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Abstract: Based on Biot’s wave equation, this paper discusses the transient response of a spherical cavity with a partially sealed
shell embedded in viscoelastic saturated soil. The analytical solution is derived for the transient response to an axisymmetric
surface load and fluid pressure in Laplace transform domain. Numerical results are obtained by inverting the Laplace transform
presented by Durbin, and are used to analyze the influences of the partial permeable property of boundary and relative rigidity of
shell and soil on the transient response of the spherical cavity. It is shown that the influence of these two parameters is remarkable.

The available solutions of permeable and impermeable boundary without shell are only two extreme cases of this paper.
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INTRODUCTION

The propagation of stress-waves in an elastic
medium containing a cavity that are due to arbitrary
dynamic loading applied on the cavity is of great
importance in the fields of seismology, geophysical
prospecting, underground tunnels and deeply buried
pipelines, particularly as a model of an earthquake
source. Ben-Menahem and Cisternas (1963) devel-
oped the theory for the dynamic response of an elastic
half-space medium to an explosion spherical cavity.
Norwood and Miklowitz (1967) investigated the
diffraction of transient elastic waves by a spherical
cavity; two cases of a suddenly applied normal point
load and the impingement of a plane transient
dilatational pulse on the cavity were considered.
Akkas and Zakout (1997) obtained the analytical
solution for the transient response to an axisymmetric
and non-torsional load of an infinite, isotropic, elastic
medium containing a spherical cavity with and
without thin elastic shell embedment by using the
Residual Variable Method.
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The propagation theory of elastic waves and the
general solutions for fluid-saturated porous elastic
and viscoelastic medium were first presented by Biot
(1956; 1962). To date, however, rather limited work
was focused on the dynamic response of spherical
cavity in fluid saturated porous medium. Xu and Wu
(1998) and Xu and Cai (2001) investigated spherical
wave propagation in saturated soil and, by employing
a viscoelastic model presented by Erigen (1980),
obtained the dynamic response of the spherical cavity
in viscoelastic soil subjected to axisymmetric surface
load, but just considered two extreme cases of flow
boundary condition: permeable and impermeable. In
fact, the case of a thin elastic shell bonded to the
surface of a cavity can represent most practical
situations. Assuming that the shell or liner is porous
material, Li (1999) presented the concept of a
partially sealed boundary of a circular tunnel
excavated in saturated soil.

The transient response of a spherical cavity with
a partially sealed shell embedded in viscoelastic
saturated soil was investigated in this work. The
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analytical solutions of stresses, displacements and
pore pressure induced by axisymmetric surface load
and fluid pressure are derived in Laplace transform
domain. Furthermore, numerical results obtained by
using Durbin (1974)’s inverse Laplace transform were
used to analyze the influence of the partial permeable
property of boundary and relative rigidity of shell and
soil on the transient response of the spherical cavity.

SOLUTION OF
OUT SHELL

SPHERICAL CAVITY WITH-

The thin elastic shell shown in Fig.1 is assumed
to be bored in infinite viscoelastic saturated soil with
outer radius 7, and thickness /4. The spherical coor-
dinates are (r, 6, @), where @ is the meridional angle
and ¢ is the circumferential angle. For an axisym-
metric non-torsional load, i.e. independent of the
meridional angle € and circumferential angle ¢, act-
ing on the shell surface, the non-vanishing compo-
nents of the stress tensor are o;, 0y, 0.

Fig.1 Geometry of the problem

The equilibrium equation for soil mass in
spherical coordinate system can be written as:

do. 20,—-0,-0 o?
Lt = (o + pw) (1)

or r

where, u, and w, are respectively radial displacement
of soil skeleton and displacement of pore fluid with
respect to the soil skeleton; p=(1-n)pstnpy, the den-
sity of soil; pr and p are densities of fluid and soil
grains, respectively; n is porosity.

The pore fluid equilibrium equation is given by:
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where, p is excess pore pressure; 77, is the fluid vis-
cosity and k4 is the intrinsic permeability of soil.

Assuming that the viscoelastic property of soil
can be simulated by Kelvin-Voigt model, the
stress-strain relationship can be expressed by (Erigen,
1980):

LI 26'3(6% j —ap  (3a)

o.=e+2G
or ot ot\ or

u Oe Of(u
o,=0 =Ae+2G—L+ A1 —+2G"—| = |-ap (3b
¢ ¢ r ot at( rj p (3b)

p=M&—aMe (3¢)

where, e=%+ 2, and &= —(aw’ +%], the
or r or r

dilatations of solid and fluid, respectively; A and G are
the Lame constants of the bulk material; A’ and G’ are
the dilatant and shear constant of the viscoelastic soil,;
o and M are the compressibility parameters of the
two-phase medium, 0<a<l, 0<M<ow, and M-,
a—1 for a material with incompressible constituents.

Substituting Eq.(3) into Egs.(1) and (2), the
governing equations of the transient response of a
spherical cavity in viscoelastic saturated soil can be
obtained as:
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To solve Eq.(4), the following two scalar quanti-
ties @(r,¢) and D,(r,¢) are introduced and defined as:

_0(®(0)

uk_@r( r j )

Wr:ﬁ(_@z(””)] (5b)
or r



196 Liu et al. / J Zhejiang Univ SCI 2005 6A(3):194-201

Defining the function of Laplace transform,

f(r,t) as:

30an‘f‘(’/"t) efxtdt

" F(r,s) = j o (6a)
and the inversion by
1 prvio— o
S ==—=[""f(r,s)e"ds (6b)
2 i

in which, s is the Laplace transform variable; i = x/jl ;
the parameter y is so selected that the line Re(s)=y is
to the right of all singularities of 7(r,s).

Substituting Egs.(5a) and (5b) into Egs.(4a) and
(4b), and applying the Laplace transform yields:
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Lou and Lin (1986) reported that the viscoelastic
damp coefficient of rock and soft soil could be as-
sumed as a constant in a great range of vibration
frequencies. In this paper, the dimensionless damp
coefficient 7 is assumed to be

n=t=" ®)

In terms of all dimensionless variables in Eq.(7),
and the use of Eq.(8) yields:
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are the non-dimensional Lame constant, compressi-
bility parameter, fluid density, and permeability coef-
ficient of soil, respectively. a=r,—h/2 (Fig.1).
Uncoupling Eq.(9) yields:
(V=) (V=73 ) @12 =0 (10)

where, 7 and j are the complex wave numbers of
two dilatational waves, i.e.
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Considering the limitation property of radial dis-
placement when r—oo, the general solution of @ and
®; in Eq.(10) can be written as:

O = Ae”" + e (12a)

®y=Be”" + B (12b)

The four constants A, 4,, By and B; in Eq.(12)

are linearly dependent, and can be related by using
Eq.(10) to obtain:

B, =64,

(i=12) (13)

_ M* 2 + * 2
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variables that can be obtained from boundary condi-
tions.
The Laplace transformed solutions of radial

where, 0, =

displacement #., w. can be obtained from Egs.(5)
and (12) as:

1 1 1 1 .
u, = __(71 +_)ew‘41 - (72 +—jeh' 4, (14a)
r r r

r



Liu et al. / J Zhejiang Univ SCI 2005 6A4(3):194-201 197
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r r r

r

Applying Laplace transform to Eq.(3) and using
Eq.(14) yields the general solutions of pore pressure
and stress expressed as:
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SOLUTION OF SHELL EMBEDMENT

The general solution of the transient response of
a spherical cavity in viscoelastic saturated soil has
been obtained. In the following we will consider the
case of a thin, elastic shell embedded in infinite vis-
coelastic saturated soil subjected to axisymmetric
surface load and fluid pressure. The motion equation
of the prescribed shell under the condition of
non-torsional axisymmetric loading can be derived
from Akkas and Zakout (1997):

o'u! a’(1- )
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are the dilatational wave velocity and the plate ve-
locity, respectively; Ej, 4 are the modulus and Pos-
sion’s rate of shell, respectively; go(?) is the net out-
ward radial pressure.

The dynamic loads applied on the surface of
shell considered herein are an axially symmetric
surface load and gradually applied fluid pressure
which in the Laplace transform domain can be ex-
pressed as:

(16)
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where 7" is the non-dimensional gradually applied
load time (T° =TG/p/a), T is actual time; g, is
the maximum of the gradually applied load.

Solution corresponding to axisymmetric loading

When the shell surface is subjected to axially
symmetric surface load, due to the perfect bonding,
the displacement and stress components must be
continuous at the kinematic interface between the
spherical shell and infinite medium. For a thin shell,
the thick //2 can be omitted without significant error
(Akkas and Zakout, 1997). So, the interface between
shell and soil can be defined as 7=a. The stress and
displacement condition at the interface can be ex-
pressed as:

(18a)
(18b)

q,t)=q@t)-0o,, r=a

u, =-u,
where, ¢(¢) is the radial stress applied at the inner
surface of the shell; o, is the stress exerted by the soil
on the shell and can be given by Eq.(15b).

Previous workers (Xu and Wu, 1998; Xu and Cai,
2001) considered two extreme flow boundary condi-
tions: permeable and impermeable. In practical situa-
tion, the condition is frequently found in two extreme
cases. By applying the concept of Li (1999), the partial
permeable flow boundary condition can be written as:

P = kp at r=a (18¢)
or a
k, 1 . . .
where, k=— is a dimensionless

ky In(r,) —1In(r, — h)
permeability parameter that defines the flow capacity
of the shell. This parameter depends on the relative
permeability of the shell and soil as well as the ge-
ometry of the shell: when the spherical shell is im-
permeable (i.e. k£=0), k approaches to zero; and when
the shell is permeable (i.e. k=), k approaches to an

infinite value.
Substitution of Egs.(14a), (15b), (18a) and (18b)



198 Liu et al. / J Zhejiang Univ SCI 2005 6A(3):194-201

into Eq.(16), and Eq.(15a) into Eq.(18c) yields:

a’(1- 1) g(s)

p 19a
Eh G (192)

mA +m,A, =

A, +n,4, =0 (19b)

where,

m, =201+ ) + 7§S2]1 e e
a a

+ {l(/l* +2)(1+73s)y] + iz(l +775)
a a

@ (=) o
E'h

b

x(;/l. +lj+gj/i2(a+5i)M*}
a a

n = l(;/l. + —k + 1} (0, + a)M*;/l.ze”"“, (=1,2);
a a

*

E
E ==L
G

The expressions for variables 4; and A, can be
obtained from Eq.(19):

4=-"24 (20a)
n
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Solution of fluid pressure

When the shell surface is subjected to fluid
pressure, the displacement and stress components
must be continuous at the kinematic interface be-
tween the spherical shell and soil, and the flow
boundary condition can be expressed as:

q,(t) =-o, at r=a (21a)
u =—u at r=a (21b)
a—‘D=£(p+q(t)) at r=a (21¢)
or a

Substitution of Eqs.(14a), (15b), (21a) and (21b)
into Eq.(16), and Eq.(15a) into Eq.(21c¢), yields:

mA +myA, =0 (22a)
mA +n,A4, = S% (22b)

where, the expression of m; and #; (i=1,2) are the same
as in Eq.(9).

From Eq.(22), we can obtain the expression for

variables 4; and 4, as:

m
2

— 24,
1
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Once the variables 4; and A4, are determined, the
specific solutions are obtained. The final solutions in
time domain can be obtained by using inverse Laplace
transform and numerical computation.

NUMERICAL RESULTS AND DISCUSSION

The numerical results are presented for the ma-
terial and geometric parameters which are listed in
Table 1. In this paper, we will discuss the influence of
partial permeable property of boundary and relative
rigidity of shell and soil (defined as RR=E//E;) on the
transient response of the spherical cavity. Numerical
results in time domain were obtained by Durbin’s
numerical inversion Laplace transform. The formula
suggested by Durbin (1974) is given by:

26” 1 N . 21
f()= T l:—ERG{F(C)} + Z[Re{F[c + znTj}

0 n=0 0

Table 1 Parameters used in computation

Quantity Notation  Value
Elastic modulus of soil (MPa) E; 8
Poisson rate of soil Y7 0.4
Poisson rate of shell )7 0.1
Dimensionless shell density a L5
Dimensionless shell thickness hla 0.05
Dimensionless fluid density s 0.5
Material parameter a 0.98
Compressibility parameter M 20
Permeability coefficient b 10
Viscoelastic damp coefficient n 0.1
Porosity n 0.4
Gradually applied step load time 7" 1
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XCOS nt@ —Im3 F c+inﬂ sin ntﬁ (24)
T T T

where, cTy=5 to 10 gives good results for N ranging
from 50 to 5000. The computation value of all pa-
rameters in Eq.(24) were then taken as 7;=20, ¢=0.25
and N=1000 in this paper. The numerical results are
shown in Fig.2 to Fig.9.

Solutions corresponding to radial load

The histories of dimensionless radial displace-
ment at the interface of shell and soil induced by axi-
ally symmetric radial surface load are shown in Fig.2
when the parameter £=0.1. With the increase of the

dimensionless time (¢ =tG/p/a), radial dis-
placement increases to maximum value, then de-
creases and, is noted once again. Eventually, it tends

to an asymptotic value. The influence of the relative
rigidity (Fig.2) of shell and soil on radial displace-

—O—RR=0
—0—RR=10

—&—RR=2
—0—RR=100

u,G/(qoa)

Fig.2 Curve of radial displacement vs relative rigidity
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0.1
0.05

0 2 4 6 8 10

Fig.3 Curve of radial displacement vs parameter k

ment is remarkable. When relative rigidity RR=0, the
shell is complete flexible, there is the maximum radial
displacement at the interface of shell and soil. The
value of radial displacement decreases with the in-
crease of relative rigidity. The influence of perme-
ability parameter & on radial displacement is indicated
in Fig.3. It can be seen that the influence of parameter
k on radial displacement induced by axisymmetric
radial surface load is not remarkable.

The histories of dimensionless pore pressure are
shown in Fig.4 at the interface of shell and soil for the
parameter k=0.1. Pore pressure is zero at / =0 and
increases rapidly with time in the interval 0<{ <T" and
reaches to its peak value nearly at {'=T". Thereafter, it
decreases with time and reaches to its maximum suc-
tion values. With increasing time the values of suction
decreases and pore pressure is noted once again. Pore
pressure dissipates at =10 approximately. With the
increase of the values of relative rigidity, pore pres-
sure (Fig.4) decreases at the interface. On the other
hand, the pore pressure decreases with the increase of
parameter £ (Fig.5). As a result, both the relative ri-
gidity and parameter k£ have great influence on the
pore pressure under the condition of axisymmetric
radial surface load.

0.03

0.02
0.01

Plqo

-0.01
-0.02
-0.03

-0.04 . . . .

Fig.4 Curve of pore pressure vs relative rigidity

Solutions corresponding to fluid pressure

The histories of dimensionless radial displace-
ment under fluid pressure are shown in Fig.6 when
parameters k=0.1. It is noted that at a certain time
instant as shown in Fig.6, there exists maximum dis-
placement at the interface of shell and soil. With the
increase of time, radial displacement decreased vi-
brationally and finally to an asymptotic value of zero.
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Radial displacement decreased obviously with in-
creasing relative rigidity, and increased with in-
creasing of parameter k£ (Fig.7). It is worth mention-
ing that there were great differences among the radial
displacements for different parameters k. No radial
displacement occurred when the shell was completely
sealed (k—0), and maximum radial displacement
occurred when the tunnel boundary was permeable
(k—o0). Comparison of Fig.6 or Fig.7 with Fig.2 or
Fig.3 shows obvious dimensionless radial displace-
ment induced by axisymmetric radial load.

The excess pore pressures induced by fluid
pressure are shown in Figs.8 and 9. The histories of
pore pressure shown in Fig.8 for £=10 indicate that
the influence of relative rigidity can be ignored.
However, the influence of parameter k (Fig.9) is sig-
nificant. When the shell boundary became almost

Fig.5 Curve of pore pressure vs parameter k

0.04
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u,G/Aqoa)

-0.01

-0.02

-0.03 1 1 1 1

Fig.7 Curve of radial displacement vs parameter & (fluid
pressure)

impermeable (k—0), almost no excess pore pressure
existed, whereas with the increasing of time, the ex-
cess pore pressure at the interface equaled the fluid
pressure (P=—¢q) when the shell boundary became
almost permeable (k—).

Therefore, it is important to consider realistic
values of & in order to accurately predict the radial
displacement and pore pressure in the transient re-
sponse of spherical cavity with a shell embedded in
viscoelastic saturated soil subjected to fluid pressure.

CONCLUSION

By introducing the partial sealing boundary
condition, analytical solutions were derived in Laplace
transform domain for the transient response of a sph-
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0.01 F
0.008
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0.002

—O— RR=2 —T— RR=10

—9— RR=100
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-0.008 . . . .

Fig.6 Curve of radial displacement vs relative rigidity
(fluid pressure)

-0.1
-0.2
-0.3
-0.4
-0.5
-0.6

P/q0

Fig.8 Curve of pore pressure vs relative rigidity (fluid
pressure)
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0.1 B
02

-0.4

P/q0

Fig.9 Curve of pore pressure vs parameter t (fluid
pressure)

erical cavity with a shell embedded in viscoelastic
saturated soil subjected to axially symmetric radial
load and fluid pressure. Numerical results in time
domain were obtained by Durbin’s inverse Laplace
transform. An extensive parameters study conducted
to investigate the influence of the relative rigidity of
shell and soil and permeability parameter &, showed
that it is dependent on the relative permeability of the
liner and soil as well as the geometry of the liner. It
was found that both relative rigidity and parameter k&
have great influence on the transient response of
spherical cavity with a shell embedded in viscoelastic
saturated soil. The available solutions under perme-
able and impermeable boundary conditions are only
two extreme cases of the solutions developed in this
paper. Therefore, it is of significance to consider the
partially sealed boundary condition and the relative

rigidity of shell and soil in the designing and com-
putation of spherical shell in viscoelastic saturated
medium.
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