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Abstract:    Many engineering optimization problems frequently encounter continuous variables and discrete variables 
which adds considerably to the solution complexity. Very few of the existing methods can yield a globally optimal solution 
when the objective functions are non-convex and non-differentiable. This paper presents a hybrid swarm intelligence ap-
proach (HSIA) for solving these nonlinear optimization problems which contain integer, discrete, zero-one and continuous 
variables.  HSIA provides an improvement in global search reliability in a mixed-variable space and converges steadily to a 
good solution. An approach to handle various kinds of variables and constraints is discussed. Comparison testing of several 
examples of mixed-variable optimization problems in the literature showed that the proposed approach is superior to current 
methods for finding the best solution, in terms of both solution quality and algorithm robustness. 
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INTRODUCTION 
 

Most nonlinear optimization methods assume 
that objective function variables are continuous. 
However, many practical engineering design 
problems frequently encounter discrete variables as 
well as continuous variables. Discrete variables are 
used in many ways such as the representation of the 
set of standard sized components, the decision on 
the number of identical parts or the choice between 
different design options. For example, the number 
of the teeth of a gear must be chosen as integers; 
whether or not to select a unit is a zero-one variable; 
the size of standard diametric pitch of a gear and the 
capacity of a power unit are discrete variables. The 
engineering optimal design which contains integer, 

discrete, zero-one and continuous variables is often 
referred to as a mixed-variable nonlinear optimi-
zation problem. Some reported methods for this 
class of problem are given in Table 1. Sandgren 
(1990) and Hajela and Shih (1989) have proposed 
nonlinear branch and bound algorithms, which 
were modified from the most widely used method 
in integer programming. These methods first ob-
tained a solution by ignoring the discrete conditions. 
Cha and Mayne (1989) proposed an algorithm 
which combined a sequential quadratic program-
ming (SQP) method or a local search strategy. The 
algorithm utilizes recursive quadratic programming 
and incorporates a Hessian matrix estimation. The 
algorithm was reported to be efficient based on the 
test problems, in terms of a low number of objective 
function and constraint evaluations. One deficiency 
was that when the objective function was non- 
convex, the direction for the local search guided by 
the downhill gradient vector may be wrong and the 
global optimum will not be reached. Loh and Papa- 
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lambros (1991a) introduced a sequential lineariza-
tion approach for solving mixed-discrete nonlinear 
optimization problems and provided test results 
(Loh and Papalambros, 1991b). It was reported that 
this algorithm led to lower number of objective and 
constraint function evaluations than other major 
mixed nonlinear algorithms did. For non-convex 
problems, however, this algorithm might not find 
the global optimum since the linearization cut off 
part of the nonlinear feasible region. Fu et al.(1991) 
developed an interior penalty approach, which 
converted a constrained optimization problem into 
a sequence of unconstrained problems. The objec-
tive function for the unconstrained problem at each 
step of the sequential optimization included terms 
that introduce a penalty depending on the degree of 
constraint violation. Test results on five problems 
were provided to demonstrate the solution quality. 
However, like other penalization-based method, 
difficulties exist in selecting penalty function pa-
rameters and finding the global optimum in some 
cases. Modern heuristic algorithms were recently 
considered as effective tools for nonlinear optimi-
zation problems. These algorithms included simu-
lated annealing, genetic algorithm, evolutionary 
programming, etc. (Cao and Wu, 1997; Cao et al., 
2000; Chen and Tsao, 1993; Fu et al., 1991; Li and 
Chou, 1994; Lin et al., 1995; Thierauf and Cai, 
1997; Wu and Chow, 1995).  These algorithms do 
not require that the objective function must be diff- 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
erentiable and continuous. 

Among the above methods, no method appears 
to be substantially better than the others when ap-
plicability, efficiency, robustness and solution 
quality are all considered and very few of them can 
find a globally optimal solution when the objective 
functions are non-convex and non-differentiable. 
For these reasons, a reliable global approach to 
mixed-variable optimization would be of consid-
erable value to both the optimization and the en-
gineering design community. 
        In response to this demand, a novel approach 
for solving mixed-variable nonlinear optimization 
problem has been developed based on recently 
introduced swarm intelligence algorithms. Swarm 
intelligence, as demonstrated by natural biological 
swarms, exhibits numerous powerful features that 
are desirable in many engineering systems and can 
be applied to nonlinear and non-continuous opti-
mization problems. This work was devoted to de-
veloping hybrid swarm intelligence approach 
(HSIA) for engineering optimization problems, 
which contain integer, discrete, zero-one and con-
tinuous variables. Implementation details of the 
approach to deal with various types of variables and 
constraints are discussed. Computational results of 
the examples on the mixed-variable optimization 
problems presented showed that HSIA is capable of 
finding the best solution of mixed-variable opti-
mization problems. 

Table 1  Alternative methods proposed to solve mixed-variable optimization problems 
 

Method Author (label) Reference 
Branch & bound using SQP Sandgren (S90) Sandgren (1990) 
Recursive quadratic programming Cha and Mayne (C89) Cha and Mayne (1989) 
Sequential linearization algorithm Loh and Paplambros (L91) Loh and Paplambros (1991a; 1991b)
Integer-discrete-continuous non-linear programming Fu et al.(F91) Fu et al.(1991) 
Nonlinear mixed-discrete programming Li and Chou (L94) Li and Chou (1994) 
Simulated annealing Zhang and Wang (Z93) Zhang and Wang (1993) 
Genetic algorithm Chen and Tsao (C93) Chen and Tsao (1993) 
Meta-genetic algorithm Wu and Chow (W95) Wu and Chow (1995) 
Modified genetic algorithm Lin et al.(L95) Lin et al.(1995) 
Evolutionary programming Cao et al.(C97) Cao et al.(1997) 
Evolutionary strategy Thierauf and Cai (T97) Thierauf and Cai (1997) 
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MATHMATICAL FORMULATION OF THE 
MIXED-VARIABLE OPTIMIZATION PRO- 
BLEMS 
 

In general, the main objective of mixed- 
variable design optimization is to determine the 
various design variables to minimize an objective 
function subjected to some design constraints. Let 
nc, nz, ni and nd be the number of continuous vari-
ables, zero-one variables, integer variables and 
discrete variables, respectively. The total number 
of variables is n=nc+nz+ni+nd. Then the mixed- 
variable optimization problem may be expressed in 
mathematical form as follows: 
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where Xc∈Rc, Xz∈Rz, Xi∈Ri and Xd∈Rd denote 
feasible subset of continuous, zero-one, integer and 
discrete variables, respectively. cl zl il, ,i i ix x x  and dl

ix  
are the lower bounds of ith continuous variable, 
zero-one variable, integer variable and discrete 
variable, respectively. cu zu iu, ,i i ix x x and du

ix  are the 
upper bounds of ith continuous variable, zero-one 
variable, integer variable and discrete variable, 
respectively. Here zl 0ix =  and zu 1ix = . 
        The above optimization problem is basically 
the same as general nonlinear programming except 
that the design variables may take on any form of 
continuous, zero-one, integer and discrete variable. 
Zero-one variables are usually required in the form- 

ulation of design problem with alternative option 
selections. Integer variables are used to formulate 
design problems with a number of objects, such as 
the number of gear teeth. Discrete variables are 
needed to represent standard parameters, for ex-
ample, the diameter of a standard sized bolt and the 
capacity of a standard power unit. It had been 
shown that the presence of nonlinear discrete 
variables considerably adds to the solution com-
plexity (Hajela and Shih, 1989; Cha and Mayne, 
1989). 
 
 
HYBRID SWARM INTELLIGENCE APROACH 
 
Overview of swarm intelligence optimization 

Swarm intelligence appears in biological 
swarms of certain insect species (Bonabeau et al., 
1999). It gives rise to complex and often intelligent 
behavior through complex interaction of thousands 
of autonomous swarm members. Interaction is 
based on primitive instincts with no supervision. 
The end result is accomplishment of very complex 
forms of social behavior and fulfillment of a 
number of optimization and other tasks. The main 
principle behind these interactions is called stig-
mergy, or communication through the environment. 
An example is pheromone laying on trails followed 
by ants. Pheromone is a potent form of hormone 
that can be sensed by ants as they travel along trails. 
It attracts ants and therefore ants tend to follow 
trails that have high pheromone concentrations. 
This causes an autocatalytic reaction, i.e., one that 
is accelerated by itself. Ants attracted by the 
pheromone will lay more of the same on the same 
trail, causing even more ants to be attracted. This 
characteristic makes swarm intelligence very at-
tractive for routing networks, robotics and opti-
mization (Dorigo et al., 1996; Wang et al., 2002). 
Moreover, Dorigo et al.(1996) developed Ant 
Colony Optimization (ACO) mainly based on the 
social insect, especially ant, behavior. They called 
the research field as swarm intelligence. Namely, 
they showed that the swarm behavior could be 
utilized as an optimization procedure. 
       Simulation of a bird swarm was used to de-
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velop a particle swarm optimization (PSO) concept 
(Kennedy and Eberhart, 1995; Kennedy et al., 
2001). PSO was basically developed through 
simulation of bird flocking in two-dimension space. 
According to the research results for a flock of birds, 
birds find food by flocking (not by each individual). 
The observation leads to the assumption that every 
information is shared inside flocking. Moreover, 
according to observation of behavior of human 
groups, behavior of each individual (agent) is also 
based on behavior patterns authorized by the groups 
such as customs and other behavior patterns ac-
cording to the experiences of each individual. The 
position of each agent is represented by xy-axis 
position and the velocity (displacement vector) is 
expressed by vx (the velocity of x-axis) and vy (the 
velocity of y-axis). Modification of the agent posi-
tion is realized by using the position and the ve-
locity information. 
       Searching procedures by PSO based on the 
above concept can be described as follows: a flock 
of agents optimizes a certain objective function. 
Each agent knows its best value so far (pbest) and 
its xy position. The information corresponds to the 
personal experiences of each agent. Moreover, each 
agent knows the best value so far in the group 
(gbest) among pbests. The information corresponds 
to knowledge of how the other agents around them 
have performed. Namely, each agent tries to modify 
its position using the following information: 

• the distance between the current position and 
pbest, 

• the distance between the current position and 
gbest. 
This modification can be represented by the con-
cept of velocity. Velocity of each agent can be 
modified by the following equation: 
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where k

iv  is current velocity of agent i at iteration k, 
rand1 and rand2 are random numbers between 0 and 
1, k

is  is current position of agent i at iteration k, 

pbesti is pbest of agent i, gbest is gbest of the group, 
wi is weight function for velocity of agent i, ci is 
weight coefficients for each term. 
        The right-hand-side (RHS) of Eq.(2) consists 
of three terms. The first term is the previous ve-
locity of the agent. The second and third terms are 
utilized to change the velocity of the agent. Without 
the second and third terms, the agent will keep on 
‘flying’ in the same direction until it hits the 
boundary. Namely, it tries to explore new areas and, 
therefore, the first term corresponds to diversifica-
tion in the search procedure. On the other hand, 
without the first term, the velocity of the ‘flying’ 
agent is only determined by using its current posi-
tion and its best positions in history. Namely, the 
agents will try to converge to the their pbests and/or 
gbest and, therefore, the terms correspond to in-
tensification in the search procedure. 
        The following weighting function is usually 
used in Eq.(2): 
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where wmax is the initial weight, wmin is final weight, 

maxiter is maximum iteration number, iter is current 
iteration number. Using the above Eq.(3), diversi-
fication characteristics is gradually decreased. 
        Using the above Eq.(2), a certain velocity that 
gradually gets close to pbests and gbest can be 
calculated. The current position (searching point in 
the solution space) can be modified by the follow-
ing equation: 
 

1 1k k k
i i is s v+ += +                                 (4) 

 
Fig.1 shows the above concept of modification of 
searching points. 

The features of the searching procedure can be 
summarized as follows: 

• PSO utilizes several searching points like 
genetic algorithm and the searching points gradu-
ally get close to the optimal point using their pbests 
and the gbest. 

• The first term of RHS of Eq.(2)  corresponds   
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to diversification in the search procedure. The 
second and third terms of that correspond to inten-
sification in the search procedure. Namely, the 
method has a well-balanced mechanism to utilize 
diversification and intensification in the search 
procedure efficiently. 

• The original PSO can be applied to the only 
continuous problem. However, the method can also 
be expanded to the discrete problem using discrete 
numbers like grids for xy position and its velocity. 

• The above concept is explained using only 
xy-axis (two-dimension space). However, the 
method can be easily applied to n-dimension 
problem. 
 

 
 
 
 
 
 
 
 

 
Fig.1  Modification process of the swarm intelligence 
approach 

 
Treatment of constraints and discrete state 
variables 
        Most engineering design optimization prob-
lems are constrained. Two techniques are often 
used to handle constraints. One is a variable re-
striction method which restricts the solution space 
to the solutions which conform to the constraints. 
The other is a penalty function method which al-
lows solutions which violate the constraints at the 
expense of a suitably defined penalty function. 
However, determining appropriate penalty coeffi-
cients is not an easy task, it must be estimated based 
on the relative scaling of the distance metrics of 
multiple constraints, the difficulty of satisfying a 
constraint, and the seriousness of a constraint vio-
lation, or be determined experimentally. Although 
the adaptive penalty strategies proved to be effec-
tive in some cases, they are still quite probelm- 
dependent (Coit et al., 1996). It was also noticed 

that if the values of the objective function were very 
large, then small differences between objective 
values were not easily identified, and this was un-
desirable, a leading cause of premature conver-
gence in evolutionary computation. 

In this study, the variable restriction method 
was used, in which a modification based on Eqs.(2) 
and (4) was first randomly done, and the solution 
was then checked against the constraints. If the 
constraints were satisfied, the modification was 
usable, otherwise, the modification was discarded 
and a new modification was generated and checked. 
It should be noted that some of the modifications 
generated were unusable, and therefore more   
computational time might be needed. 

The state variables were treated in PSO as 
follows: for continuous variables, initial values 
were generated randomly between upper and lower 
bounds of the specification values. The value was 
also modified in the search procedure between the 
bounds. For discrete variables, they could be han-
dled in Eqs.(2) and (3) with little modification, i.e., 
as though they were continuous with nearest 
available discrete values then being chosen. If a 
discrete random number was used in Eq.(2) and the 
whole calculation of the right-hand side (RHS) of 
Eq.(2) was discretized to the existing discrete 
number, both continuous and discrete number could 
be handled in the algorithm with no inconsistency. 
 
Hybrid swarm intelligence approach 

Using the above concepts, the whole HSIA 
algorithm can be expressed as follows:  

Step 1. State variables (searching point) 
State variables (states and their velocities) can 

be expressed as vectors of continuous and discrete 
numbers. HSIA utilizes multiple searching points 
for search procedures. 

Step 2. Generation of initial searching points 
Initial searching points and velocities of 

agents are generated using the above-mentioned 
state variables randomly. 

Step 3.  Evaluation of searching points 
The current searching points are evaluated by 

using the objective functions of the target problem. 
pbests and gbest can be modified by comparing the 
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evaluation values of the current searching points, 
pbests and gbest. 

Step 4. Modification of searching points 
The current searching points are modified 

using the Eqs.(2), (3) and (4). 
Step 5. Stop criterion 
The search procedure can be stopped when the 

current iteration number reaches the predetermined 
maximum iteration number. The last gbest can be 
output as a solution. 
 
 
COMPUTATION EXAMPLES 
 

To demonstrate the effectiveness of the pro-
posed approach, three numerical examples, i.e. 
design of a gear train, design of a pressure vessel, 
and design of a coil spring, were optimized using 
HSIA. These non-linear, engineering design prob-
lems with discrete, integer and continuous variables 
were first investigated by many other researchers 
(see Table 1 for details). These problems represent 
optimization situations involving discrete, integer 
and continuous variables that are similar to those 
encountered in everyday mechanical engineering 
design tasks. As the problems are clearly defined 
and fairly easy to understand, they form a suitable 
basis for comparing alternative optimization 
methods. 

The HSIA algorithm has been implemented 
using the C++ language. In the algorithm, the 
population size, the weighting coefficients wmax, 
wmin, and control parameters c1 and c2 were chosen 
as 30, 0.9, 0.4, 1.496 and 1.496 respectively. The 
performance of the developed HSIA algorithm was 
tested on three typical mechanical design optimi-
zation problems: gear train design, pressure vessel 
design and coil spring design. 
 
Example 1: Design of a gear train 

The first example problem was to optimize the 
gear ratio for the compound gear train arrangement 
shown in Fig.2. The gear ratio for a reduction gear 
train is defined as the ratio of the angular velocity 
of the output shaft to that of the input shaft. In order 
to produce the desired overall gear ratio, the comp- 

 

 

 
 

 

Fig.2  Gear train design 
 
ound gear train is constructed out of two pairs of the 
gearwheels, d−a and b−f. The overall gear ratio itot 
between the input and output shafts can be ex-
pressed as: 
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i a f

w z z
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= =                         (5) 

 
where wo and wi are the angular velocities of the 
output and input shafts, respectively, and z denotes 
the number of teeth on each gearwheel. It is de-
sirable to produce a gear ratio as close as possible to 
1/6.931. For each gear, the number of teeth must be 
from 12 to 60. The design variables are denoted by 
a vector X=[x1, x2, x3, x4]T=[zd, zb, za, zf]T, and hence 
x1, x2, x3 and x4 are the numbers of teeth of gears d, 
b, a and f, respectively, which must be integers. 
        The optimization problem is expressed as: 
 

21 2

3 4
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x x
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            s.t.      12 60  1,..., 4ix i≤ ≤ =  
 
        The gear train problem was solved using the 
HSIA approach and Table 2 lists the various gear 
train solutions and compares HSIA’s result with 
those reported by many other researchers. We can 
observe from Table 2 that the solution found by 
HSIA was equally as good as the best solution in 
the literature. In addition, it should be noted that 
HSIA provided different results from run to run 
with the same objective function value (Table 3). In 
fact, by inspecting Eq.(6), it is obvious that there 
are four global optima. Because HSIA can work 
with a population of solutions rather than just a 
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single solution, it is capable of finding multiple 
global optima for this problem. By using a suffi-
ciently large population, it is possible to obtain all 
four alternative solutions in a single run. Despite 
that, only one solution was extracted from the 
population of the last generation because the other 
three solutions can be found in a trivial way based 
on one solution and the symmetry of Eq.(6). In 
practice, however, there exist optimization tasks 
with multiple global optima that cannot be detected 
so simply. 
 
Example 2: Design of a pressure vessel 

The second example is to design a compressed 
air storage tank with a working pressure of 3000 psi 
and a minimum volume of 750 ft3. The schematic of 
a pressure vessel is shown in Fig.3. The cylindrical 
pressure vessel is capped at both ends by hemi-
spherical heads. Using rolled steel plate, the shell is 
to be made in two halves that are joined by two 
longitudinal welds to form a cylinder. Each head is 
forged and then welded to the shell. Let the design 
variables be denoted by the vector X=[x1, x2, x3, x4]T, 
x1 is the spherical head thickness, x2 is the shell 
thickness, x3 and x4 are the radius and length of the 
shell, respectively. The objective in this example is 
to minimize the manufacturing cost of the pressure 

 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 

vessel. The manufacturing cost of the pressure 
vessel is a combination of material cost, welding cost 
and forming cost. Readers can refer to Sandgren 
(1990) for more details on how cost is determined. 
The constraints are set in accordance with respec-
tive ASME codes. The mathematical model of the 
problem is: 
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where the design variables, x3 and x4, are continu-
ous, while x1 and x2 are discrete values and integer 
multiplies of 0.0625 inch respectively, in accor-
dance with the available thickness of rolled steel 
plates. 

The values of the variables, constraints and 
objective function correspond to the optimum so-
lution of this problem obtained by employing the 
HSIA algorithm are listed in Table 4. It can be seen 
from the table that the HSIA approach has found a 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Fig.3  Pressure vessel design 

Table 2  Optimal solutions for the gear train design 
 

Item S90 L91 F91 Z93 L95 C97 HSIA 
x1 18 19 14 30 19 30 16 
x2 22 16 29 15 16 15 19 
x3 45 42 47 52 43 52 43 
x4 60 50 59 60 49 60 49 

f(X) 5.7×10−6 0.233×10−6 4.5×10−6 2.36×10−9 2.7×10−12 2.36×10−9 2.7×10−12

Gear ratio 0.146666 0.144762 0.146411 0.144231 0.144281 0.144231 0.144281
Error (%) 1.65 0.334 1.17 0.033 0.0011 0.033 0.0011 

 

Solution zd zb za zf 

1 19 16 43 49 
2 16 19 43 49 

3 19 16 49 43 

4 16 19 49 43 

Table 3  Alternative solutions for the gear train design 
found by HSIA 

x1 x2 

x3 

x4 

x3 
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better solution than that ever reported before. It 
should also be pointed out that for this problem, 
some researchers obtained significantly lower obje- 
ctive function values (Cao and Wu, 1997; Li and 
Chou, 1994; Thierauf and Cai, 1997). However, all 
of the solutions lie in the modification of con-
straints via the extending region of the search space. 
Because of that, they could not be fairly compared 
with the results obtained using Sandgren’s original 
problem (Sandgren, 1990). 
 
Example 3: Design of a coil compression spring 
        The spring is to be a helical compression 
spring shown in Fig.4. A strictly axial and constant 
load is to be applied to the spring. The objective is 
to minimize the volume of spring steel wire used to 
manufacture the spring (minimum weight). The 
design variables are the number of spring coils, N, 
the outside diameter of the spring, D, and the spring 
wire diameter, d. This example contains integer, 
discrete and continuous variables. The number of 
spring coils, N, is an integer variable and the out-
side diameter, D, is a continuous variable. The 
spring wire diameter, d, may have only discrete 
values according to available standard spring steel 

 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

wire diameters shown in Table 5. Let X=[x1, x2, 
x3]=[N, D, d], the problem is formulated as follows: 
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Table 5  Allowable spring steel wire diameters (inch) 
 

0.009   0.0095   0.0104   0.0118   0.0128   0.0132 0.014 
0.015   0.0162   0.0173 0.018 0.020 0.023 0.025 
0.028 0.032 0.035 0.041 0.047 0.054 0.063 
0.072 0.080 0.092 0.207 0.225 0.244 0.263 
0.162 0.177 0.192 0.207 0.225 0.244 0.263 
0.283 0.307 0.331 0.362 0.394   0.4375 0.500 

 

Table 4  Optimal solutions for the pressure vessel design
 

item S90 F91 W95 HSIA 
x1 1.125 1.125 1.125 1.125 
x2 0.625 0.625 0.625 0.625 
x3 48.67 48.38 58.19 58.29 
x4 106.72 111.75 44.29 43.70 

−g1(X) 0.179 0.191 0.001782 3.0×10−6 

−g2(X) 0.1578 0.163 0.06979 0.0689 
−g3(X) 3.0    75.875 974.58 69.24 
−g4(X) 133.28 128.255 195.70 196.30 

f(X) 7982.5 8048.62 7207.50 7197.9 Fig.4  Design of a coil compression spring
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The objective function f(X) computes the volume of 
spring steel wire as a function of the design vari-
ables. The detailed explanation about the design 
constraints and values for the parameters can be 
found in (Sandgren, 1990). 
        The solution for coil spring problem was 
compared with the results obtained by other re-
searchers in Table 6. As shown, HSIA obtained a 
better solution for the coil spring design problem 
than the best solution found in literature. In order to 
demonstrate the robustness of the optimum seeking 
algorithm, 100 independent runs of the optimiza-
tion program were performed. All performed runs 
of HSIA yielded the reported value of f(X). All of 
the solutions were within the feasible region of the 
design space, too. It is sometimes argued that the 
evolutionary optimization requires a large number 
of cost function evaluations. Thus, the computa-
tional cost would be high. Before deciding whether 
or not this is true in case of HSIA, some further 
facts should be considered. The real-world opti-
mization problem discussed here can be solved on 
an ordinary PC (2.4 GHz Pentium IV) using less 
than 1 second of computation time. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

CONCLUSIONS AND FUTURE WORK 
 
        In this paper, a hybrid swarm intelligence 
algorithm was developed for engineering design 
optimization problems containing integer, discrete, 
zero-one and continuous variables. The approach to 
the diverse variable representations and constraints 
was discussed. Some test examples were given to 
show that the developed HSIA algorithm was su-
perior to the existing methods of this kind for 
finding the best solution, both in the solution qual-
ity and algorithm robustness. Future research 
should concentrate mainly on developing 
self-adaptation techniques for the modification 
control parameters and penalty functions to reduce 
the number of unusable modifications and improve 
the solution quality. 
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