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Abstract:

Many papers on a wide range of control problems for Pritchard-Salamon systems have appeared and many of its

important mathematical and system theoretical properties have been revealed. This paper deals with the differentiability of the
Pritchard-Salamon system with admissible state-feedback. Spectrum analysis showed that under definite condition, the unbounded
perturbation semigroup of the Pritchard-Salamon system is eventually differentiable.
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INTRODUCTION

The Pritchard-Salamon class of infinite dimen-

sional systems was first introduced by Pritchard and
Salamon (1985; 1987) to provide a general abstract
framework for linear quadratic control problems.
Now, many papers on a wide range of control prob-
lems for Pritchard-Salamon systems have appeared
and many of its important mathematical and system
theoretical properties have been revealed. We give the
following definition.
Definition 1 Let W, V, U, Y be Hilbert spaces.
Suppose that WV and that the canonical injection
W—V: x—x is continuous and dense. S(¢) (£0) is a
Co-semigroup on V which is restricted to a
Co-semigroup on W.

(i) An operator BeL(U, V) is called an admissi-
ble input operator (with respect to (W, V) for S(¢)) if
there exist ;>0 and >0 such that for all ueLZ(O,tl;U),

jo S(t, - s)Bu(s)ds e W,
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H ['s@ - s)Bu(s)ds‘

< || ||1 0,4;U
0,43 )’

(ii)) An operator CeL(W, Y) is called an
admissible output operator (with respect to (W, V) for
S(1)) if there exist £,>0 and £>0 such that for all xe 17,

lcs)x

12(0,,;Y) < ﬂ”x”;/ :

(iii) Let BeL(U, V) and CeL(W, Y) be the ad-
missible input and output operators (with respect to
(W, V) for S(t)), respectively, and suppose that
DeL(U, Y). The system given by

x(t) = S(t)x, + jo S(t — 5)Bu(s)ds,
y(t) = Cx(t) + Du(t)

where xoeV, £20 and ue L] (0,00, U), is called a
Pritchard-Salamon system (with respect to (W, V) for
S()) and is denoted by 2(S(-),B,C,D).

Let X=W or V. We use superscript 4* to denote
the infinitesimal generator of a Cy-semigroup S(¢) on

X. We also denote the growth bound of SK (H) by
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a)(SX(t)). Curtain et al.(1997) established the theory of
perturbation induced by admissible state-feedback for
Pritchard-Salamon system, and Guo et a/.(2003) im-
proved this result. This is their theorem.
Let Z(S(-),B,C,D) be a Pritchard-
Salamon system, F'e L(W, U) be an admissible output
operator for S(¢). The following are true.

(a) There exists a unique Cy-semigroup Sp(f) on
W such that for all xe W,

Theorem 1

S, (O)x =S(O)x + jo S(t - s)BFS ;. (s)xds.

Moreover, Spe(f) extends to a Cy-semigroup on V,
2(S(-),B,C,D) is a Pritchard-Salamon system and for
allxeV,

Sy (0= S()x+ [ S(t - $)BFS, (s)xds
’ (1)
=S(f)x + j Sy (t—5)BFS(s)xds.

In addition, B, F are the admissible input and output
operators for Spx(f) respectively.
(b) For xe DA )W,

F(A-A4")Y"'(A1-A")x=Fx.
(c) The generators of Sg(f) on W and V satisfy

D(4y.)=D(4"),
D(Ay.)={xeD(Ap) "W | A"x+BFxeW},
o {AVx +BFx, FeL(V,U)yorxeD(A" )W,
A"x+BF(A-A")"(A-A4")x, else
for x € D(4,,

and
Ay.x=A"x+ BFx for xe D(A4y,),

where A is any number with real part larger than the
growth bounds a(S”(r)), aXS'(¢)), @(Sk.(t)) and

(S ().

Gu (2004) treated the regularity of the un-
bounded perturbation semigroup SzAt) on W and V.
But to the best of our knowledge, there are no results
available in the literature on the differentiability of

Spr(f). Our main goal here is to study the differenti-
ability of SpA(f). We show that under definite condi-
tion, the eventual differentiability is a stable property
under the perturbation induced by admissible
state-feedback for Pritchard-Salamon system.

MAIN RESULTS AND THEIR PROOFS

We need the following Lemma.
Lemma 1 Suppose that Z(S(-),B,C,D) is a
Pritchard-Salamon system and that FeL(W, U) is an
admissible output operator for S(f). Then the follow-
ing hold:

(1) BFeL(W, V) is an admissible input operator
with respect to (W, V) for S(2).

(i) BFeL(W, V) is an admissible output operator
with respect to (W, V) for S(2).
Proof See Gu (2004).

Now, we give the first main result of this paper.
Theorem 2 Suppose that X(S(-),B,C,D) is a
Pritchard-Salamon system and that FeL(W, U) is an

admissible output operator for S(¢). If for some peR,

limsuplog | | "R(,u +ir, A" )" =C<w, (2)

|z]—>o0 LOV. W)
then S).(¢) is differentiable for £~3C. If C=0,
Sy.(t) is a differentiable semigroup.

Proof Let 1>£>0 and y4 be any real number satis-
fying

#y > max{a(S" (1)), @(S" (1)), @(S; (1)), @ (S, (1))}

By Lemma 1, we see that BFeL(W, V) is an
admissible input operator with respect to (W, V) for
S(#). Thus it follows from Theorem 1 that BF is also
an admissible input operator with respect to (W, V) for
S, (t). According to Lemma 2.12 in Curtain et

al.(1997), there exists C, >0 such that

(A—-A4y,)"'BF e LW, W)

and for Rel>uy,
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-y e, <

Lo, W) JRed -, .

Thus we can find a > such that

| +iz— 43.) 7 BF| <g, reR. (3)

LW W)
By Eq.(2), there exists N>0 such that

<¢g for |7 > N.
L(W.,W)

=y ||(u+ic—4a")|

Noting that

(y+ir—A4")"
= (utiv = A"y A= (u-p)u+ic-A"Y'Y",

we have that

&

LoV W) 1

hmsup log| 7| "R(}/ +iz, AW)”

[zl—>

By Eq.(1), the following holds for xe W
S (O)x = S(t)x+.|.(j S, (t—s)BFS(s)xds.  (5)

It follows from Eq.(5) via Laplace transformation that

A=Ay ' =(A-4")"

NS | W -1 (6)
+(A—Ay) BF(A-A4")",

Re A > u,.

Combining Egs.(3) and (6), we obtain

"(7/ tir—4 F) "L(W,W)
<o) +iv—a",
which implies that
1
lll“:"ljup log| 7| "R(}/ +it, Ay )”L(W ST + i C.

Since ¢ is an arbitrary number, the differenti-

ability of S},.(t) for £>3C follows from Corollary

2.2.10 in Pazy (1983).

The following is the second result of this paper.
Theorem 3 Suppose that X(S(-),B,C,D) is a
Pritchard-Salamon system and that FeL(W, U) is an

admissible output operator for S(¢). If for some peR,

limsuplog | 7| |R(x + i, 4 )|| =C<w, (7)

jrlo>e LD

then Sy, (¢) is differentiable for £~3C. If C=0, S}, (t)

is a differentiable semigroup.
Proof Let 1>£>0 and g be any real number satis-
fying

1, > max {o(S" (1)), (" (1)), @(Sy (1)), o(Sy (1)}

By Lemma 1, we see that BFeL(W, V) is an admis-
sible output operator with respect to (W, V) for S(¢).
According to Lemma 2.12 in Curtain et al.(1997),

BF(J-A"Y" can be extended to BF(A—A")"
e L(V,V) and there exists C o >0 such that

HBF(A s

,Red > p,.

C,
<t
Ly (JRed—p,

Like the discussions in proof of Theorem 2, we can
find a y> 4 such that

<g el ®)

L(V.V)

“BF(;/ e A"

and

C

<— 09
g

Lry) T 1=

11msuplog|f|||R(7+lT A )"

[7]—>

It is easy to see from (b) and (c) of Theorem 1 that

(}/+iT_AgF)71
=(y+it—A"Y'A-BF(y +ir - A")")™".

(10)

Combining Eqgs.(8)—(10), we have
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limsuplog| 7| ||R(7 +iT, Ay )”

- e
1 i A"
< l-¢ hl\}\ljfp log|z]| ”RO/ +ir,4 )”Lw,V)
C
<=
(1-¢&y

Since ¢ is an arbitrary number, the differentiability of
S}.(t) for £>3C follows from Corollary 2.2.10 in

Pazy (1983).

Remark 1 It is well known that under the condition
which is the type of Eqgs.(2) or (7), the eventual dif-
ferentiability is a stable property under the bounded
perturbation for a Cy-semigroup (Pazy, 1968). Here
we show that under the condition of Egs.(2) or (7), the
unbounded perturbation semigroup for Pritchard-
Salamon system is also eventually differentiable.
Moreover, it is easy to see 3C is the optimal number
such that the unbounded perturbation semigroup is
differentiable for £>3C.
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