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Abstract:

Suppose that I/ is a norm closed nest algebra module. Using the characterization of rank one operators in I/, , a

complete description of the extreme points of the unit ball I/, is given.
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INTRODUCTION

During the last decade there has been an in-
terest in the Banach space geometry of non-self
adjoint operator algebras. Subjects of investigation
there include the extreme point structure of the unit
ball (Hudson et al., 1997; Moore and Trent, 1987)
and the isometries between such algebras (Arazy
and Solel, 1990; Kadison, 1951; Moore and Trent,
1989). One possible application of a characteriza-
tion of extreme points is in the study of isometries.
Kadison (1951) used the characterization of ex-
treme points in his study of isometries on
C*—algebras. For the same end, Moore and Trent
(1987) investigated the extreme points for nest
algebras. Anoussis and Katsoulis (1996a) proved
the surprising fact that for any nest with no finite
atoms, the convex hull of the unitary elements
which are, of course, extreme points, would suffice
to recover the whole ball of the corresponding nest
algebra. This result was refined to reach its final
form by Davidson (1998). But there is little study
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on the extreme points of the unit ball of ideals,
modules, etc. In our earlier work (Dong and Lu,
2002), we obtained a complete description of the
extreme point structure of weakly closed nest al-
gebra modules. In that paper, we made full use of
the concrete description of weakly closed nest al-
gebra modules given by Erdos and Power (1982),
that is, each weakly closed nest algebra module is
determined by a left order continuous order homo-

morphism ¢ from the nest NV into itself and is of the

following form:
Uy= {XeB(H):XNcHN), VNeN}.

However, many nest algebra modules are not closed
in the weak operator topology, such as Jacobson
ideals, Larson ideals, etc. In this work, our focus is
on norm closed nest algebra modules. Since we
have no concrete description of norm closed nest
algebra modules, the method in our earlier paper
(Dong and Lu, 2002) could not work directly. As
nest algebra modules are not algebras in general,
we also could not apply the techniques in Theorem
6, the main result of Moore and Trent (1987). The
techniques of annihilator will be used to prove the
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main result in this paper.

Let us introduce some notation and terminol-
ogy. Throughout this paper, H represents a com-
plex separable infinite-dimensional Hilbert space,
B(H) the algebra of bounded operators on H, K(H)
the ideal of all compact operators on H, and F(H)
the set of finite rank operators on H. A nest NVis a
chain of closed subspaces of Hilbert space H con-
taining (0) and H which is complete in the sense
that it is closed under arbitrary intersections and
arbitrary closed spans. If N is an element of a nest V,
then N =v{LeN:L<N}. Clearly N e Nand N <N (If
N #N, N is the immediate predecessor of N).
Similarly we define N, (the immediate successor of
N if N=N,). If N is a nest, then the nest algebra
Alg(N) is the set of all operators T such that TNcN
for every element N in V.

Suppose that g:N—>@N) is an order homo-
morphism of NV into itself (that is, N<N' implies @(N)

<@#N')). Then the set

UF{XeB(H):XNcHN), VNe N}

is clearly a weakly closed subset of B(H) and is
easily seen to be a two sided 4/g(N)-module. For
each NeN, define

P(N)=AL{HN"): N'>N};

and

P(N)=V{N":JN')<N}.
Since N is complete, ¢.(N) and @.(N) are in N.

If x and y are nonzero vectors in H, we define
the rank one operator x®y by

x®y)(2)=(z, y)x, VzeH.

The following lemma is the Lemma 1.2 in
Erdos and Power (1982).

Let Uy={XeB(H):XNcHN), VNeN},
where ¢ is an order homomorphism of A into N,

Lemma 1

then the following are equivalent:
1) The rank-one operator e®felly;
2) There exists NeN, such that eeN and

Dong / J Zhejiang Univ SCI 2004 5(7):759-763

fe (N

3) There exists MeN, such that e ¢.(M) and
feM*.

Suppose that X is a Banach space, and X' the
dual space of X. For ScX and WgX*, define

St={x"eX": x"(x)=0, VxeS};
W= {xeX: x (x)=0, Vx eW};

we will call S* the annihilator of S, and W, the
pre-annihilator of W.

This paper deals mainly with study on the ex-
treme point structure of norm closed nest algebra
modules U. The whole paper consists of three sec-
tions. Besides this introductory section, some aux-
iliary lemmas are given in Section 2. In Section 3,
we characterize the extreme points of the unit ball
of U.

In the following, U always means a norm
closed bi-module over the nest algebra Alg(N). A
closed subspace N in the Hilbert space H will al-
ways be identified with the projection P(N) on it.

SOME LEMMAS

Definition  Let (X, || . ||) be a complex normed
space, and let X, denote the closed ball with center

0 and radius r. For A€ X, if Be X satisfies

|4+ B|<1,

then we will say that B is a contractive perturbation

of 4.

Lemma 2  Let (X, || . ||) be a complex normed
space, and let 4 &X. Then 4 is not an extreme point
of X, if and only if 4 has a nonzero contractive

perturbation in X.
Proof  Suppose that B is a nonzero contractive
perturbation of 4, then

|4 +B]|<1.

Thus, AtBe X and A= , A#A+B,

(A+B)+(A-B)
2
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A#A—B. Hence A is not an extreme point of A}.

Suppose, on the contrary, that 4 is not an ex-

treme point of X. Thus, there exist C, De X} such

that A=C+TD,A¢C,A¢D. Setting B=C_TD

#0, we have
|4+B]<1.

So B is a nonzero contractive perturbation of 4.
Suppose that 4, Be B(H), ||A || <I and

that ||AiB || < 1. Then there exist bounded operators
Sand T such that B=S( - A*A)% and B=(I - AA*)% T.
Proof By the proof of Lemma 1 in Moore and
Trent (1987).

The following lemma belongs to Anoussis and
Katsoulis (1996D).
Lemma 4 LetA<€B(H), and Xe B(H),, then

2

Lemma 3

1 1
|4+ (1-44)2 x(1-44)72|<1.

Lemma 5 Let AeB(H);, and suppose that B is a
nonzero contractive perturbation of 4. For any Ye
B(H), there exists a nonzero complex number Ay

such that AyBYB is also a contractive perturbation

of A. Moreover, A has a nonzero contractive per-
1 1

turbation of the form (I — AA4")2 X(I — A" 4)?> with X
an operator in B(H).

Proof By Lemma 3, there exist operators S and T
1 1
for which B=S(I — A" 4)>=(I — AA")*T. Thus

1 1

BYB=(I—AA" ) TYS(I — A"A)* .

If we choose Ay such that || /1YTYS||§1/2, then the
first statement follows Lemma 4. Set Y = B". Since
B#0, we have BB B#0. Thus, tlhere exists some
operator X such that (/1 —AA)>?X(I—-A A)?is a

nonzero contractive perturbation of 4.

For a norm closed nest algebra module U, we
define an order homomorphism 7 from A into N:

«N) = [UN], YNeN.

Also, we let U, be the weakly closed nest algebra
module determined by the order homomorphism .
The following lemma (Erdos and Power, 1982) is
essential to our paper.

Lemma 6 Suppose that I/ is a norm closed nest
algebra module. Then U/ and U, contain the same set
of rank one operators.

Proposition 1 Let/be a norm closed nest algebra
module. Then, a rank one operator x®yel{, if and
only if, for some NeN, xe N and ye 7(N)".

Proof  Suppose that x®yeld,. Set N=[Alg(N)x].
Thus NeLatAlg(N)=N, and

AN)=[UNI=[UAIg(N)x]]=[Ux].

For any Tel, since x®yell,, we have that
0 = i (T(x®y))=(Tx, y).

This shows that ye[Ux] = 7(]\0L.

Conversely, suppose that there exists an ele-
ment Ne N such that xe N and ye «(N)". For any T
el, it follows from the definition of 7(N) that
N)*TN = 0. Hence,

tr(T(x®y))=tr(TN(x®y) o(N)")
= tr(7(Ny " TN(x®y)) = 0.

This shows that x®yel{,.

EXTREME POINTS OF THE UNIT BALL OF U

In this section, we will characterize the ex-
treme points of the unit ball of /.
Proposition 2  Suppose that I/ is a norm closed
nest algebra module, and that Be B(H). If BXB=0
for every rank one operator X in U/, then there
exists an element Ny e N such that B = 7(Ny)B NOL.
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Proof Forany Ne N\{0}, if B|y#0, we may choose

xeN with Bxz0. If 7(N)=H, B’| =0. If z(N)=H,

T(N)*
for any nonzero ye z'(N)L, it follows from Proposi-

tion 1 that the rank one operator x®yel{,. Hence,
Bx®B y=B(x®y)B=0.

We obtain B'y=0 and B’| =0. Therefore, for any

T(NY*

NeWN, either B[y=0 or B'| . =0.

(N
Set
No=V{N' eN:B|y=0}
Thus,
B[, =0 and B|y#0 VN'>N.

So

B=BN," and B'| . =0, VN'>N,

r(N)*
Thus, for any N' > Ny, we have B'=B" o(N") and B =
(N")B. So,

B = 1(N)BNy*", YN'>N,.

Following the definition of =(N,), we obtain B=
+(Ng)BN," by taking the limit in the above equa-
tion.
Proposition 3  Suppose that I/ is a norm closed
nest algebra module. If 4€lf; and A4 is not an ex-
treme point in U}, then there exists in I/ a rank one
contractive perturbation of 4.

Proof By Lemma 2, there exists a nonzero op-

erator B in U such that
| 48| <1.

Hence by Lemma 5, for any Xel{,, there exists a
nonzero complex number Ay such that

| 4x2BXB || <1.

If there is a rank one operator X=x®y e, such that
AxBXB#0, we will prove that the rank one operator
AxBXBel.

It follows from Proposition 1 that there exists

NoeN such that xe N, and ye (No)™. For any Ne\,
we consider separately two cases.

Case 1l N<N,. We have o N)<7(Ny), and BN c7(N)
< (Ny). Hence

AxBXBN=xBNo(x®y)(No) BN
S AxBNo(x®y) o(No)" «(No)=(0)= «(N).

Case 2 N>Ny. We have o(N)>1(Ny), so

AxBXBN=AyBNo(x®y)(No)"BN
CBNoc (No)< 7(N).

By Case 1 and Case 2, we obtain that AxBXBN
c(N), for any NeN. Hence the rank one operator
AxBXBell, and AyBXB is a rank one contractive
perturbation of 4 in U.

Suppose, on the contrary, that BXB=0 for each
rank one X in U/,. By Proposition 2, there exists an
element Nye N such that

B=1:(No)B Ny™.

Since B#0, we may choose a nonzero vector X
with Bx#0. Likewise, we may choose a nonzero
vector y with B*y;tO. Therefore, the rank one op-
erator C=B(x®y)B=Bx®B y#0 and by Lemma 1 and
Lemma 6, we have

C=B (x®y)B=1+(No)B(x®y)BN," € l.

It follows from Lemma 5 that there exists a nonzero
complex number A, such that 4,%,C is a rank one
contractive perturbation of 4 in Y. The proof is
complete.

Now we are in a position to characterize the
extreme point structure of U/, completely.
Theorem 1 Suppose that I/ is a norm closed nest
algebra module. If 4 €U}, then A4 is an extreme point

in U, if and only if for any NeN, either

1

Novan (I — AA™)? =(0)

or
1

Ny ran (I — A" 4)? =(0).
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Proof
treme point in /). By Proposition 3, there exists a

Sufficiency. Suppose that 4 is not an ex-

rank one operator x®y of U such that
| 4x®y || < 1.

By Lemma 3, there exist bounded operators S'and T
such that

1 1

x®y=S(I-A"A)? =1 —-AA)* T

1 1
Hence, xeran(I—-AA")? and yeran(l— A A)>.
Furthermore, since x®yel{ and by Lemma 1 and

Lemma 6, there exists an element Ne A with xeN,
ye ‘lL(N)l. So
1

xeNrran (I — AA )E

and
1

ye TN(N)lmran - A*A)E .

This is a contradiction, so 4 is an extreme point of
U.

Necessity. Suppose that there exists an ele-
ment Ne N with

1
Nrwan (I — AA™)* #(0)

and
1

(N 'nran (I — A" A)? #(0).

Thus we may choose nonzero vectors x and y such
that

1
0% (] — AA")> xeN

and

1
0+ (I — A" 4)? ye t.(N)™.

Therefore, by Lemma 1 and Lemma 6, the nonzero
rank one operator

1 1
B=(1-AA" ) x® (I - A 4)*y
1 1
=(I-AA")? (x®y) (I - A A)* e U.

It follows from Lemma 4 that B is a nonzero con-
tractive perturbation of 4 in U, provided the norms
of x and y are sufficiently small. By Lemma 2, 4 is
not an extreme point of ;. This is a contradiction.
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