
presented an efficient algorithm to preserve the
total volume of a solid undergoing free-form de-
formation using a multi-level optimization. But
there are few approaches available for implicit
surfaces. The only approach we have found is
that presented in ( Murta and Miller, 1999 )
where the maximum density is used as the pa-
rameter to adjust the volume. However, their
method is inefficient for calculating volume .
Several parameters of implicit surface can be
used to adjust the volume. But no matter using
which parameter, volume calculation will be used
from time to time in the whole procedure. Thus
the efficiency of volume calculation is very impor-
tant. The volume of an object defined by f(x, y,
z) >0 can be described as [”/( ) dedydz .
JIoJ fxsyiz)>
This integral expression of volume cannot be com-
puted analytically for most field functions, which
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makes us turn to numerical ways. The simplest of
which is to calculate the volume numerically by
uniform sampling> but recursive subdivision is
usually more efficient. And the efficiency of the
recursive subdivision approach is determined by
the accuracy and computation cost of the criterion
of subdivision. Interval Analysis(Snyder, 1992),
Affine Arithmetic( Comba and Stolfi, 1993), and
Lipschitz condition( Galin and Akkouche, 2000)
can be used to generate subdivision criterion, but
their efficiency still cannot satisfy the requirement
for volume preserving. The main contribution of
this paper is presenting an efficient and accurate
approach to generate the subdivision criterion.

MAIN PROCEDURE FOR VOLUME-PRESERV-
ING

The surface of an object generated by skele-
tons is defined by the points satistying the follow-
ing equation:

f(x,y’z): quﬁ—TOIO (1)

Where T, is a threshold, g; is a factor coeffi-
cient Calso called the maximum density ) of Skel-
eton I, f; is the density function of Skeleton 1. A
typical density function was proposed by Muraka-

mi as Eq.(2).

o= (1= (4]

Where r is the distance from point Cx» y»

(2

z) to the skeleton, R; is the influence radius of
skeleton 1.

Actually there are many existing forms of
density functions that can be used in Eq. (1),
They have the common properties that f; (0) =
1, £C10=0, £7C0) = £C1) =0, as illustrat-
ed in Fig. 1. These properties make the density
generated by several skeletons C! continuous .

£

r’R

i

Fig.1 Shape of field function

In order to make the approach suitable for all
implicit surfaces generated by any form of densi-
ty function, we discard the above detailed
equations and use their common properties illus-
trated by Fig. 1.

From Eq. (1), we know that changing ¢;»
fi or Ty will change the region where fCx, y, z)
>0 and then change the volume. f; is defined
by r and R;> with r being the distance from
point Cx» v, z) to the skeleton I, so the position
of skeleton 1 is also essential to the volume.
Usually the position and direction of skeletons is
used to control the deformation and movement of
the objects; changing them will distort the ani-
mation effects; so that parameters we can use to
R, and T,. T, is

monotonic to f> allowing for simple control of

adjust the volume are g¢;-

volume. The problem is that when 7, changes,
the entire implicit surface will also change
which fails in local volume controlling. So we
have to fix 7, and search for other volume con-
trol parameters.

Murta and Miller (1999) used the maximum
density ¢; as a volume-controlling parameter. In
this way, the volume can be increased by in-
creasing ¢; . There is still a drawback: when g;
has been assigned a large value, it exerts little
influence on the volume. And no matter how
large ¢, is> the iso-surface cannot expand be-
yond its influence range. Therefore, sometimes
we cannot adjust the current volume to its origi-
nal value with the skeletons’ influence radii un-
changed. For examples; when ten separated me-
taballs C(implicit surfaces generated by point
skeletons) arrive at the same location and gener-
ate one isolated surface, its volume cannot be
adjusted to the original volume no matter how
large the values ¢;s are assigned, as the iso-sur-
face cannot expand beyond the ball with the in-
fluence radius.

To overcome these disadvantages, we take
both ¢g; and R; as control parameters simulta-
neously to adjust the volume. Both of them are
monotonic to the volume, so when we want to in-
crease the volume, we simply increase the maxi-
mum density ¢; and the influence radius R; at
the same time.

The main procedure of volume-preserving
animation for a skeleton-based implicit surface is
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as follows:

Step 1. Initialization: such as setting scene
and time interval, generating skeletons, and cal-
culating the initial volume V, enclosed by the
surfaces.

Then> to each time step #;» perform the fol-
lowing steps:

Step 2. Move skeletons to new positions ac-
cording to the demands of animation effects .

Step 3. Calculate the volume V; of the object
according to the new positions of skeletons, then
adjust the volume-controlling parameter ¢, and
R, of every skeleton recursively to make the cur-
rent volume V; equal to V. R; and ¢; are ad-
justed by R, =(1 + ) * R, and ¢, = (1 + p)
* q»> where p is a parameter to adjust all the
R, s and g, s. A binary search is used to find the
suitable value of .

Step 4. Rendering.

In the above procedure, Step 1, Step 2, and
Step 4 are common for a skeleton-based anima-
tion, while Step 3 is special for volume-preserv-
ing; its flow is illustrated in Fig.2.

Pre-process:

Calculate current volume
(according to newgq, and newR, )

(Setnewq, newR, 10 g,.R,),
STOP.

Yes

newq, =(1+w, *gstep)*newq,
newR,=(1+w,*Rstep)*newR,

newq, =(1~—w, *gstep)*newq,
newR,=(1 —w,*Rstep)*newR,

Fig.2 Flow of volume preserving

In Fig.2, the preprocess module executes all
the preparation jobs, such as:

Calculate the previous volume V,_ ;.

Set a weight w; to each skeleton K. Cwy is
set to control the skeleton’ s contribution to vol-
ume variation> when controlling the volume; the
bigger w; is,» the more the volume controlling
parameters g; and R, will change) . Set the orig-
inal volume controlling parameters .

Special attention must be paid to the fact that
gstep and Rstep will become smaller when cur-
rent volume V is approaching to previous volume
Vi_1. Firstly, Rstep and gstep are set with coef
V-V,

14

the new ¢; and adjust the volume repeatedly until

. Use these Rstep and gstep to calculate

V — V,_, changes its sign. Then Rstep and g¢step
are set by half of themselves. Repeat this proce-

dure until V=Via > KEPS. This midpoint

approach makes V converge to V;_; stably, al-
though at a low efficiency. But we still profit a
lot from this compared with the time-consuming
constrained minimization. The main reason why
we can use such a simple flow to preserve the
volume is that there are only two parameters to
control the volume and both are monotonic to the
volume .

SUBDIVISION CRITERION FOR VOLUME CA-
LULATION

The volume enclosed by an implicit surface
cannot be calculated analytically. Recursive sub-
division is employed as a numerical way to calcu-
late the volume because it is more efficient than
uniform sampling. Its efficiency in practical use
is determined by the accuracy and speed of judg-
ing whether a cube X is inside or outside the ob-
ject. An inaccurate judgment will cause unneces-
sary subdivision and lowers the efficiency. Inter-
val Analysis is a valid mathematic tool to help
solve the inside-outside problem more accurately .

Interval Analysis

Interval Analysis (Hirota et al ., 20000 Cal-
so called Interval Arithmetic, TAD was originally
proposed by Moore in 1966. It can control ap-
proximate errors by truncation and round off,
and process the behavior of functions efficiently
and reliably over whole sets of arguments at a
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Recently; this advantage has drawn the
attention of many computer graphics researchers
and been put to use in surface intersection, ray
iracing, 2D implicit curve contouring and other
CG problems.

An Interval, A =La, b1, is a subset of R
defined as La,b0]1= xla<x<b x> a bE
R}, with a and b called the bounds of the in-
a is the lower bound and b is the upper
bound. In the following sections, capital letters

time.

terval;

are used to represent an intervals while the up-
per and lower bounds of the interval X are de-
noted respectively as X . ub and X .1b.

Interval Arithmetic generalizes an ordinary
arithmetic to closed, bounded ranges of real
numbers.
intervals, and correspondingly, the function is
also an interval, and called an inclusion func-
tin. Let {fCx)1(x € XD} be a traditional
function> and the inclusion function for f> writ-
ten as F» can be described as F(X) =L F. b,
F.ubl, where F.lbsr?ei{lf(x), F. ub;r{leagc

FCx ) Many possible inclusion functions can be

All the variables of the function are

defined for a given function f. Obviously, an

ideal function is that, F.[b = mln fCxDs F.ub

= mg.;( fCx). But for a Compllcated function f>

it is impractical to calculate the minimum and
maximum of f. We must therefore compromise
between the tightness of the bound and the cal-
culation cost.

The natural interval extensions of the ele-
mentary operations of arithmetic are: X + Y =
LX.lb+Y.lb, X.ub+Y.ubls X-Y=LX.
b—Y.ub, X.ub—-Y.lb]and X * Y= [ min
(X.Wb*xY.lby X.Ib*Y.ub> X.ubx*Y.lb,
X.ub*Y.ub) maxCX.1b*Y.Ilb, X.Ib*
Y.ub, X.ub* Y. lb, X.ubx*Y.ubd]. It is
clear that these interval operations ( called for-
mulae IAD can be applied recursively to yield an
inclusion function for an arbitrarys nested com-
bination of arithmetic operations. The problem is
that the range intervals produced in this way are
ofien much wider than the true ranges of the
function.

Inclusion function for density function generated by
skeletons
In this sections we calculate the inclusion

function F(C) of density function f(x, y,z) =

%\;kif,;(x,y,z) = ’Z‘:;kigi(r) = Z:;k, (1 - (R—r,)z)2

oncell C=[X,Y,Z], where X =[ X. Ib>
Xoubl, Y=LY. b, Y.ubls Z=0Z.1b;
Z.ubls k; >0. If the lower bound of F(CC)D,
F . Ib is bigger than T, C is absolutely inside

the implicit surfaces if the upper bound of F
(€, F.ub is smaller than T, C is absolutely
out of the implicit surface.

Using formulde 1A, we have FCCO =[F.b,

F.oubl = [Z,kF b LkF ub)

FCC)=LF,. b F,.
function of f;(x»> v, 2) on cell C. To avoid the

where

ub] is the inclusion

expansion of range interval caused by using for-
mulae A for long computation chains, we calcu-
late F;,CC)=LF;.lb, F,.ub],; and in particu-
lars we utilize the property of density function to

The ideal F;

get much tighter range intervals.

CC) is that F,. b = exmenyle‘/f(x’ y» z) and
i'ub_lexn,ledf(ze‘/f(x’y’z) Note that g;(r)

is a monotonic decrease function of r, thus the
problem can be converted to finding the mini-
mum and maximum of distance from points with-
in C to the skeleton I. Because skeletons usually
are composed of points and line segments, to
calculate the accurate minimum and maximum
distance, we treat the two types of skeletons re-
spectively .
2

To a point skeletons max r° = max
xEX,y€ Y, 267 X yvE Y267

((x = %+ Cy — 9,0 + Cz — z)?) and
i e i (Cx — 2,02 + Cy — 4, )2
mm r° = min x x +
xEX,yeY, 262 X,y Y267 ¢ y :yL
+Cz—=2)?), where Cx;» y;5 z ) is the posi-
tion of skeleton I. Because x> ¥, z are inde-
max > = maxCx
YEX,y€E Y, 2€Z EX
—x 0% + meax(y — 5, %+ meax(z — z; )% and

pendent variables, we have

min > =min(x — ;)% + minCy — y;)? +
xEXyE Y2672 xCX yE Y
rrg?( z — z;9*. Now the problem has become
simplifieds with max(x — x; ) and min(x —

x€EX xEX
x;)? calculated by the following equations .

max(x — x; ) =
yEX

s . X.Ib+ X.ub
[(X.ub—xi) 1fx,;<—2 (3)
(X.Ib - x )" otherwise

(X.ub—-x,0" ifx;<X.Ib
mel{l(x—x)z {(X.ub—xi)z if ;> X.ub
0.0 otherwise

(4>
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Similarly, we can calculate m{ax( y — 5 )%,
yE ¥ >
a5 - 2 - 2
max(z — z; )% and minC y — ¥, )%, min(z — z, )%,
€Z yey 5 B EZ 5
max r~and min r

sE X yENEZ xEXyE Y 2EZ
To a line segment skeleton p,p,» max rCp
s O

and then obtain

p1p2? = max( max rCpspy)s max rCpspyd).
Thus the maximum distance to a line segment 1s
converted to the distance to two points,; and it is
easy to be obtained by using the approach intro-
duced in point type skeleton. To calculate the
minimum distance from cube C to line segment
p1p2 is a little difficult. First> we judge whether
p1p2 intersects cube C. If so» r(Cspypy) =
rr;i:\l rCpspip2? =0.0. Otherwise, we calculate
the minimum distance by rCCs p;p>? = min
(1}(1_i}1r(f; P10 1'Ej;1r(f, pals I}}l.}’lr( Ls pyp2))s
where F is the collection of six faces of the cube
C, and L is the collection of eight edges of the
cube C. In this way, we calculate the maximum

and minimum distance from cube C to skeleton
I, and obtain F,CCY=[F, . lb> F..ub].

EXAMPLES

We have applied this volume preserving ap-
proach to simulate drops of water falling from a
plane. The original scene of Fig.3 is composed
of 58 metaballs on the same horizon plane. The
maximum densities g;s of these metaballs are all
assigned the value of 1.0. When drops fall from
the plane, the part remaining on the plane
shrinks to balance the entire volume with the
original volume.

The example uses f,(r) = ( 1 - ;—;)h as the

5

density function.

Fig.3 Volume-preserving animation
Ca) Initial shape; (h) Intermediate shape 1: Ce) Intermediate shape 2: (d) Final shape

CONCLUSIONS

In this paper, we have presented a volume-
preserving approach for objects modeled by skel-
eton-based implicit surfaces. We adjust the vol-

ume of objects to an original volume by tuning
the influence radius and maximum density of
skeletons, thereby avoiding distortion of the ani-
mation effects since in most animation, the de-
formation of objects is achieved by the movement

of skeletons.
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We use a recursive subdivision scheme to
calculate the volume of implicit surfaces. A rela-
tively accurate subdivision criterion is obtained
by using the particular property of density func-
tion with small computation. Taking point skele-
tons as example, we can know from Section “ In-
dusion function for density function generated by
skeletons” that we obtained the range of density
function within the entire cube only by the com-
putation cost of calculating the function at two
points. It is much better than using traditional
Interval Analysis or Affine Arithmetic ( Comba
and Stolfi, 1993) both in speed and accuracy. It
is also more advanced than the Lipschitz Condi-
tion approach( Galin and Akkouche, 2000) .

The Lipschitz Condition approach is based on
the following theorem:

To any continuous function f in interval C,
9A>0, Vxl’xzé C, |f(x1)—f(x2)| = A

| X — X2 |

A is usually taken as the upper boundary of
the derivative of fCx) within [ x5 x,].

This approach expands to some extent the re-
al range of fin C. As illusirated in Fig.4, to a

| ¥
F () orpereeen x
L =<
X
T
5
=
Foe)y Lo RN X USRI S
X) X2 *
Fig.4 The difference between i I X; — X | and
1fCxy) = f(xy01

single metaball, its range | fCx; ) — fCxy D1 is
expanded to A | x; — 2, || . This undoubtedly
will lead to unnecessary subdivision and lower
the efficiency; while our approach can rapidly
calculate the accurate range of density function
generated by a single metaball within a cube.

Although our approach induces an expansion
when calculating the range of muti-metaballs
from the range of single metaball, the Lipschitz
Condition approach( Foster and Metaxas, 1996)
did the same thing in this stage. Thus, from the
materials we obtained; our approach has advan-
tages both in accuracy and speed comparing with
the existing approaches.

We used Eq.(2) as a density function in our
examples, but the approach can be applied to
any field function having the shape of Fig.1.
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