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Abstract:
respectively. Z;, is the combination of X; and Y; with a probability p, for each i with 1<i<n. The extreme value distribution

Suppose {X;, i21} and {Y;, i>1} are two independent sequences with distribution functions Fy(x) and Fy(x),

Gy(x) of this particular triangular array of the i.i.d. random variables Z, , , Z,, ,..., Z,, is discussed. We found a new form
of the extreme value distribution A*(px)A(x)(0<p <1), which is not max-stable. It occurs if Fy(x) and Fy(x) belong to the

same MDA(A). G(x) does not exist as mixture forms of the different types of extreme value distributions.
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INTRODUCTION

Let {X;,i>1} and {Y;,i > 1} be two independ-
ent sequences of independent and identically
distributed random variables with distribution func-
tions Fx(x)e MDA(Gyx) and Fy(x)e MDA(Gy), res-
pectively. We deal with the case when {Z; ,, 1<i<n}
is a mixture of two independent sequences {X;, i>1}
and {Y;, i>1}, for p,€[0, 1) which is defined by:

i,n

| X, with probability p,
Y with probability 1-p,.

We consider the extreme value distribution Gz(x) of
{Z;,, 15i<n}. The cases i) Fyand Fye MDA(®,) and
il) Fy and Fye MDA(Y,) were dealt with in Jiang
(2004). In this paper we continue to discuss the
other cases:

i) F, and F, e MDA(A);

ii) F, and F, e MDA(®,) or MDA(A);

CLC number: O211.4

iii) F, and F, e MDA(Y,) or MDA(A).

Fy(x) AND Fy(x)e MDA(A)

Firstly, we discuss the situation with

xp =X, =00, then we deal with the situation with

Xp =Xy =Xp <00,

Theorem 1  Suppose Fy, Fy € MDA(A) have the

auxiliary functions fi(x) and f>(x) with x,, = x, =oo.
Let np, Fx(f,,) = A€[0,:] and

lim 200 _
=% f(x)
1) If0<p<1and 4 € [0, o], then with the nor-

malizing sequences o, = o, =f2 (f2.n) and B, = S,

pel0,0].

G, ()= A*(PA).

i1) Otherwise, with the normalizing sequences



510 Jiang / J Zhejiang Univ SCI 2004 5(5):509-517

Op = O p :ﬁ(ﬂz,n)a ﬂn = ﬂZ,n or a, = a,Ln s ﬂn = ﬂ,l,n
G,(x)=A(x).

Proof We consider the different cases as follows.
1) If p>1, by Lemma 1 in Jiang (2004) we have
limfy—(x)
=0 Fy(X)
the claim follows.
2) If 0 <p<1, we have

=o0. By Proposition 1 in Jiang (2004),

nEza(cty,x+ By, )~np, Fx(ay,x+ f,,)+e
fX (a2,nx + ﬂZ,n)
Fx(pB,,)

efx

=np,Fx(f,,)

Fola. x+
We derive limM

. In fact,
n—»0 FX (ﬂz’n )
Fx(a,,x+pB,,) { Hhp, 1 }

Fx(B,,) P £

—exp {—IX JAVS ds}
o fi(fy (IBZ,n )s + ﬂ2,n)

e {_ [ ACREAC ALY ds}
P LB+ Bo) FUBo)s + )

e (1)

by Lemma 1, 3 in Resnick (1987) and since

lgmw% = pe(0,1]. Hence,

nFza(ay,x+ B,,)~np, Fx(f,,)e " +e™. )

i) If np, Fx(f,,) = A>0, then with
)y ZfZ(ﬂZn) and S, = ﬂZ,n
G,(x)= A" (px)A(x).

ii) If npnfx (B,,,) = o, then also np,—>. We

have npnfx (p,,)—~>1 and

nFZ,n (a’lyn X+ ,6”1,") = npnfx (0‘/1,,1 X+ ﬁ’l’n)
+n(l— p,)Fr(a,,x+ f,,)
~e ™ +nFy(a,x+ ).

3

If we show that nFy (@', x+p7,)— 0, then with

a, :all,n = fi(ﬂll,n) and ﬂ” = IBll,n H
G,(x)=A(x).
In fact, we have

. FX (IB,l,n) 1 npnFX (IB/I,n) _
lim= =lim =

- 0. “4)
= Fx(B,,) > np,Fx(B,,)

Hence, as the derivation in Eq.(1) for large n we
have

0< nfy (a,l,n'x + ﬂll,n)
~ FY (all,nx + ﬁ’l,n) — FY (a/l,nx + IBll,n) FY (’8,1’")

FY (ﬁz,n) FY (IB,I,H) FY (ﬂl")
e D) 5)
Fy (ﬂZ,n)

by Lemma 2 in Jiang (2004).
iii) If p=0, by Eq.(2) we have

nFZ’" (a2,nx + ﬂZ,n )~npn FX (IBZ,n) + eix .
a) If npnfx (B,,) >0, then

nFz.(a,,x+ f,,)—> e, which implies with

22 :fZ(ﬂZ,n) and 3, = /BZ,H’

G,(x)=A(x).

b) If np, Fx(f,,) — Ae(0,0], then also np,

— o and npnl?x (B,) =1, As in the derivation of
Eq.(4)
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limexp —j m"Ldt =l. 6)
X0 Pon ﬁ(t) A

Furthermore, by Eq.(3)

nFZ’” (a’l,n X+ IB,I,n )Neix + nFY (all,n X+ ﬁ’l,n) s

For large n as in derivation of Eq.(5) we have

Fy(a,,x+ /)
Fy(f,,)

{ I LB+ B }
~expq — ds
A (ﬂll,n )s + ﬂll,n)

£
exp{ jﬁz, 7 )dt}

by using Eq.(6) with p= 0. Hence with «,
.fl( ﬂ/l,n) and ﬂ’l = ln » We get GZ(X) A(x)
Remark 1

0< I’lFY (0!’1,” X+ ﬂ/l,n )~

(7

— 4 —
= 1Ln -

we can change the normalizing sequences: o, = &2
and B, =log(4+Da,, + B,, to get

Gz(x)= A(x).

Thus only if 0<p<I, Gz(x) exists as a mixture
form A”(px)A(x).

Now we deal with the situation with x, =
X =X, <oo. In order to establish the theorem, the

following lemmas are necessary.
Lemma 1 Suppose F,e MDA(A) have xp<co with
absolutely continuous auxiliary function f{¢). Then

F'(x)=F(x, —x')e MDA(A) with the right end-
point x, =0 and absolutely continuous auxiliary
function f*(¢£)=¢"f(x, —t").

Proof
Lemma 2

It is easy to check.
Suppose F, and Fy € MDA (A) have

Xp, =Xp =Xp <®

i) If 11mf2()>1 then lim y(x)
t—>xp fi([) X—Xp FX (X)

When p=1 with npnFX(az,n) —>A4>0,

i) If lim =—— (x) =d >0, then lim I50) =1.
XoXp FX (x) toxp f]‘(t)
Proof i) By Lemma | F;(x)=F,(x, —x"') and

F(x)=F,(x, —x"") € MDA(A) with X, =X

* = w
FY
and their absolutely continuous auxiliary functions

are f'()=0f,(x; —t") and [ ()= ' fo(x, —1),

respectively. Furthermore,

Ll =)

RO
GO

e 0]

Lemma 1 in Jiang (2004) implies

im0 o
X—>0 F*X(x)
while
— o "
lim 1_7y(x) Fy(xF t 1) lim Fy(x)
X—Xp FX(X) r—>oo FX(XF —t ) x—>ooF (X)

the statement follows.
ii) By using L’Hospital’s rule and the method
as in Lemma 1 in Jiang (2004), we have

(1 A )] Fr(x) _
X—oXp f(.X') x—)rf FX()C)

the result then follows.
Theorem 2 Suppose F, and Fye MDA(A) have the
auxiliary functions fi(x) and f>(x), respectively and

S,(x)

X, =X, =X, <oo. Suppose lim——-= 0,0
r = Xp, =X ppose lim =5 = pe e[0,00]
and fy(ﬂz,n%l. If np,—o, let
n
J— , 1
Fx(f\,)~—- ®)
np,

Assume npnfx (B,,) > A€[0,x].

DIf0<p<1and
a) if A €(0, ), then with the normalizing sequ-
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ences a,

=f2(fa.) and S = o

G, (x)= A" (px)A(x).

b) If A=co, then with the normalizing se-

=h(p",)and f,=f,

quences a,
G,(x)=A(x).

ii) Otherwise, with the normalizing sequences

ay = 0= fo(Bon), Bu =PonOr Oy = all,n B = ’l,n
G,(x)=A(x).

Proof ByLemma 1 F}(x)=F,(x, —x"') e MDA(A)
and Fy;(x)=F,(x; —x ') € MDA(A) with x,. =x,_

=o and their absolutely continuous auxiliary
functions are f;"(¢£)=¢"f,(x, —t"') and

LO=0 1 -1, (€))

respectively. Furthermore,

A )

im0
t_m f(xF _t_l)

= 0,00
x—)oof (t) pG[ ]

Hence we can apply Theorem 1 to these two
functions. Let

Fy, () =p,Fy(x)+(1-p,)F (%)

* * . .
Suppose a,, and f;, are the normalizing sequen-

ces from F'y (B5,)~n"". We have

1
ﬁZ*,n

ﬂZ,n =Xp = (10)

Hence by Eq.(8)

np, F* x(B5,)=np, Fx(x. —(Bi,)")

=np,Fx(f,,) >4 (11

1) If 0<p<1 and 4>0, then 0<p'<l,by Th-

eorem 1 there exist normalizing sequences «, , and

B, » such that

nF, (), x5+ B,) = Ae P + ¢ (12)

a*
and furthermore, by Eq.(10) and since lim% =0,

2,n

for any x

lFZ*,n (a;,n'( ﬂ;,n)
: J
a;,n /! 2*,)7

1
%, X+,

1 1 j
+ * - * *
ﬂ2,n a2,)1x+ ﬂZ,n

= npnfx [xF -

+n(l-p, )FY (xF

- 1
=}’lp"FX [‘XF _ﬂ*
2,n

(= p)Fr| xp b
ﬂ2,n ﬂ2,n a2,n'x + ﬂZ,n

-1
F ﬂ + 1 + a;,n a;,n
= npn X 2.n s X * 2 X
ﬁZ,n (IBZ,H)

wn(l=p )Fy| B, + 14 % C a,
n _pn Y n * X * X
’ B, ) (B

_ F aZ,n
- npn X ﬂz,n + 2

) x(1+ o(l))]

5

T aZn
+n(1_pn)FY IBZ,n

3 hG —x(l+ 0(1))}

o

13
(/32”) 4

=nFz, { By, +—=x(1+ 0(1))J

which implies by Eqs.(12) and (11),

s

2 x(1+ 0(1))J —> Ade " +e"

2,n

nFZ,n (ﬁ2»" +
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Hence with normalizing sequences

*

a

2,n
a = - :ﬂ

2 2,n°

V-0 R

(14)

the first statement a) in 1) follows.

Now we examine the normalizing sequence .
In fact, by Eqs.(9) and (10) we have

o, LB
a = =
) (B
= f,(xp — (182*," )71) =/, (ﬂZ,n)

(15)

2) If 0<p<1 and A=, by Theorem 1 there exist

. . 7% 7%
normalizing sequences «’f, and f7,, such that
F* ( r* _,’_ﬁ/* )_> -X
n Z,n a l,n‘x 1,n €

Where g

I,n

=Xy — Furthermore, by the

7%
1L,n

similar derivation as in Eqgs.(13), (14) and (15), the
statement b) in ii) follows.

3) By using Lemma 2 and Theorem 1, the
proofs of the other situations are similar.

DIFFERENT MDA’S

In this section we consider the extreme value
distribution Gz(x) and its corresponding norma-
lizing sequences when Fy and Fy belong to di-
fferent MDAs.

Fx and Fye MDA(®,) or MDA(A)
The case Fxye MDA(A) and Fye MDA(®,) is

simple, since by Lemma 1 in Jiang (2004)
lim EX (x) =0 and by Proposition 1 in Jiang (2004),
X—>0 FY (x)

Gz(x) = ®, with the normalizing sequences «, =
o, and B, = 0. X; has no influences on M,(Z). The
other case is more interesting.

Theorem 3 Suppose Fxe MDA(®,) and Fye

MDA(A) with x, =oo and let

np, Fx(f,,) — A€[0,0].

1) If 4=0, then with the normalizing sequences

oy = a2,m ﬂn = ﬂZ,n
G, (x)=A(x).

i) If 4€(0, =], then with the normalizing

sequences a, =a’,, f, =0

D (x) ifx2 A" (x>0 if 4 =o0)
0 otherwise.

G,(x)= {

In order to prove Theorem 3, the following lemma
is necessary for Fe MDA(A).

Suppose FeMDA(A), then for any
large T € R, there exists #, such that, for every

Lemma 3

x>x1>ty, we have

F(x) <(1+T1](1+(x—xl)JT
F(x) -7" I (x,)

Since f is absolutely continuous with

(16)

Proof
f’(t) >0,as t > © and lime(x) =¢, forlarge T>1,

X—>00

there exists ¢y such that for any ¢,

T < fOST, (17)

and (1-T"e<c(t) <1+ T ")e, hence for any x>x;
>ty

c(x) < 1+7"
c(x) 1-T7"°

(18)

Integrating the above inequality Eq.(17) over (x1, 7)
for any ¢ > x; > ¢;, we have

T (t=x)< f(O) - f() ST (t-x)

so that
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1 1
>
f(t) f(x1)+T71(t_x1)

and hence for x > x; such that
_c(x) p{ R }
o) P o

1+7° x 1
(1 T ]eXp{_J.le(xl)+Tl(t—x])dt}

1+7" SeH T )
=\ exp{—TJ.f(Xl) s ds}

F(x)
F(q)

(1477 [f(xl)+T1(x—xl)jT

f(x)
(141 [1+
1-7"

-T

(x - xl)j
Tf (%)

Proof of Theorem 3

and £, = fr.., We get

Setting o, =

5= fo(Pon)

nFZ,n (o, x+ ,B“ )

np F () e ) (;‘2’2’;; )ﬂ )y

~np, Fx(f,,)+e™ (19)

since

Fx(ay,x+f,,) . X“f“(ﬂzi“”)
m - 2= =lim

w Fr(B) "t Fx(B,)

2.n

1) If 4=0, by Eq.(19) the statement follows.

ii) If A>0, then np, — o and
nﬁz,n(a’l’n X))~ x"+n(l-p, )Fy (@’,%).

If we can prove that

0 ifx>A4""(x>0if A=)

oo otherwise.

n(l-p,)Fr(a,,x) - {

then the statement follows.

In fact, we have np, Fx (a,)—1 and

a’, o
lim exp {—j t a(t)dt} = hme—(“’) S A"
n—»0 Pon n—»o np" FX (ﬂz n)
Now
[ Fatdr= [ s a(B, 5)ds
ﬂ?.,/: 1 B
implying

a’ln/ﬂZ,ﬂ -1
s-a(p,,s)ds

1imj1 =logA. (20)

Since lima(p,,s)=a for any s>1, there exists N>
n—»0 ’

0 for given £>0, such that for any n>N and s>1

(I-ga<alp,,s)<(l+e)a.
Hence for o', > B,
all,n < I @l B
ﬂZ,n !

“sTa(B,,s)ds
<(1+é&)lo (a"’"]
S g IB

2,n

(1- S)alog(

by Eq.(20) and similar for &', < f.,, which implies

a/ e
Iim—=>=4

21
n—w ﬁ2,n ( )

We consider the different cases as follows:
a) If x> A47"“, then by Eq.(21) for large n

4
a l,nx Z ﬂZ,n

Hence by Lemma 3

Y(alnx)

Y(ﬂz n)

a’l,nx - IBZ,n -
ﬁ (ﬂZ,n )T

n(l-p, )FY (a/) X)~——"—

1Ln
1+7"

< — || 1+
1-T

:[”Tjj LAY (“ll,nxq] >0 (22)
1-T T f,(Br)\ P
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4

X a, n
——— > forx — o and —= converges.
f‘2 (x) IBZ,n

b) If x< 4™, then by Eq.(21) for large n,

Since

a,x < B

As the derivation in Eq.(22) we get

Fy(ﬂz n) 0
FY(a 1Ln 'x) '
Hence,
— Fy (a 1, x)
n(l—p,)Fr(a x)~—" (23)
Y (ﬂZ n)
the statement follows.
iii) If 4 = oo then
lim exp{ I 't a(t)dt} =lim ﬂ -0
n—>0 n—>0 np FX(ﬂz ")

. . . . ! Prw
which implies th s 105(,6’25,,s)ds =o and

/

L a
moreover, lim =00 . If x>0 or x<0, then as the

n—»o
2.n

derivation in Eqgs.(22) and (23) the results follow.

Fx and Fye MDA(Y ) or MDA(A)

The case FyeMDA(A) and Fye MDA(Y,)
(>0) with x, =x,
Fy(xp —x ")eMDA(A) and Fy(xp —x ") e MDA(®,).
Lemma 1 in Jiang (2004) gives

=x, is simple again, since

lim FX(X)
XXp FY(X)

m Fx(xp -x)

- -1
e Fy(Xp —X

:O,

Proposition 1 in Jiang (2004) implies Gz(x)= W 4(x).
The other case is again more interesting.

Theorem 4  Suppose Fy (x)e MDA(Y,) and Fye

MDA(A). Let Fr(B,,) <L and if np, - oo, let
n

— 1
Fx(y,,) ~ —. Assume
np

n

np, Fx(B,,)—> A€[0,]. (24)

1) If 4=0, then with the normalizing sequences

o, = 0y :f2(ﬂ2,n) and ﬂn = ﬂZ,n

G, (%) = A(x)

i) If 4€(0, =], then with the normalizing

— V4 J— / —_ 4 —
sequences a, =a’,,=xr—7’, and B, =p",=x,

G, (x) = Y, (x) if0>x>-4""(x<0if A=)
otherwise.
Proof Sincex, =x, =x, <o, F'y (X)=Fx(xp —

x ') € MDA(®,), and by Lemma 1, F*y (x) = Fy(xr
- x " € MDA(A) with x. =x.=o. Hence we

can apply Theorem 1 to these two functions. Let

£y, ()= p,Fr () + (1= p)F (x)

Suppose a5, and ', are the normalizing sequen-

ces from F'y (x). We have f3,, =x, ———, and by

2,n

Eq.(24)

np, Fx (B,,)=np, Fx (xp — (,Bz*,n)_l)
= npnFX(ﬁz)") — A.

1) If 4=0, by Theorem 3 we have

nFZ*,n (a;,nx + 182*,11) - eﬂ( (2'5)

Furthermore, by using the derivation in Eq.(13) we
have

nFZ*,n (a;,n'x + ﬂZ*,n)
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5

- a2n
:npnFX ﬁ2,11+ ;

By’

x(1+0(1))J

*

T aZ n
+n(1_pn)FY ﬂZ,n+ ;

Gy x(1+ 0(1))]

*

= aZ,n
= nFZ,n ﬂZ,n +

Ly x(1+ 0(1))}

Hence by Eq.(25) with normalizing sequences

*

aZ,n ﬂ ﬂ
a, = " s Pn= P2
(IBZ,n)2
implying by Eq.(15)

an:f2(;82,n)v ﬁn = ﬂ2,n >

the statement follows.
ii) If 4 € (0, ], by Theorem 3 there exists a

normalizing sequence «], from Fy(x), such that

nF, (af,x)—>

— x“ifx> 47" (x>0if A=o0);
0 otherwise.

(26)

We have 7/, = x, —% and

Ln

nF, (a'),x)
— 1 — 1
=npnFX(xF_ ,* )+n(1_pn)FY(xF_ ,% )
I,n I,n
_ xX. —v
— npn FX (xF _ F 7 l,n)
_ xX.—=v
+n(l= p,)Fr(x, ~-—t)
X
_ x.—v
=nFz7.(x, ———1" Y i )

Hence by Eq.(26) we get

nFZ,"((xF _7,1,n)y+xF) -

if 0>y > —A’”“(y <0if 4 =00);
otherwise.

(=»)*
0

Hence with the normalizing sequences
— / — / — / —
o= o 1,n =XF — 7 1,n and ﬂn_ ﬂ 1,n =XF,

the statement follows.

CONCLUSION

Now we show that A”(px)A(x)(p <1) is not
max-stable distribution, and hence it does not
belong to the three types of extreme value dis-
tributions.
Theorem 5 If 4€(0, ), then the mixture extreme
value distribution A”(px)A(x) (p<1) is not max-
stable distribution function.

Proof Suppose that G(x) = A%(px)A(x) is a max-
stable distribution, it means that there exist cons-
tants a;>0 and b, such that

AM (plax +by ))Ak (@ x+b,)= A (px)A(x)
By taking logarithms, this is equivalent to

Ake 7@y fen @) = e et (27)

Thus,
Ake—p(akx-#bk) (1 + ef(lfp)(akzwbk)) — Ae—px (1 + e—(l—p)x)

For fixed k, let x — oo, we get Ake ") ~ge ",
and

ax+b, —szJro(l)
P

This results in

a, +[bk - 1ngjx1 =l+o(x")
P

logk

again let x — o, we get ar =1 and b, =
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Putting it into Eq.(27) gives
Ae ™ +k'"7 e = de P 1"

implying for any & we get K =1. Hence, p =1.
This is a contradiction.

By using Eq.(1) in Jiang (2004), these three
types of mixture forms can be uniformly expressed
as mixed generalized extreme value distribution
MGEV

le,Pz (X)
~Up, ~1/p,
exp {—A(l + p,x) } exp {—(1 + p,x) }
if pp, #0

exp {—A exp {—/Ix}} exp {— exp {—x}}
if p=p,=0

Where p; and p, correspond to Fy and Fy,
respectively, 4 € (0, o), p1 > >0 or p;< <0,
I+px>0and A € (0, 1).

In this family of the distribution functions, the
parameter p;, o, which can be usually called the
extreme value indices(EVI) determine the type and
shape of generalized mixture extreme value distri-

journal, or related matters
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butions. Distributions with negative EVI p; <0 for i
= 1,2 correspond to Weibull mixture with o;=—p;"'
for i =1,2; its support is (o, —p, ') with a finite
endpoint. Distributions with the EVI p; = p, = 0
correspond to Gumbel mixture with its support R
having tails that diminish exponentially fast.
Distributions with the EVI p>0 correspond to
Fréchet mixture with ;= p;' for i = 1,2; its support
is (—=p, ') and every term in the mixture has
so-called heavy-tails.
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