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Abstract:

Suppose {X;, i 21} and {Y;, i 21} are two independent sequences with distribution functions F,(x) and F,(x),

respectively. Z; , is the combination of X; and Y; with a probability p, for each i with 1<i<n. The extreme value distribution

Gy(x) of this particular triangular array of the i.i.d. random variables Z; ,,, Z, ,,, -

-, Zy,1s discussed. We found a new form of

the extreme value distributions i) (IJ:;1 (0D, (x) andii) ‘I‘;"‘ (0¥, (x) (1<), which are not max-stable. It occurs if Fy and

Fy belong to the same MDA(®) or MDA(P).
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INTRODUCTION

Suppose {X,, n>1} is a sequence of inde-
pendent and identically distributed random vari-
ables with common continuous distribution func-
tion Fx(x). Define M,(X) = max(Xy, Xa, ..., X,,). We
consider the nondegenerated limit distribution of
Pr{M,(X)<a,x+p,} where «, and [, are some
normalizing constants

Gy (x)=limPr{M, (X)<a,x+f,}.

For i.i.d. random variables X, Fisher and Tippett
found in 1928 that limit distributions exist and that
there are only three types of distributions, the
so-called Extreme Value Distributions and that
Gx(x) is either of the following three types:

D (x)= exp{—x’“ } 1(x>0),
Gy(x)=7A(x)= exp{—e"‘},x eR,
W, (x) = I(x 2 0) + exp{~(—x)" } I(x < 0)

CLC number: O2114

where « is a positive parameter and @, is called
Fréchet Distribution, A is called Gumbel Distribu-
tion, while ¥, is called Weibull Distribution.

These three types distributions identify with the
so-called max-stable distributions.

One then says that F(x) belongs to the
maximum domain of attraction (MDA) of the limit
distribution Gy. We can use the one-parameter
family of the extreme value distributions

exp{—(l + px)’”p} if p#0,

H,(x)=
exp {—exp{—x}}

, )
if p=0,

where 1+px>0. This family is called standard gene-
ralized extreme value distribution (GEV) or Jenkin-
son-von Mises representation of the extreme value
distributions.

We consider in the following work the case of
a particular triangular array of the random variables
Zins Loy «oes Znp. Let {X;, i21} and {Y;, i21} be two
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independent sequences of independent and identi-
cally distributed random variables with distribution
functions Fx(x)e MDA(Gx) and Fy(x)e MDA(Gy),
respectively; i.e. there exists normalizing sequen-
ces Ay, Prn and ., B, such that

hm F)’; (al,n‘x + 181,11) = GX (x)7

hm FYn (aZ,nx + ﬂZ,n) = GY (x)

We deal with the case that {Z; ,, 1<i<n} is a mixture
of two independent sequences {X;, i1} and {Y;,
i1}, for p,e[0,1) which is defined by:

in

X, with probability p,
Y, with probability 1- p,.
Hence {Z;,, 1<i<n}, n>1, is an array of independ-
ent random variables for fixed »n, with distribution

FZ,n(x):pnFX(x)+(l_pn)FY(x)‘ (2)

We consider the limit of M,(Z)=max(Z, ,, Z>, ...,
Z,») and assume

Gz(x)=li_>r£10Pr{Mn(Z)Sanx+ﬂ"}, 3)

for some sequence p, with p,— p €[0,1) and norm-

alizing sequences «,, f3,. We investigate the follow-
ing questions. Does the extreme value distribution
G.(x) of {Z;,, 1<i<n} still belong to one of the
above three type extreme value distributions? If not,
what distributions G,(x) are possible? What is the
influence of p,— p €[0,1) on the form of G.(x)?

In case p,—0, we might believe that G.(x) is

equal or close to Gy(x), since p, is small and more-

over p,—0, as n—oo. But the question is under
which conditions can the influence from {X;, i>1}
be ignored.

This model is motivated for instance by the
idea that the extreme values can be contaminated by
some other random variables. In other situations,
extreme values are based on observations which

stem from several sources with rather different
distributions.

PRELIMINARY RESULTS

Define the right endpoint xr of the distribution
F(x) to be xg=sup {x; F(x)<1}. It is well-known
that if F(x)e MDA(®,), then xp=o0; if F(x)e MDA
(Y ,), then xp<co is finite; if F(x)e MDA(A), then xp
can be either finite or infinite. If the extreme value
distribution Gz(x) exists, hence Eq.(3) holds, then

nFza(a,x+B,)=n(1-F, (a,x+f,)
=np,Fx(a,x+f,)

+n(1—-p )Fy(a,x+p,)
— —log G, (x).

Proposition 1  Suppose Fxe MDA(Gy) and Fye
MDA(Gy) and satisfy

tim 220 _ g [0,00),
¥ Fy(x)

where x'; =max(x; ,x; ). If p,—0, then with nor-

malizing sequences o, , and S, ,,
G,(x) =Gy (x).

Proof Since lim(e, ,x+ B,,)=x's, we have
n—® ’ ’

nFy(a,,x+f,,) = —logG, (x).
Thus

npn FX (aZ,nx + IBZ,n )anndfy (a2,nx + ﬂZ,n)
~—p,dlogG,(x) >0,

this completes the proof.
From Proposition 1 we note that the mixture

influences Gz such that Gz #Gy, only if Fy and Fy
satisfy: lim iX ()
= Fy(x)

=00 . An interesting case occurs
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if np, Fx(a,,x+f,,) — Const(x) £ 0 .

If np, - oo, let &, =)0 B :ﬁl,[,,pﬂ] )

’
1,n

then normalizing sequences o', and £, satisty

np, Fx (), x+ B,,) = —log G, (x).

Now we derive the limit results when Fx(x) and Fy(x)
have different right endpoints.

Theorem 1  Suppose the continuous distribution
functions Fye MDA(Gy) and Fy € MDA(Gy).

1) Assume Xp, > Xp and let np, > A€[0, =],

then

GY (x) Wlth an = aZ,n ’ﬂn = ﬂZ,n’ lfA = O

G,(x)=<T,(x) withea, =1,5 =0, if4>0
Gy(x) withe, =a',.B,=p,, ifd=x
Where
0, if x< Xg,

Ti(x)= {exp {—A(l -F, (x))}.

if x, <x<xp

ii) Assume x, <x, then with the norma-

lizing sequence a, = @, and B, = S,
G, (x) =Gy (x).

Proof 1) Setting a,,= o, and f,= S, we have

nfz’” (a2,nx + 182,71 )ann FX (aZ,nx + ﬁZ,n) - log GY (x)
4)

If A=0, the result follows from Eq.(4). If A>~0 and
a) if x <x, , then Fi(x)<I and Fy(x)<l.

For n—w0

Pr{M (Z)<x}={p,Fy(x)+(1-p,)F(x)}"
< {max(F (x), F, (x))}" — 0.

b) if x, <x<x, , then Fy(x)<I=Fy(x)=1.

For n—w0

Pr{M,(Z) < x} ={p,Fy(x)+ (1= p,)F (%)}’
={1-p,(1-F,(x)}"
~exp{-np, (1 - Fy (x))}
— exp {—A(l -F, (x))} s

which implies the claim.
If A=, we set o=, and B,= B, . Since
a,x+p, - Xg, 5 for large n, F, (', ,x+ f3',) =0.

Hence

nEza(a,,x+ ) = —log G (x),

the statement follows.

i) Setting a,=a, Since

and S, =L
a,,x+p,, —>x;, it follows Fx (a,,x+,,)=0
for large n. Hence, by Eq.(4) the claim follows.

In the following work we derive G,(x) if
p,—p, 0<p<l.
Theorem 2 Suppose Fxe MDA(Gy) and Fye
MDA(Gy). Let V =max(X,Y) and its extreme

value distribution be Gy(x). Then the extreme value
distributions Gz(x) and Gy(x) are of the same type.
Let x'; =max(x, ,x, ). In particular,

i) if lim EX—(x) =00, then

X=X} Fy (x)

(a) with normalizing sequences «,=a; , and

ﬂn :ﬁl,n
Gy (x) = Gy (x).

(b) with normalizing sequences ¢, =«',, and

b= /l,n
G, (x) = Gy (x).

iy if lim )
¥ Fy(x)
extreme value distributions Gx(x), Gy(x), Gz(x) and
Gy(x) are of the same type.

iii) If lim EX—()C):O, then Gz(x), Gy(x), and
xox'p FY(X)

d €(0,0) , then the
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Gy(x) are of the same type.
Proof Since F,(x)=F,(x)F,(x), we get

FV (x) = FX (x) + FY (x) - FX ()C)FY (x)

i) Since lim ix_(x):

© , we have x, 2x,
X Fy(x)

and lim(e, ,x+ B,,)=x"; . Thus
nFv(a,x+p,)nFx(a,x+p,)—>-logGy(x),
implies (a) follows. On the other hand,

nfz’” (a,l,nx + IB,I,n )anFX (a’l,nx + ﬂ’l,n)
——logG,(x)

implies (b) follows.
ii) Since lim =X
x—>x'p FY x)

=d e (0, o), Gx(x) and

Gy(x) are of the same type. Moreover
nFr(a,,x+p,)——-(1+d")logG, (x)

changing the normalizing sequences,
G,(x) =G, (x). On the other hand,

we get

nFza(e,,x+ f,) ——(p+(1-p)d)logG, (x),

changing the normalizing sequences, we also get
G,(x) =G, (x). This completes the proof.

iii) If lim iX—(x) =0. By using the same app-
¥ Fy(x)
roach or interchanging Fx(x) and Fy(x), Gz(x), Gy(x)
and Gy(x) are of the same type.
By Theorem 1 and Theorem 2 the situation

where x, =x, =x, <o and p, > 0 is not yet

dealt with. According to the different types of MDA
of distribution functions Fy and FYy, the following

cases can be considered.
1. Fx and Fy belong to the same MDA.
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i) Fy and F, e MDA(®,,);

ii) Fy and F, e MDA(Y,);

iii) Fy and F, e MDA(A).

2. Fx and Fy belong to different MDA’s.

i) F, and F, e MDA(®,,) or MDA(A);

ii) Fy and F, e MDA(Y,) or MDA(A).

In this paper we only discuss the cases in
which i) F, and F, e MDA(®,) and ii) F, and
F, € MDA(Y,,)

RESULTS FOR THE SAME RIGHT ENDPOINTS

According to the known theory of extreme
value distribution, it is wellknown:

1) F(x) eMDA((Da) iff there exists a slowly
varying function L(x) with xp=c0 such that
F(x) =x"“L(x), where « is a positive parameter.

By Karamata’s representation, there exists a

measurable function a: R, = R, and a function c:

R, - R, and a constant ¢ >0 such that
1i_r}gc(x)=c >0, y_r)ga(x) =a>0,
and for x>0
F(x) = c(x)exp {— L"f‘a(t)dt}.

2) F(x) € MDA(A) iff there exists a Von Mises

function F"(x) and measurable functions c(x) and

S(x) such that lim ¢(x)=c¢>0, and

— * * 1
F(x)= 1-F = —| ——dt;.
(x) =c(x)( (x))=c(x) exp{ W70 t}

for xo<x<xr and where fis an auxiliary function
with >0 on (xo,xr) and f'is absolutely continuous
with f(x)—0, as x—>xp.

3) F(x)eMDA(Y,) and xp<co iff there exists a
slowly varying function L(x) such that
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F(x, —x ") =x“L(x). (5)

where « is a positive parameter.

In this section we discuss the situation when
xp, =X . According Proposition 1, it is necessary
o Fy(x
to consider lim _Y( ) .

X—>0 FX (x)

Suppose Fi(x) satisfies

Lemma 1
F(x) =c,(x) exp{— ' Ldl}
l Tor gi(t) ’

for xo;<x<co and where g; is an absolutely conti-

nuous function with g=>0 on (x¢;, ©), g’/(x) exists

and measurable functions c,(x) satisfies

lime,(x)=¢, >0, fori=1, 2.

i 1f D 51 and lim— =g e(0.0]
= &) =2 g, (1)

then

1imiz—(x) =00
X—>0 Fl (x)

ii) 1f 1im 229

xX—>0 Fl (x)

=d €(0,0), then

lim 2@ ;.
= g(1)

Proof i) 1f im&? — 551 then
t—o gl (t)

1 1

lim & (?) 1 g,(?)

=0

=p-1>0,

g,(t)

which implies, for any ¢ with p —1 > &> 0, there

exists x,(¢), such that for Vz>x,(¢),

1 1

a0 20
1

&0

>2p-1-£>0,

and hence

1 1 1
> —1- .
(p=l=a 0

20 &0

Since lim
e g,(t)

ing cases:

=ae(0,], we discuss the follow-
(a) If a=w0, there exists x, , such that for £ x;,
£2g, (¢). Thus V¢ 2 x" (&) = max(x;(¢),x,) ,

11
&) g

Z(p—l—g);zh%. 6)

Let x, = max(x,,,x,,)

and b = exp{—_‘jo .0
02 2

dt}(ifxm > x,,)

and b= exp{ X: ﬁdz‘}(ifx01 < Xyy) -
1

For fixed x"(¢) and by Eq.(6),

lim 220
X—>00 Fl (x)

= 1im 2% lim exp —j£ ! —Ljdt
o Cl(x) = o gz(t) gl(t)

bc ) 1 1
> 2 — de b
c eXp{Lo (gl(m gz(t)J t}

lim exp{hj.i( )%dt} - 0

(b) If ae(0, ), the proof is similar as that in
(a).

ii) By using L’Hospital’s rule for the second
factor, we have



340 Jiang / J Zhejiang Univ SCI 2004 5(3):335-342

}lim g (%)

x 1
- dr
Xp{ L. (1)

fz (x) _ C_zl.
x—>o Fl (.X') ¢, ¥ ¥ 1 xow g, (X)
- ——dt
exp{ B }
1 im2L—2L gl (x) F2 (x)
g, (x) o Fi(x)’
hence
[ ~lim & (x)]hm 20 _, 7)
raoog (X) X0 Fl(X)

the result follows.
Lemma 2 Fi(x) is defined in Lemma 1. Assume

that lim= ( V2)
e Fl(vl,n)

=de [O,oo] for sequences v;,—®,

as n—oo, i=1, 2. For any ¢ with 0<g<1 and large n,

1) if de(0, ), then Msd”;

Fa(v,)
if d=0, then
_Fa(v,,)
lim=———=
e F2 (Vl,n)

=0 for any F,(x) defined in

Lemma 1 with lim=2—~= £ <1.
t—®© g (Z)

Fa(v,,)

ii) if de(0, o), then
Fz(vl,n)

Tl d1+5 ;

if d=o0, then
Fa(v,,)

im— = for any F,(x) defined in
n—o0 F2 (V1,n)

Lemma 1 with lim===>1.
t—>o g t)

i) Since lim=2—~= & (1)
—o g ( )

>0, there exists f,(&), such that

Proof <1, for any ¢ with 1>¢

Vit 2t (e),

>(1-g)——
& (1) ( )l(t)

Hence, for any ¢ with 1>¢>0 and large n, we have
ford>0

Fa(v,,)
Fa(v,,)

Van 1
~exp—| dt
P{ .[‘,1,,, 2,(t) }

< exp{—J.V:" T(l - g)dt}

(#J L e[ow),

Fi(v,)

the statements follow.

ii) Since lim=2—~= &0
—o g ( )

there exists #y(¢), such that

21, forany € with 1 > &>0,

S(1+z3)L

1
Ve 1,(),
=0l o 2

Hence,

Ez (V2,n) > exp{—J‘V“

Fato,) —(1+ e)dt}

g0
N(il (Vz,n)] N d1+e: e [0,00] N

Fi(v,)

the statements follow.

Fyxy and Fye MDA(D,)
In this subsection the case of Fy and Fy e
MDA(®D,,) is dealt with.

Theorem 3  Suppose FyeMDA(®, ) and Fye

MDA(®, ).

1) If 9o , then with the normalizing sequen-
a,

ces a, =a,,

and B, =0

G, (%) =D, (x).

i) If 9 <1 and np, Fx(a“)—)Ae[O ] as
az

n— oo, then

@; ()P, (x) with @, =a,,, B, =0,if 4>0;
G,(x)=

@, (x) with a, =/, B, =0, if A=c0.

n
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Proof 1) Since 4o , by Lemma 1 we have
a2
lim 24

=0. By Proposition 1, the result follows.
X—>0 FY (x)

ii) Since 44 , by Eq.(2) we have

a,

nFZ,n (a, ,x)~np, Fyx (a,,%)+ x @
9, Pty ) 2 o
=(np,Fx(a,,)=—"— 2

> Fx(ay,)

~(np, Fx (@, x ™ +x7*

a) If npnﬁx(az,n)% A, as n—o, A>0, then
the results follow.
b) If npnﬁx (a,,) = o, then np, — . Setting

’
1,n°

a=a,,, np, Fx (a,)—>1 and

L,n . npnFX(a(ln)
~— = lim >

— 0.
now [y (0!2’”) e np, Fx (0!2’”)

Now by Lemma 2

- —a FY(O{’I n)
0<nFy(a),x) ~x " =———0.

Fy (0!2, n )
Hence, nFy (o ,x)— 0 and
nFz.(e,,x) = np, Fx (e, %) +n(l— p,)Fr(c,,x)
~x"% +nFy (', x)—>x™,
the statement follows.

Remark 1 Only if o;<a, and 4>0, G(x) can exist

as the mixture form CI);‘1 (x)®, (x), because if o =

o, and npnfx (a,,) > A>0, by Theorem 3
nF 7. (@, x) > Ax“ +x @ =(1+ Ax ™.

Setting a, =(1+4)'“a,,, we get nF 7. (a,x)—>

x~“, which implies with this new normalizing seq-

uences we get G, (x) =, (x).

Fx and Fye MDA(Y,)
In this subsection the case of Fyand Fy e
MDA(Y ) is dealt with.

= 1
Assume x, =x, =x, <o and Fy(;/zqn)~; .

If np, > o, let Fx(]/’l‘") ~ L

n

Theorem 4  Suppose FxeMDA(Y, ) and Fye

MDA(Y ).
) If 4o , then with the normalizing sequen-
a,

cesa, =x,— y,, and B, =x,, for x <0

n

G, (x) = exp{~(-x)"} =¥, (x).

i) If 4 <1 and npnfx (7,,) > Ae [0,00] ,
@,

as n—oo, then

‘Pfl Y, ) with e, =x,. =7, ,, B, = x;., if4=0;

Gz(x) = . .
Y, (0 witha, =x.-7,,, B = x,ifA=x

Proof Since x, =x, =x, <o, by Eq.(5)

F'x(x)=Fx (xp —x)=x""L(x)

and

F'y(x)=Fy (xp —x ) =x""L,(x)

implying F"y(x)e MDA(®, ) and F (x)e MDA(®, )
with Xpe S X =00, for all x>0. By using this

relationship and Theorem 3, it is easy to prove this
theorem.

CONCLUSION

Now we show that the extreme value distri-
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butions @ (x)®, (x) and ¥, (0¥, (x) (@1<a)

are not max-stable distributions, and hence they do
not belong to the three types extreme value
distributions.
Theorem 5

distributions CI);'l (x)®,, (x) and ‘Pi} (0¥, (x) (<

If A€(0, ), then the extreme value

) are not max-stable distribution functions.
Proof i) Suppose G,(x)=®d; (x)®@, (x)(<a).
Suppose that CI):;1 (x)®, (x) is a max-stable

distribution, which means that there exist constants
a;>0 and by such that

CI)Z1 (a,x+b, )CI)Z2 (a,x+b)= CDﬁl (0D, (x).

By taking logarithms and expanding it, this is
equivalent to

Ak(a,x+b) " +k(ax+b,) ™ =Ax™ +x ™.

For fixed &, let x > 0, then the right hand side of

the above equation tends to o, if by #0, then the left
hand side is bounded, which is a contradiction.
Hence b;,=0 and

O
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Ak(a,x)™ +k(a,x)™ =Ax" +x* ®)

Let x>0, by Eq.(8) we have k(a,x)™ ~x™*,
implying @, = k"“ . Putting it into Eq.(8)

e

Ak “x % +x % = Ax " +x%,

o

which for all £ leads to £ “ =1. Hence, o, =0,,
which is a contradiction.
i) Suppose G, (x) =¥, (0¥, (x) (o1 <a), we

can use the same method as in proof of 1).
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