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Abstract: Let k, m, n be positive integers, and k>2, a€(0,1], 0<r<min{m,n} an integer, d=r+(m-r)/(k+a), and if fe C**R",
R"), A=C(f)={xeR" |rank(Df{(x))<r}, then f{A) is d-null. Thus the statement posed by Arthur Sard in 1965 can be completely

solved when k>2.
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INTRODUCTION

The Morse-Sard theorem is a fundamental
theorem in analysis, especially in the basis of
transversality theory and differential topology. The
classical Morse-Sard theorem states that the image
of the set of critical points of a function f: R"—R"
of class C""*! has zero Lebesgue measure in R". It
was proved by Morse (1939) in the case n=1and

by Sard (1942) in general case. So it is called.

Due to its theoretical importance, the Morse-
Sard theorem was generalized in many directions.
Many of these generalizations are related to
Hausdorff measures and Hausdorff dimensions.

Let 4 be a non-empty bounded subset of R”,
and 0<d<m, for each >0 let

Hj(A)=inf{d (diam(U,))’ : 4 is covered by

sets U; with 0<diam(U;)<4},

"Project supported by the National Natural Science Foundation of
China (No. 10171090) and the Scientific Research Fund of Zhejiang
Provincial Education Department (No. 20030341), China

CLC number: 0174.12

where the infimum is over all coverings {U;}of 4 by
a (finite or countable) collection of sets with di-
ameters at most 0. We may defined

H(4A)= }SiiréHg’ (A).

We call H%A) the d-dimensional Hausdorff
measure of 4.

It is easy to see that there is a number d at
which H%(4) jumps from oo to 0; we call this number
d the Hausdorff (or Hausdorff-Besicovitch) di-
mension of 4 which we denote by dimy(A4). Thus

dimy(A4)=sup {d:H(4)=00}=inf{d:H"(4)=0}.

Let £>0 be a real number, we recall that a subset
AcR" is t-finite if H'(4)<oo, that ACR™ is t-null if
H'(4)=0, and that ACR" is t-sigma-finite if 4 is the
countable union of #-finite sets. Obviously, every

subset of R™ is m-sigma-finite.
Sard himself proved that if

C(f)={xeR" [rank(Df(x))<r},
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then for any &>0 there is ke N such that if /is C* then
ACAf)) has zero Hausdorff measure of dimension
r+¢& (Sard, 1965). This result was made more pre-
cise by Federer (Federer, 1969), who proved that if
keN then the Hausdorff measure of dimension
r+(m—r)/k of {C,(f)) is zero. Later, Yomdin (1983)
proved that the Hausdorff dimension of f{C,(f")) is
at most r+(m—r)/(k+a), provided that fe "% where
keN and a€[0,1]. Bates (1993) improved the hy-
pothesis of the classical Morse-Sard theorem from
feC™ ™o feC™™!. More recently, Norton (1994)
improved the hypothesis of the classical Morse-
Sard theorem from fe C" ™' to fe C" "~

For m, n, keN, and ae[0,1], feC** and 4 has
rank 7 for f can be defined as follows:
Definition 1 A function £ R"—>R" is of class C**
if fis C* on R™ and kth derivative D'f satisfies the
a-Holder condition: for every compact subset U of
R" there is an M>0 such that

"Dkf(x)—Dkf(y)”SM”x—y “, forallx,yeU.

Definition 2 4 is a set of rank r for f: R”"—R" if the
rank of Df{(x) is at most » for every x€4, i.e., AC
C.(f'), where r is a non-negative integer and

C(f):={xeR" [rank(Df(x))<r}.

For ae(0,1), we denote A,the Lipschitz space

of those continuous functions f: R"—R" for which

RACSID N ACII I

I, =sup | f(x)[+ sup .
reR” A

x,heR" |h|>0

A function f: R"—>R" belongs to A;if f'is con-
tinuous and

17 =sup | fo)|+ sup EFDZJ@I

1
xeR" x,heR™ |h|>0 | h |

For s=k+o>1, the class Ay is then defined in-
ductively as the space of C* functions /: R"—R" for
which

|7

=L Her <

When s>1 is not an integer, each element of the
Holder class C* coincides locally with some mem-
ber of A,. For keN, the Lipschitz space Ay strictly
contains C*. A function fe C* coincides locally with
some member of Ay provided that the (k—1)-de-
rivative of f satisfies the local Zygmund condition.
For details, see Stein (1970).

For teN, a set ACR" is called (H',f)-rectifiable
if H'(4)<oo and H'-almost all of 4 is contained in the
union of the images of countably many Lipschitz
functions from R’ to R”. These sets are the gener-
alized surfaces of geometric measure theory. They
include countable unions of immersed manifolds
(as long as the total area stays finite) and arbitrary
subset of R'. For details, see Federer (1969).

Without confusion, for AcR"™, we denote
diam(4) by |4].

The aim of this note is to prove the statement

posed by Sard (1965). It is a corollary of the fol-
lowing conjecture.
Conjecture 1 Let &, m, n be positive integers, and
k22, ae(0,1], O<r<min{m,n} an integer, d=r+
(m=r)(k+a), and if feCHYR™R"), A=C/f)={x|
rank(Df(x))<r} then f(4) is d-null.

This conjecture is a corollary of our main re-
sult. And our main result is the following theorem.
Theorem 1 Fix ¢, k,m, ne N and re NU{0} with
r, ae(0,1], k=2, set d=r+(t-r)/(k+ca). Let AcCR"
be a r-sigma-finite set of rank » for a C' differen-
tiable map f: R"—R". If fe Aj+, and 4 is t-rectifiable,
then f(A4) is d-null.

Note that if k+a>1 and >, then <r+(t—r)/
(k+a), and the conclusion of the theorem is trivial.
If t=r, then the statement of the theorem is false, for
example, consider the projection 7:R"—R" defined

by
T(X1yeees Xpyenvy Xm)=( X1,..., X,,0, ...,0).

It is to see A=R"is a set of rank r for 7, and 7is C”,
but f{4)= R is not r-null.
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DECOMPOSITIONS OF CRITICAL SETS

Lemma 1 Fix 77>0. Let AcCR" be a set of rank r for
a C'differentiable map £ R"—>R". If s>2, fe A, and
A is t-rectifiable for some €N, then there exists a
decomposition {4,} of 4 such that A4y is #null,
|4 [ <H'(4)+1,and for each ieN, there is a
cbnstant M>0 and a splitting of R” such that for any
set ScR”,

| FS A (S +m IS 1+M, S|4 |+ AT

where the splitting of E=R" is E=E'®E" with
dim(£")<r, and S’ is the orthogonal projection of S
in the space E'.

To prove this lemma, we will need the fol-

lowing generalization of the Morse decomposition
lemma.
Lemma 2 Let i:R">R" be a C' and A, map with
s>1. If h=0 on AcR", then for each 7>0 there exists
a decomposition {4;} of 4 such that 4 is countable,
and for each ie N, there is a closed ball B,cR" and a
C' map ;:B;—R" such that

1. Aicyi(B:) and pe—y[<|yi(x)=yi(y) [<(1+ )by
for all x, yeB;;

2. For all x, x'e ¥ '(4,) and y in the line seg-
ment xx', |A(w()-h(w(x)<Mx—y|, for some
constant M;>0.

To know the proof of this lemma, see Norton
(1994) or Jiang and Xi (2000).

Let E=R", we first prove the
lemma assuming that with respect to some splitting
E=E'®E", the map f'is of the form

Proof of Lemma 1

Sey)=(h(z), g(z.y))

for some 4, g such that D,g=0 on 4. Since 4 is
t-rectifiable, combining Lemma 2 with the defini-
tion of rectifiability, we obtain a countable de-
composition {4;} of 4 such that 4 is z-null, and for
each ieN, there exists a ball B,cR’ and a C' map
v;:B;—FE such that

1. Aicw(B;) and each point of w '(4,) is a

Lebesgue density point;

2. eyl<[wi(o)=yi(y)|<2 -y for all x, yeB;;

3. For all x, X' e y; '(4;) and yexx', |Dg(w:(»))|
<Milx-y |H-

To obtain the desired decomposition of 4, we
will further decompose each 4;.

Fix ie N, suppose that (z,y), (z',y")eSNA4;. Then

]f(Z,y)—f(Z’,y')lS]ﬂZ,y)—f(Z,y')|+]ﬂZ',y)—f(Z',y')|
<181+ gz v) — gz )1

Given >0, since s>2, we can fix a positive
integer P such that 2°M;P**<pn. Since each xe
wi '(4;) is a density point, there exists &>0 such
that if Q(x,¢) is a cube of edge ¢<g, centered at
xey; '(4;), then

H'(Q Ny (4))
H'(Q)

The collection I={O(x,&):xey; '(4,).e<&} is a
Vitali family for w; '(4,), and so there exists a se-
quence of pairwise disjoint cubes {Q;} =3 such that
wi (4 NU(x), &) is t-null and

e <H'(w'(4)+1.

Fix j, consider (z,5), (zy)eQinw; '(4). By
Condition (*), it follows that there are x,...,x, in
oN v '(4;) such that x=x,, y=xp, and |x/—x;+1| <2|Qj-
P! forall I. Let [0, 1]—E be the composition of i;
with the piecewise linear path connecting the points
x;. If 7:[0,1] > E is the composition of y with the

projection onto {z'}xE", then

18z ) -2y [, D.g(7(0)7 ()|
<[ ID,g(70) - Dg(r () | 70| dt

+] 01 | D,g(y(@)|| 7'(1) | dt.

Since |7'(1)[<2|Q, |and |7(1)|<2]Q, |for all 1,
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we have
| D,g(7(1) — Dog(r) | 7' @) <2 /], 18”11 Q; 1.

Finally, property 1 of the map y; in Proof of
Lemma 1 implies that for each /, we have |x/—x;4|<2
|Qj//P, and so from property 3, it follows that

1 ., P-1 .
[, D217 dr <210, 1M, Y | % =%, I
1=0

<2PMPQ .

Thus, proceeding as above, and applying the ine-
quality 2°M;P**<n, we obtain

| S @7 18]
+ M |S'1Q[+n1Q; T

For each ieN, we now choose a collection of
cubes Q; associated to 4; as above. The decompo-
sition {4} is given by a denumeration of the sets y;
(04, and 4¢=A\A4; then satisfies the lemma.

For the general case, we apply the implicit
function theorem locally to find a diffeomorphism
¢. E=E'®FE"—E such that fo@ is of the split form
above.

Note that if we compose the map fin Lemma 2
with a C' diffeomorphism ¢: E—E, then we obtain
the estimate

e [x-y1

In other words, we can compose Morse decompo-
sitions with a C' diffeomorphism ¢ and only in-
crease the constants by the C'norm of ¢.

PROOF OF THE MAIN THEOREM

Fix ¢, s>1, reN. We consider a ¢-finite set
AcR” of rank-r points for a C' map £R"—R". Since
Df is continuous, the function x—rank(Df(x)) is
lower semi-continuous on R™, and so its level sets

are Borel sets. Consequently, there is a Borel set

A' of rank-r points of f which contains 4 and satis-
fies H'(4"=H'(4).

For u, 7>0, we suppose for the moment that
there is a decomposition {4;} of A’ such that for
each ieN and 5e(0, M; "), choose a covering {S;}of
A; such that |Sj|=¢ <6 for each j and

D & <H'(4)+6.

For each j, let S/, S/ denote the orthogonal pro-
jections of S; in the subspaces E; and E;”, respec-
tively. Obviously, |S;'|<|Sjl,
r-cube Q/cE/ of diameter <(1+r)
tains S;'. The product Q;'xS,” then contains S; and
has diameter <(1+r)”2

into ([¢'¢ 1 *]+1)" sub-cubes of equal edge<us’.

and there exists an

12 .
& which con-

&. Given 1>0, we partition Q'

1/2

For every such sub-cube O, we have |Q|<r HeE;

so that
| f(4 N (OxS,") IS (PG, 1)+ M S)e
for some p(7,L).
For d=r+(t—r)/s and P=P(n, 1), we then have

H”’(f(A))<Z( TET Y (P+ M S)E)!

<2(P+M.6) 1 (H'(4)+6),
so that letting Jtending to 0 gives
HY(f(4))) 2P H'(4)).

Since the 4;’s are disjoint Borel sets, we have

HY(f(A) < X H (f(4)

<SP TTH (A)reeee - (x%)

Proof of Theorem 1 If s=k+a>2, Lemma 1 as-
serts if A is t-rectifiable, then A\4, admits a de-
composition of the form above, the inequality (**)
above holds for all 7, ~0 with
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P=P(,m)=(|f], +n+ D

Since Ay is t-null, so f{Ay) is d-null by the result
in Jiang and Xi (2000). Then the inequality (**) is
valid for all 7, ££~0. Since d>r, tending 7, to 0in
the inequality (**) gives H'(f{4))=0.
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