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Abstract:

The p-norm joint spectral radius is defined by a bounded collection of square matrices with com-

plex entries and of the same size. In the present paper the author investigates the p-norm joint spectral radius

for integers. The method introduced in this paper yields some basic formulas for these spectral radii. The ap-

proach used in this paper provides a simple proof of Berger-Wang’ s relation concerning the © -norm joint

spectral radius.
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INTRODUCTION

Suppose X is a bounded collection of square
matrices with complex entries and of the same
size. Let £, = %,(Z) be the set of all prod-
ucts of length n of the elements of > and %, the
identity matrix I. The p-norm joint spectral ra-
dius through the limit of normalized norms of
products of X is given by Rota and Strang
(1960) for p = o, and Jia (1995), Zhou
(1998) for other p .
0,(Z):=

1
lim sup sup Al p=o;
N 1
limsup{Z [| A | ? Y, l<p < =,

e A€ Z

where || = || is an arbitrary matrix norm.
Perhaps the most important application of the

joint spectral radius concept is its use in cascade
algorithms for wavelets of compact support (see
e.g. Daubechies and Lagarias (1992a)) or sub-
division algorithms for computer aided design (see
e.g. Micchelli and Prautzsch (1989)). Wavelets
of compact support can be constructed from linear
combinations of integer translates of scaling func-
tions ( Cohen, 1990). These functions are solut-
ions of the two-scale dilation equation. One typi-
cal example of a two-scale dilation equation in
one dimension is the following:

e(x) =cop2x) + ¢; (26 — 1) + ==+ +

cnp(2x —m), (2
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with ch = 2and ¢;» j=0, ***» m, are given

j=0
real coefficients. If ¢ determines a multiresolu-
tion,> then the associated wavelet is given by Co-

hen (1990)
olx) = 2 (g l)jc]_ng(Zx - ).

j=—m+l
It is known that the existence and the
smoothness of the L, solution ¢ can be charac-
terized by using p,(=) with an appropriate >
( Daubechies and Lagarias, 1992a; Jia, 1995;
Colella and Heil, 1992; Heil and Colella,
1994) . How can we efficiently calculate o, (3)
for given p and =7 One can easily see that the
direct computation of this quantity has an expo-
nentially increasing cost. We note that in case p
= o, Berger and Wang (1992) proved:
p= (X)) = lim sup supp(Adn, (3
where p(*) on the right hand side is the matrix
spectral radius. Thus, they settled a conjecture
raised by Daubechies and Lagarias ( 1992a;
1992b). An elmentary proof of this significant
result is given in Elsner(1995). The finiteness
conjecture ( Daubechies and Lagarias, 1992a;
Lagarias and Wang, 1995) for any given finite
set of matrices Z} asserts that there exists a fi-

nite £ and a product A € %, ( Z ) such that

0. (N1 = pCADT.
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This conjecture was disproved by Bousch and
Mairesse(2002) . On the other hand, if the ma-
trices in E can simultaneously be upper-trian-
gularized or simultaneously Hermitianized, then

‘ow(Z) = max {p(A)} ( Colella and Heil,

A

1992). In Broker and Zhou (2000) it was
proved that, if Z = {4,, A} with two real 2
x 2 matricess then det (Ay) <0 or det(A,) <
0 implies

‘Ow(Z) =

supCpCAgAiDITHT,  det(Ay) < O
=F (4)
det(Al) = O.

=

. 1
Sup( p(AjoAl ))m ’

Recently, Zhou (1998) obtained some inter-
esting formulas for even p. To present his re-
sult> let us remember that the Kronecker product
of A =C( a; )]gi,jsn and B = ( b dici, j<m 1s de-
noted by A ® B and is defined to be the block
matrix

ay B
ARXB: = :
a, B a,,B
The k-th Kronecker power A is defined in-
ductively for all positive integers k& by A=A
and A1 = A AU for £ =1,2, . Zhou

(1998) proved that for k = 1,2, ***, Eq.(5)
holds

1
e (20 = {p( DA @ ),

\
A€,

alnB

(5

where A = (a_é/)lsi, j<n- Thus, for even p we
have a clear expression for p,( Z ).

In the present paper we shall investigate the
p-norm joint spectral radius for integers. We
will see later that for integer p the calculation of
the p-norm joint spectral radius can be reduced
to p; ( Z) with a proper Z: . Some basic re-
sults concerning the calculation of p,( Z D will
be presented in the next two sections. Moreover,
our approach allows us to provide a simple proof
of Berger-Wang’ s relation Eq.(3) .

JOINT SPECTRAL RADIUS AND KRONECKER
PRODUCT

We shall denote by tr(CA)D the trace of the

square matrix A . Let us write the following aux-
iliary results as
Lemmal If

‘5(2): = lim supfu;:)(‘o(A))%, then

n—>® €

‘;(2) = lim sup sup | trCA)D I%. (6)

n—>o
For two square matrices A = ( a; dici, j<n and B

:(sz )lgiv j<m? Eq.(7) hOldS

tr(ADr(B) = (A ® B).
Let A,
Bl’"
(AI...AN)®(B1”.BN)=(A1®Bl)."
(A\®B\)

7

» Ay be square matrices of size n and

‘s B, of size m> then

(8

The first relation above can be found in Chen
and Zhou (2000, and the other two formulas
are in Horn and Johnson (1991) pages 250 and
251. We also note that Eq.(6) implies in par-
ticular for any square matrix A

pCA) = lim sup | (A" |7, (9

Let us look at Eq.(1) again. There [| « | is an
arbitrary matrix norm. We can of course consider
| | as a norm on a space of N? dimensions,
where N is the size of the matrix. As any two
norms on a given finite dimensional space are
equivalent, we may replace the matrix norm
|l |l in Eq. @P) by the entrywise [,-norm giv-

en by
1

II)TI
1
ll)q

where each E; has entry 1 in position (i5 j)

@jj

lal,: = (Y

Clearly, we have

lal, = (>

i)

-

and all other entries are zero. In this way we ob-
tain

pp( Z ) =
lim sup :gp( Z

n l'j
. AN
lim sup L L
e AEZ i)

l<p < .

1
wCAED | )" p = oo

1
p)pn
’

1o

Later we will see that for our approach the
Eq.(10) is quite useful. In fact> almost all our
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results presented in this paper rely on this formu-
la. We note also that for p = %, the quantity

‘:)( Z ) defined in Lemma 1 is exactly 0w ( Z )
(see Eq.(3)).

In order to study the p-norm joint spectral
radius for other integers> we shall use the follow-
ing correspondence:

R H )

A=R+LH<—>B=(_H ®

Clearly, by this correspondence, the set Z}
{Al yeee
comes the set Z "=

2n X 2n matrices.

» Ay} of complex n X n matrices be-
{Bla BQ"“y Bd}ofreal

Moreover> the p-norm joint
spectral radius for complex matrices is preserved
under this correspondence. Indeed, we can de-
fine two norms || * ||/

Al = [ RrRI
=1 Bl,

and || * ||” via

,+ THI  and || B|":

Obviously, there exists ¢ > 0 such that
c'lAll"sIBll"<scllAall’
As || < || is equivalent to a given matrix norm

|- Eq. (1) tells us‘op(z) = pp(z') .

We remark also that the spectral radius of a ma-
trix product does not change under this corre-
spondence i.e.

pCA A D = o(B =B ). (D

With these notations we have
Theorem 2 let Z = {A,,°"s A, } be a set

of complex square matrices of the same size.

Then for k=1, 2,**, Eq.(12) holds

o (D)) = p (B,

where B; corresponds to A;. Furthermore, if &

°y BE[AJ)TI’ (12)

is even, then

d
s BYD = o( M BH) . a3
7=

We shall denote E;, ; , to be the n x n ma-
trix» which has entry 1 in position (i, j) and all
other entries are zero. lLet us first write the fol-
lowing simple fact as
Lemma 3 let n = m X N. Then there exist
some 1l <<i;» jij<sm and 1< i,> j, <N such

that

(0] ( Blik] ’

Ei, Jjon = Eilv

Iy m®Ei2v Iy’ N -

Proof: Indeed> as 1<<i> j<n> we have
for some 1<<i|» jijs=m and 1<<iy5 o<<N
i=(i1—1)N+i2 and j=(j1—1)N+j2.
Then it follows from the definition of the Krone-
cker product that E;, ;, , = Eil' jp m ®Ei2, i N

Proof of Theorem 2: As p,( D)) =
o € Z}’) we need only show the assertions for
Z} = {B,,***s B,} of real matrices. Having
Eq.(12), then Eq.(13) follows from Eq.(5).
Thus, it remains to verify Eq.(12). Writing T

= E; and denoting by N the size of B;, we
have by Eq.(7) and Eq.(8)

or BLA - gLAITLH] )‘ )

k
r(B_ B, T)‘ =

which leads to

Z; tr(B" )’ Z Z

l<ir j<N ¢ I<ir js N ¢
rC B NN
l<ir jeN a6
tr( B[/r]...
‘4

where E;; on the right hand side of the last ine-
quality is an N* x N* matrix> which has entry 1
in position (7, j) and all other entries are zero.
By Eq.(10) the above inequality implies

1
(O]f(Z:) = (‘OI(BEkjy ’ Bd[k]))f_

For the opposite direction we use Lemma 3.
We consider the N* x N* matrix E;, P
ing Lemma 3 we obtain inductively that for some
I<<iisins s <N and 1<ji5 /00" i <

By us-

N the following equation holds
E,jv=E i v\QE,,; \Q " QE,;, ;
Using this factorization of E;, ;, y we deduce

from Eq (7) and Eq.(8)

tr (B[/r B[/r]EL j v )‘
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The arithmetic-mean and geometric-mean ine-
quality tells us

k

|l |(B BE,,;, \)‘ <
r7€1 L
> |w(B B E;,,, \)‘

r=1
Thus, for some C) independent of n we obtain
from the last two inequalities

EN/ Z tr( B[k:l Blf:”k]Ei?j’ IJ\JA )’ <

I<is j< GG

G >N |ucB, - BE. |
I<ir j<N ¢ <

Comblnmg this estimate with Eq.(10) we get

1
[‘Ol(Blikjy ng], R BElk] )I

°cy Bd)'

$Pk<Bl’ Bzy

This is the desired estimate.
Corollary 4 let Z = {A,,*, A, } be a set
of non-negative square matrices of the same size.

Then for £ = 1,2, ***, the following equation
holds

o (20 =

The Eq.(3) is proved by Berger and Wang
(1992). A second proof of this assertion is given
by Elsner (1995); his proof is based mainly on
analytic and geometric tools. We shall give a
constructive proof of Eq.(3).

Proof:

[p(EA[”)]"

Clearly we need only verify
(D) < lim sup sup(p(A))n 14

First, the definition of the p-norm joint spectral
radius tells us that for any £ =152, "

P (3 < (D)),
) = @A, -

. . . 1
ing set of real matrices is L' =

B, }. Thus, Theorem 2 tells us that

1
(Ow(L)<[(O(Z/B[2H)]2_ Vk =12,

Second, for given k& we have, due to Eq.(9), a
number n; such that

d d
ol (BRI ] < 2| e[ (D) BPY)"]| (15

» we have

» Ay} then the correspond-

B,

and hmn;r = o . On the other hand> one has by
Eq. (7) and Eq.(8)

’tr[( ZBEM)"‘] ’ — ‘ 2 tr(BE?H'“BE?H)‘ _
i=1 ey )

2 |:tr(Bél B )P <dn sup

2k
ir(B_ B, )‘

Assuming the size of A; is IV, the size of B; is
2N . Since the trace is the sum of eigenvalues we
have

B. )‘ < 2N sypp(B(l"'B( ).

stp

Now> as see Eq.(11)
‘o(B‘l'"B‘ ) = ‘o(Aél"'Aé D,

tr(B, -

we get from above

‘ tr[ B[zu n, ] ‘ <

(Z"A(ZN)“[( bup ‘0(14(1 )]2k .
"/i

n,
Combining this with Eq.(15) we obtain
(D) <

1

i n,

2“" d "(2N) [ sUpp(A A, "

The choice of n; implies
Tt 1
lim 2 PPN = 1.
Thus we conclude
Al 1

O ( L D) < hn? Sup[(sup ‘0(14(l "'A("J )] n.

This finishes the proof of Eq.(3).

The following result may be useful for the es-
timate of joint spectral radii. Let Zj = {4, IE
s Ay, } be a finite set of n; X n; complex ma-
trices. Denote Zl X 22 R R Zm
A, A1, AL, AL 1 QAL ®
“*Ay, ). We have

Theorem S let l<sp <

and <1<

such that Z 1/r; = 1, then

j=1

6>, ®2,9® >, )

In particular,
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Pw(zl ® 22®".® Zm)SHPw(ZJ)'
.
Proof: For convenience we write 2 :

21@) 22@) R Zm Now let A &
RN 2) » thus, Eq.(8) yields for some C¢; >
B é,l) - ﬁ""’d}",

=4 1A .. "®A..) (A 1 ®
A 2@ TRA . L) =(A 1A 1AL D ®
R (A*.’ mAe,, et Aé”, m) — ‘Bl ® 32 ® "
® B

where B; & z ( Ej) . On the other hand, by

m

Lemma 3 we can write the ﬂ n. x T[ n, matrix

=1 =1
EL] as
Ej=Ei . 2@ "QF ..
where 1<i,5 j.<n fort=1,2,"" m. Now

again using Eq.(8) we obtain

AE; =(B ®B,®"""®B,> (E"wf.'  ®®
E. . ,.)=(BlEiwfw " DR R

i joon

(B, E; ).

i joon,

Hence, Eq.(7) implies

r(AE;)) = || o(B.E; ;. , ).
=1 :

Joo n_

It follows from this formula and Holder’ s ine-
quality

1
| 1
ees pro\r
19,27, ”(Zz wr")’
J
that
>,
<
A€z (XD
m ‘ l)r i
|| <\
( Z/ ‘ tr(BTEirv jr’"’r ) T

=l ey

Therefore; for some C independent of n, the
last inequality yields

25 2
bl AEZ (N

C]T( DD \w(BE,, .,

»'<n Be/(\‘)

=

=

1
Py
T

where the sum Zi

Hn

1nequallty and Eq.(10).

= =

Cruns over 1 = i, j =<
i

The desired estimate follows from this
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