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Abstract:

In this paper, we give the four equivalent characterizations for the weighted local hardy spaces on Lipschitz

domains. Also, we give their application for the harmonic function defined in bounded Lipschitz domains.
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INTRODUCTION

Weighted hardy spaces H’(R",dw) (n=1) and
their atomic characterization were studied by
Stromberg and Torchinsky (1989) and references
therein, where w is in Muckenhoupt’s class 4,(R").
In Chang et al.(1993), Miyachi (1990) and Semmes
(1994), the authors defined hardy spaces on do-
mains without weights. In this paper, we will give
the four equivalent characterizations of weighted
local hardy spaces on Lipschitz domains. We also
present a simple proof of the atomic characteriza-

tion of H”(€)of Miyachi [e.g. Semmes (1994)].

We say a nonnegative wed,(R") (1<p<w) if
for every cube QcR”, we have

(J, w)dx)(J, wx) ™" dx) < Clo|”. (1)
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For the case of p=1, we4(R") if |Q|_1 IQ w(x)dx

<Cessin f,_,w(x) for every cube

OcR". (1)

Similarly, we say a nonnegative function
wed,(€)) (1<p<w) or wed (Q) if Eq.(1) or Eq.(1")
holds for every cube Qc(Q. The least constant in
Eq.(1) or Eq.(1") is called the constant of weA,, for
1<p<w, denoted by C(w).

A,R"):=U,,, 4,R") and A,(Q):=

U,..4,(©) . If wed,(R") with 1<p<co, then we4,(R")

Denote

for every r>p and wed,(R") for some 1<g<p. We
thus use g¢,:=inf{g>1:weA4,(R")} to denote the
critical index of w (Lee and Lin, 2002), and define a
weighted measure w(E):=J gw(x)dx for measurable
set ECR".

Let peCy(R") with [, p(x)dxr=1. Define

@i(x):=t " p(x/1) for £>0. For f € C;(R"Y, letf (x):=
Supo<s<1| f*@dx)|, then for 0<p<l and weA.(R"),
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K’ (R",dw) consists of those tempered distributions
feC/(R"Y with

|7

e = o[£ w07 <.

Recall the definitions of the atom and the
atomic decomposition of the weighted hardy spaces
K’ (R",dw) (Stromberg and Torchinsky, 1989).
Definition 1 On R”, let 0<p<1<g<co and p#q such
that weA4,(R") with critical index g,. Set [-] the
integer function. For seN with s>N(w):=[n(q./p—1)],
a real-valued function « is called (p,q,s,w)-atom if

(i) aeL?(dw) is supported in a cube Q, (ii) ||a . <

w(Q)™"'7, (iii) if o<1, then |, a(x)x“dx=0 for

every multi-index o with |a<s, or if [p>1, then ag
does not have any vanishing moment.
Theorem A Let weAd(R") and 0<p<1.

For each fe i”(R",dw), there exist {ap} of (p,,
N(w),w)-atoms and {Ap} of real numbers with
Yol 2o S| /1 o, Such that f=3 Z,a, in
K(R",dw).

We define the weighted hardy spaces on
Lipschitz domains via the restriction as below,

B (Q,dw) = {f € C7(Q) :IF e h*(R",dw),
stF|,=f}

with the norm || f

h? (Q,dw) = inf{”F”h”(R”,dw) :F|Q=f} :
When w(x)=1 in Q, the spaces 4’ (€2,dw) are de-

noted by /47 (€2), which had been extensively studied

in Chang et a/.(1993), Miyachi (1990) and Semmes
(1994).

To study the weighted hardy spaces on
should
weighted atom on domains and present an exten-

Lipschitz domains, we introduce the
sion theorem for we4,(Q2).
Definition 2 Let weAd.(Q2) and Q be a cube with
20cQ, and suppose that a(x) satisfies (i) and (ii) of
Definition 1,

(1) if 402 then ay satisfies (iii) of Definition
1. This type of atom is called by an interior

(»,q,s,w)-atom, which we denote by Qe Z or (ii) if

40M0Q#J, then ap has no moment condition. This
type of atom is called a boundary (p,q,s,w)-atom,

which we denote by Qe 5.

Lemma 3 Let Q be a bounded Lipschitz domain,
then for every weAd,(Q), there exists an extension
weight WeA,(R") with W(x)|q=w(x). Moreover, the
constant of C(W) only depends on C(w), the
Lipschitz constant of (2 and ».

Lemma 3 will be shown in Section 2. Now we
introduce our main theorem.
Theorem 4 Let Q be a bounded Lipschitz domain

and wed(Q), assume that f e C; (Q), then the
following are equivalent:

(1) Restriction: f € h”(Q,dw);

(i1) Maximal function:

fa@)=sup g * f(x) €L (Qdw)

0<t<d(x)/ ¢y
for some cy>1, where ¢ € C;(B(0,1)) with [ p(x)dx
=1.
(iii) Grand Maximal:
fo(x):= sup sup |<f,¢>| e L’ (Q,dw),

0<t<d(x)/cy peF,(x)
<

where F,(x):={p € C; (2); supp ¢ < B(x,1), |0%¢p

1 for every a}, and for some cop>1;
(iv) Atomic Decomposition:
f has an atomic decomposi-

. _ . 0 r
tion f—ZQ’ﬂ/IQ(aQ XZQ,,EB/?'Qbth in C; (€)',

where a,’s are the interior (p,g,s,w)-atoms, a,’s

o o
are the boundary (p,q.s, w)-atoms, and {4, }, {4, }

satisfy

P
ﬂ’Qb

ZQ‘-eI

ﬂde ‘p + ZQ[YGB

<00,

When w(x)=1, (Restriction) << (Atomic De-
composition) was studied in Chang et a/.(1993) and
(Maximal) < (Grand Maximal) < (Atomic De-
composition) in Miyachi (1990).

For any domain Q, we let dist(x, 06C2) be the
distance from x to 6Q. We know that there exists a
function 6 defined in Q, such that
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(1) cdist(x,0Q)<Ax)<c dist(x,0Q) for any
xeQ;
(i) 6(x) e C*(Q) and

0"5(x)| < ¢, dist(x,0Q)

for all a. Where ¢y, ¢,, ¢, are independent of Q
(Stein, 1979).

As an application of Theorem 4, we have
Proposition 5 Let u be harmonic in a bounded
Lipschitz domain Q, 0<p<l and -1<s<I, then
O'ueh?(Q) iff u e h?(QQ,0"dx) iff u € L’ (Q, 5" dx).

PROOF OF THE MAIN THEOREM

We will use the following notations. If Q is a
cube whose sides are parallel to the axis and C is a
positive constant, then xp, /o denote the center,
sidelength of O, and CQ denote QO(xp,Clp). We
denote yz by a characteristic function of the set E.

We recall a Whitney decomposition. That is,
for an open set QcR”, there exist the constants ¢y, ¢,
which are independent of Q. (If there is no other
claim, we always choose c;=1, c¢,=4), such that the
set of dyadic cubes W:={Q,} satisfies

UleW Qk =Q, ¢ diam(Q,) < dist(Q,,Q°)
< c,diam(Q, ), (2)

The Qy are mutually disjoint and nonoverlap.
Proof of Lemma 3 We complete the proof by two
steps.

Step 1: Qis a Lipschitz graph. Thatis, Jye
Lip(1), M>0, s.t. |p(x")—wp(y")|<M|x'—y'| for x'eR"",
and Q={x:x,>w(x")} (Stein, 1979).

To prove it, we use the methods of reflection,
i.e., given wed,(Q2), we define W(x)=w(x) if xeQ
or =w(x’,—x, +y(x")) if (¥', x,) € (Q)° .

Now if QcQ or QcQf, by the definition of
w(x)€A4,(€2) and Lipschitz graph, Eq.(1) or Eq.(1")
is obviously true. If 0MoQ#J because w(x)eA,(€2)
has doubling property, i.e., 3C=C(w), s.t. w(2P)<
Cw(P) for every cube 2PcQ, we know W(2Q
NQ)SC(W)W(ONQ) if |ONQ|>|0)/4 or W(20N)
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SCW)W(ONQY) if |ONQ°|>|Q)/4. Similarly the
above properties are true for w’(x):=w(x)7”(”71) by
the fact w'(x) e 4,(Q) for l/p'+1/p=1.

Step 2: Q is a bounded Lipschitz domain. By
Step 1 and the definition of bounded Lipschitz
domain (Stein, 1979), we that
w(x)eAd,(€2) has a slight extension wi(x)e4, de-
fined in a Lipschitz domain Q,, where QcQ; and
dist(0€,0Q2;) >Cy for some small constant Cy>0.
For Q, there exists a Lipschitz domain Q, with
QcQ, and dist(0Q4,0€),) >C, for the same con-
stant Cyp>0, such that wy(x)eA4,(Q,). After finite N
steps as above, we know that we4,(Q) has an ex-

can obtain

tension wy(x)€d,, defined in Qy with QcQy; and

moreover, there exists a cube Oy with QcQycQy.
So we can define W(x) on R" by the period

extension, i.e. W(x+k):=wn(x) for VxeQ,, Vke Z".

Now we prove Eq.(1) or Eq.(1") for every OQcR". If
0c0:=0¢tk={y+k:yeQy} for same ke Z", Eq.(1)
or Eq.(1') is obviously true. For general cube Q, by
the fact the number #{QnNO=D}<(l,/1, )", we

have

o Towde=[o > [, oW (x)dx

k:0 NQ#D

< |Q|71 2 IQWN (x)dx

k:0p NO#D
<CW)|Q[ Iy, wy(0)dx(ly /1y, )"
<CWIQ," Ty, wy (x)dx.

Similarly we have
IO T, W ()" dx < Cw)| Q| T, wy (x) 7 dx

By the above analysis, we complete the proof
of Step 2.
Proof of Theorem 4 We complete the proof by
showing (Restriction) < (Atomic Decomposition)
= (Grand Maximal) < (Maximal) = (Restric-
tion).

The case (Restriction) = (Atomic Decompo-
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sition): This proof is similar to that of Chang et
al.(1993) and so we omit the details.

The case (Atomic Decomposition) = (Re-
striction): Assume that f has the atomic decompo-

sition f = dez Ao, 4y, ZQbE 50, dg,» We  should

construct a function F=A"(R",dw) with F|o=f. Note
that for every w(x)e4,(Q2), there exists an extension
W(x)eA,(R") (see Lemma 3).

If 40,cQ or [, =1 we set 4, (x):=a, (x) or
4y, (x)=a, (x).

Now we treat a, with [, <I.

For every NeNu{0}, there exist {¢g,}c
CZ(B(0,1)) such that Lw g, (x)dx =5, ,,
0,570 if a#f, or =1 if a=p for all |al,| f<N.

Using the fact that Q is a Lipschitz domain,
VO, (sol, =~dist(Q,,Q)),30,', 0y, st. O, < 0,,

0; < () NQ," with [(Q;) ~ 1(Q,) = [(Q,).
So for N(w)=[n(q./p—1)+], we define the
function

where

Ay, ()= ay ()= b4, (x=x,)/1(Q))).

To satisfy J.AQ,, (¥)x“dx=0,0< |a| <N(w), we

take b, = [ ag, (x)(x = x, ) e /(O™ .
So we can obtain that 4, is (p,q,s,w)-atom in

R" by the following estimate

o 2l
<w(@)""" + 31" [ ag, (r)(x—x, ) dx|w(Q,)"

|4

<
;A Hagh L,

<w(©)" " +[0,[ [|ag |axw(@,)"
<Cmmw(@,)" """,

So F:ZQ,-eZlQaQiZQbEB/IQhaQb’ is an exten-

sion of f.
The Case (Atomic Decomposition) = (Grand

Maximal): LetszQlQaQ(x) with ZQ|ZQ|P <

be the atomic decomposition. We need estimate
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and so need check

we only

|fQ 9(Q,dw)
[
We choose ¢ € C; (B(0,1)) with [p(x)dx=1.

Case (i): agp is an interior atom with /p<1. The

. < C for some constant C=(n,w,p,q).

estimate of "(ag); is similar to that in Stein

7 (w,Q)
(1993) and so the details are omitted.

Case (ii): ap is an interior atom with /p<1. This
case is trivial.

Case (iii): ap is a boundary atom.

For 0<t<d(x)/cy and |x—xQ|S4cox/;lQ /(cy = D),

for cp>1, obviously we have the inequality
(a)q (x) <cew(Q)™”.

For 0<t<d(x)/cy and |x—xQ|S4cox/;lQ (¢, =1),
we only need check ¢*ap(x)=0. Denote y,eB(x.?),
yeQ. If 8(x)<4c\nl, /(c, - 1), then

|y, —y1|2|x—xg|_|yz ‘x|‘|y1_x9|

> 4e,n i, /(c, —1)—l4c0JZzQ ey =) —4nl, >0,
CO

and so we have @*ag(x)=0. If S(x)>4c,\nl,/
(co—1), then 6 (p,) > (¢, —1)d(x)/ ¢, > 4J;ZQ, and so

@*ap(x)=0 too.

And so we complete the proof of this case.

The case (Grand Maximal) < (Maximal): It is
trivial.

The case (Maximal) = (Grand Maximal):
This case can be easily obtained from the inequality

Jo()<CM ., [T (x) forall xeQ (see Section
2 in Miyachi (1987)), where

(1) f°(x) is defined by f“(x)=f(x) if xeQ or =0
if xe(Q)°;

(i1)
M, (f)(x) =sup,., (B(x.1)
and

(iii) 7, >0 with 7/(7+a)<p.

The case (Maximal) = (Restriction). Using

i J.s(x,,)|f(J’)|q dy)"? for ¢>0;

the above fact (Atomic Decomposition) < (Re-
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striction), we prove that every f with f,(x)e€

L7 (Q,dw) has an atomic decomposition.

Though it can be similarly proved by the
methods of Miyachi (1990), we give another simple
proof in here, that is, we should construct a dis-
tribution Feh’(R",dw), with Flo=f in the C; (Q)

and

fa

F || < c| .
" h? (R" ,dw) L7 (Q,dw)

Let {Q} be the Whitney decomposition with
Q=uQ as described in Chang et al.(1993) and {¢p}

be a partition of unity i.e., ¢, € C7'(2Q), 0<pp(x)
<1, @o(x)=1 in O, and Y @, (x)=1(VxeQ). We

define the polynomial Py as follows. For every
Qe 7, Pge Ay is the unique element such that

<fgoQ = Fy 200> P> =0for every Pe F, where F

denotes the set of polynomials on R” of order not
exceeding [s].
Define

g(0):= f(¥) = X 2p (MR () if xeQ
[z

or =0 if xeQ, 3)

We should prove that ge#/”(R",dw) with

Ja

"g"h”(R”,dw) < c| 1P (Q,dw)

and R(x):= ZZzQ (x)F,(x) is the sum of a series of
0

constant and boundary atoms. Using the fact
(Atomic Decomposition) <> (Restriction), R(x)
has an extension R'(x)e/’(R",dw) with

|

<
hP(R",dw) — C|

fa

17 (Q.dw)

Therefore, F(x)=g(x)+R'(x) is an extension of f.
So we only consider g and R. We first prove
geh’(R",dw).
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Recall that for feC;(Q), s>0 and
v eC;(20). We have
(fw)=clol X suplosw|y +1p») | inf £ (),

‘a‘S[x]-*—l y
4)
<Cinf /3(x). (5)

"P 0420

I

Eqgs.(4)—(5) can be found in Sections 2 and 3 in
Miyachi (1990). Now we continue to prove
geh’(R",dw). To show it, there are two cases con-
sidered, i.e., xeQ and x¢Q. Also we will choose
the constants in Whitney decomposition Eq.(2) as
below

¢ >5In, ¢, =2(1+¢). 2"

Case [: xe Q. If t<&(x)/cy, using Eqs.(3) and (5),

we can easily obtain

0% () < fis (0 + C X inf £ (), (6)
o

If £28(x)/cy, to estimate the term ¢@*g(x), we
should consider the following formula. For xeR",
We have

|0, = g(x)| = ‘Zf(f (N2, (¥) = By(1)%,5 ()9, (x = y)dy
o

[ F )2 (0) = By ()22 (1)), (x = )
o

= 0@ )(x = xp)(y = %) )dy

lef<s]

<

> [f0e() Y @) x-Er—xp) dy

020MB(x.1)2D le|=Ls1+1

+

(D EACH

020nB(x,0)2@" 0

x > 0 (p)(x—E)y—x,) dy

lof=[s1+1

=A4(x)+B,(x). 7
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Now we estimate 4(x) and By(x) for xeQ or
xeQ".

If xeQ and > &(x)/cy, we are only interested in
the cubes Q with 20NB(x,1)#J. Let ye20NB(x,t).

If [x—xg| > 4/n [, then r>[x—y|2|x—xo|~ly—xo|>

[x—xgl —2Jn l,, and so we have
>lx—xpl/2>2nl, . (8)

If |x—xg| < 4nl , for every x'€0Q, by Eq.(2")

as above, we have

' x|z ' ~xo|~| xgx| 2 5\/nl,, — 4/nl, = nl,,
By £>&(x)/cy, we have
t>~nl, /¢, )

For 4,(x), by Eq.(4) and Eqgs.(7)—(9), we have
the estimate

A= X

0:20NB(x,1)#D

[ 130, ()

x D (@) =&y —xp) dy

lof=[s1+1

S CZQ:ZQK\B()(,I#Q innyZQ ff: (y)|Q| (ZQ )MH /IHMH
<CY jinf, 0 fo () /(1+ ey = /,)" 00,

So for every xeQ and 0<¢<1, by Eq.(6), we
have

4,() SCYinf £ ()1 + | =x]/1) "7 4 £ ().
o

Then by the inequality |a+b[’<|af’+|b]’ (0<p<1),
we can obtain

A SR f30)" =l 1)

+fo (X)° (10)
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Now, for xeQ, 0<t<1 by Eq.(5) and Eqgs.(7)—
(9), similarly we have the estimate

BMSC ¥ inf fa(m|o]d,) ! /e

020AB(x 122722

<CYinf fa()(A+|xy = x|/7,) .
0 ye2Q
And we similarly obtain

B.(x)" < C%:}iygfg fa @) (U [xp = x|/1,)" 007 (11)

Case II: x¢Q. As above considered, we are
interested in the cubes Q with 20N B(x,t)=J. By the
support of @(x—y), po(y) and Eq.(2"), we can get

£2[x—y|2x—xgl- x> —xo| ~2v/n I, >x-x0|/2,

similar to the analysis of the case xe (), we have the
estimate

A/(x) < c;@gg Fa U+ |x = x| /1,y (12)

Similarly we have

B,(x)"<CY inf /()" ( +x = x| 1) (13)
0 <

Remember that if weA,(R") with the critical
index g,,, then

jR” 1+ |x = x|/ 1) " TP w(x)dx < COw)W(Q)

for every cube OcR” and (n+[s]+1)p>n.
Combining Eqs.(10)—(13) the above estimate,
we obtain

[ &y windr < [ g (@) wx)dr+ [ g ()" w(x)dx

< C['sup(4,(x)" + B, (x)" yw(x)dx

) 0<t<1

+ [ sup(4,(x)” + B, (x)" )w(x)dx
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) Ci %jngf‘; ()" (] xp = x|/ 1)" 7 w(x)dx
* J.fg; (x)? w(x)dx
Q
' Ci 2, M2 )" (6= 5 | /1) ™ w()d
. ) 3 — (n+[s]+1)
SR () [0 lxmx 1 11)
x w(x)dx + J.f!;‘ (x)” w(x)dx
Q
<CYinf f5(»)" WQ)
0 ye2Q

<C[ o) w()dy. (14)

Lastly, we should prove that R(w)= 2 oPo(x)
x¥r0(x) is the sum of a series of constant and

boundary atom. In fact, we set 4, = wQ)"” ||PQ

and a,(x)=w©Q)""|B,[ B,x).

Obviously ap(x)’s are boundary atoms. More-

over,

2o = X wO|R],. <X w@inf 107"
[ 0 [

<cl fa()" w(y)dy.

Using the fact (Restriction) < (Atomic De-
composition), we know that there exists a function
R'(x)eh’(R",dw) with R'(®)|a=R(x)
IR’ < c|R

and

1P (R",dw) 1 (Q,dw) *

So the proof of (Maximal) = (Restriction) is

completely by combining Eq.(14) with Eq.(15), and
setting F(x)=g(x)+R'(x).
Proof of Proposition 5 Note that when Q is a
bounded Lipschitz domain, for 0<p<1 and —1<s<1,
we have (x)7eAd(Q) (Stein, 1993). To prove
Proposition 5, we have two steps considered.

Step 1: ueh”(Q, 67dx) < ue L’ (Q, 67dx).
Choose the nonnegative radical function ¢(x)e
B(0,1) with Jg(x)dx=1. Since u is harmonic, then for
all xeQ, 0<t<d(x)/2, we have @;*u(x)=u(x) and so
u"(x)=|u(x)| for all xeQ. This completes the proof

as)

of Step 1 by Theorem 4.
Step2: d'u € h” (QQ,dx) < u € h” (Q,6"dx). For

0<t<&(x)/2, we consider

o, * (w0 =|[ 9,06 18" ()]
=[[ 2. = 8" W), *u)()dy
=[[o.cc= 15" 0o, (v = 2 uz)dzdy
=[s(0 [uz)J . (x = 928" ()15 Cx)y

x @, (y—2)dy)dz|
<cd(x) ug, (x).

(t, = 5(x)/8)

This means (5'u)"(x) <cd(x) u,(x), so we get
u € h”(Q,07dx) = d'u € h? (QY).

Conversely, similarly we can prove
O (X)u * g, (x)| < c(6"u), (x) for 0<t<8(x)/2. That is,

N (x)u*(x)| <c(0'u)y(x) , so using Theorem 4, we

get O'ueh’(Q)=uech”(Q,6%dx).
Combing Step 1 with Step 2, we complete the
proof of Proposition 5.
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