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Abstract: The paper investigates a semi on-line scheduling problem wherein the largest processing time of jobs done by three
uniform machines M, M,, M; is known in advance. A speed s; (s;=1, s,=r, s5=5, 1<r<s) is associated with machine M;. Our goal is
to maximize Cp,;;—the minimum workload of the three machines. We present a min3 algorithm and prove its competitive ratio is
max {r+1,(3s+r+1)/(1+r+s)}, with the lower bound being at least max{2,}. We also claim the competitive ratio of min3 algo-
rithm cannot be improved and is the best possible for 1<s<2, r=1.
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INTRODUCTION

Sequencing and scheduling are forms of deci-
sion-making which play a crucial role in most
manufacturing and production systems as well as in
most information-processing environments, and also
exist in transportation and distribution settings and in
other types of service industries.

A scheduling problem is called on-line if it re-
quires scheduling jobs irrevocably on the machines as
soon as they are given, without any knowledge about
jobs that follow later on. If we have full information
of the problem, such as total number of jobs to be
scheduled, their release dates and their processing
times, before solution algorithms are applied, such
situation is termed off-line.

In many situations it is too optimistic to assume
that we know everything about jobs as the off-line
algorithm does, and too pessimistic to assume that we

know nothing about jobs as the on-line algorithm does.

A reasonable and practical assumption is that we
know something about the jobs. This means that some
partial information about jobs is available, such as the
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largest processing time being known in advance. If we
cannot rearrange any job which has been assigned to
machines, such a case is defined as a semi on-line
problem.

The performance of an on-line or semi on-line
algorithm is measured through the competitive ratio
with respect to the optimal solution of its corre-
sponding off-line problem. For a set J of jobs and an
approximation algorithm 4, if the objective is to
maximize the Cy,, such as in our case, then the
competitive ratio of algorithm 4 is defined as

()

where C4(J) denotes the value produced by the algo-
rithm A and C"(J) denotes the optimal objective value
in an off-line version.

The off-line version of the P||Cy, Which is in-
tensively studied is known to be NP-complete in the
strong sense (Garey and Johnson, 1979). For the
on-line version of the P||Cnin, Woeginger (1997)
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showed that LS algorithm is m competitive. It is well
known that no deterministic algorithm can achieve a
better competitive ratio. Deuermeyer et al.(1982)
proved the competitive ratio of the classical LPT
algorithm is at most 4/3. The tight ratio for this heu-
ristic, (4m—2)/(3m—1), is given by Csirik et al.(1992).
Azar and Epstein (1997) showed that any randomized
algorithm cannot have a competitive ratio less than

Jm /4= O(m) and presented a randomized algo-
rithm called Partition with
O(\/E logm) ). He and Tan (2003) presented an op-

timal algorithm called Random which is 3/2 com-
petitive on two machines, and derived a new ran-

domized lower bound (m) -1 (m) for
m—1 m—1

general m machines which significantly improves the

known lower bound ~/m /4 for m<41.

For the semi on-line version of the P||Cyyp, if the
order of the jobs by their processing times is known in
advance, He and Tan (2002) gave an ordinal algo-
rithm called MIN algorithm which is at most

competitive ratio

UZI/ i—‘ + 1] —competitive for any m machine case,

i=1

while the lower bound is 21/ i. Furthermore, for
i=1
m=3, they presented an optimal algorithm called
MIN(3) whose competitive ratio is 2. He (2001) got
optimal deterministic algorithms for four semi on-line
problems of P2||Cpi, where the total processing time
of jobs is known in advance, the largest processing
time of jobs is known in advance, the order of the jobs
is known in advance, and the processing times of jobs
are in the interval [p, rp], where p>0 and r>1, re-
spectively. He (2000) further proved that LS is an
optimal algorithm for the above last problem for any
m>2 and r>1. For semi on-line version with
non-increasing job processing times, He and Tan
(2003) showed that LS algorithm is an optimal de-
terministic algorithm for two and three machine cases.
They further presented an optimal randomized algo-
rithm RLS for two machine case. For the case where
the value of the optimal schedule is known in advance,
Azar and Epstein (1997) proposed a deterministic
algorithm called Fill, with competitive ratio (2m—1)/m,
which is the best possible for m=2, 3 and 4. Epstein

(2002) considered sequences where all jobs are
bounded by OPT/k (for an integer k) on two identical
machines and proved that GREEDY has optimal
competitive ratio of 2k/(2k—1). For the case where
OPT is known in advance Epstein showed that kFILL
algorithm has optimal ratio of (2k+1)/2k.

For on-line or semi on-line version of the Q||Cin
problem, Azar and Epstein (1997) gave several algo-
rithms and lower bounds for m machines. The com-
petitive ratios in their paper were given only as a
function of m and not as a function of the speeds.
However, for the case where the value of the optimal
assignment is known in advance, and for the case
where jobs arrive in non-increasing order, the tight
competitive ratio is shown to be m. They further
showed a constant 2 competitive algorithm for the
intersection of the above two cases. Epstein (2002)
showed that the exact competitive ratio is 1+¢ for two
machines of speed ratio ¢g. This competitive ratio
grows linearly with g. To overcome the linearly
growing competitive ratio Epstein studied the alter-
native model which restricts the input to sequences
where OPT is known in advance. In this case Epstein
provided a tight analysis of the competitive ratio
function which is split into 3 intervals.

In this paper we consider a semi on-line version
on three uniform machines M, M,, M5 (This semi
on-line version on two uniform machines M;, M, had
been studied by Luo and Sun) where the processing
time of the largest job is known in advance. This semi
on-line version was first proposed by He and Zhang
(1999) when P2||Cn.x was considered. A speed s;
(s1=1, s,=r, s3=s, 1<r<s) is associated with machine
M;. In one unit of time M; can consume s; units of
processing time. A list (py, pa, ..., p,) of jobs given to
us on-line, means we get the jobs one by one but both
the total number of jobs that must be scheduled and
the size of the jobs are not previously known. The
processing time of job p; becomes known only when
pi-1 has already been scheduled. As soon as job p;
appears it must irrevocably be scheduled. Our goal is
to maximize the C.;,. We denote this semi on-line
problem as Q3lknown largest job|Cyin. We give a
min3 algorithm and prove its competitive ratio is
max {r+1, (3s+tr+1)/(1+r+s)} which is the best possi-
ble value for 1<s<2 and r=1. We also claim the
competitive ratio of min3 algorithm cannot be im-
proved.
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THE MIN3 ALGORITHM

Before we present our heuristics, we introduce
some notations. Let L(M;)(i=1,2,3) denote machine
M;’s workload, which is the proportion of the total
processing times of all jobs that have been assigned to
machine M; with its speed. To simplify notation we

use M; instead of L(M;) if there is no confusion caused.

We use pmax to denote the jobs’ largest processing
time. We call a job the largest job if its processing
time on machine M iS pyax. We also use puax to de-
note the largest job and x to denote both the current
job needed to be assigned to some machines at present
and its processing time on machine M.

The min3 algorithm:

Step 1: For x#pmax, if Jie{1,2} such that M;
<Pmax/S, assign the current job x to machine M, or M,
which has the minimum workload, otherwise go to
Step 3.

Step 2: For x=pmax-

Step 2.1: If M5+x/s<2pmax/s, assign the current
job x to machine Mj3; otherwise go to Step 2.2.

Step 2.2: If Jie{1,2} such that M; <puy../s, as-
sign the current job x to machine M, or M, which has
the minimum workload, otherwise go to Step 3.

Step 3: If Mitx/s<min{M+x, Mi+pma/s,
Motpma/r, Motpua/s}, assign the current job x to
machine M3, otherwise assign the current job x to
machine M, or M, by LS algorithm.

The heuristics terminate when no more job needs
to be assigned.

THE UPPER AND LOWER BOUND

Before we present our main results we introduce
two Lemmas which are useful in proving Theorem 1.
Suppose M; (i=1,2,3) is machine M;’s workload at any
time, then by min3 algorithm and LS algorithm it is
easy to get Lemma 1.

Lemma 1 At any time,

1) Mi=M><pmax, Mo—M<piax/r

2) Ms—M<pmax/s (i=1,2).
Lemma 2 If M32pma/s, then M—M3<pax,
Mo—M3<pax/7.
Proof Without loss of generality, we assume that at
some time M3>pu,y/s but Mi—M3>pm.x. Suppose job x
is the last job assigned to machine M, and M is the

workload of machine M, just before job x is assigned.
So by x<pmax, We have M;™>Mj;. By min3 algorithm
job x should not be assigned to machine M|, this is in
contradiction with the assumption. In the same way
we have My—M:3<pma/r and our proof is completed.
Theorem 1 The competitive ratio of the algorithm
min3 for O3 |known largest job|Cyin (51=1, $2=7, $3=S,
1<r<s) is max {r+1,(3s+r+1)/(1+r+s)}.
Proof In fact, we only need to prove
C" () Conins(J)<max {r+1,(3s+r+1)/(1+r+s)}  holds
for any instance J. Suppose that J is an instance and p,
is the last job. Immediately before p, is assigned by
min3, the workloads of three machines are denoted by
M, M,, M;, respectively. We consider three cases as
follows.
Case 1 M;3<puya/s.

In this case, it is easy to know that p,=puax,
M <PmaxtPmax/S, Mo<Pmax/TtPmax/s and that job p,
should be assigned to machine M;. We consider the
ratio according to the following three subcases.
Subcase 1 M;+p,/s<M, M3+p,/s<M,. It is obvious
that

C'(J) M +rM,+sM;+p,
Coins (/) (A7 +5)M; +p,/5)

S +2pmax+pmax/s+rpmax/s_3s+r+1

l+r+s A+r+8)p, /s l+r+s

Subcase 2 M,<M;+p,/s, Mr<M,.
If Mr>piax/s, then we have

Cc'(J) .

+M1+sM3+pn <3s+r+1
C..(J) 1+r+s

A+r+s)M, 1+r+s
If Mr<pmax/s, we suppose x to be the last job as-
signed on machine M, M;"= M,—x. It is easy to know
that M,"<M,, Mx=0. If x>(1+r)M,, then C (J)<(1+r)
C'() _(A+nM,

< =l+r. If
Cmin 3 (J) MZ

xM,. It follows that

x<(1+r)My, then C*(J)<M —2M,. Tt implies
+r
that C ) _2M, _
Cmin3 (J) M 2

Subcase 3 M <M;+p,/s, Mi<M,. If M1>p./s, then
we have
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C'(J) 1
Cmin3(J)

3Pmax T Pmax /8 35 +7+1
A+r+s)p,. /s 1+r+s

I+r+s

If M1<pmax/s, in the same way as Mr<pu./s of Sub-

v .,
win3 (/)

Case 2 M3=pua./s. We consider the following two

subcases.

Subcase 1  If there is only one job on machine M;,

then it must be ppax.

1) If job p, is not assigned to machine M3, then it
corresponds to M3 =0 in Case 1.

2) If job p, is assigned to machine Mj, then it is
the end of executing Step 3, so we have ppa/s<M ;<
Pmax +p max/ s, pmax/ S SMZSP max/ N +P max/ r.

a) If Ms+p,, /s<M>, M3+p,/s<M;, then we have

case 2 we have +1.

pmax+pmax +r(pmax +pmax)
N

C'(J) S s r
C..(J) l+r+s (1+r+s)p“““
s
_3s+r+1
l+r+s

b) M<Ms5+p, /s, M<M,, then we have

p max

cYy - Pwt

C..;(J)) T l4r+s

_3s+r+l
l+r+s

U+r+@£ﬁi
N

¢) If M\<Ms+p,, /s, M<M,, then we have

rp max
_3s+r+1

l+7r+s

C*(J) - 1 3pmax +
C.s(J) 1+7r+s

(Ut 7+ ) Pmes
N

Subcase 2 If there are at least two jobs on machine
M, it is that  pProax/S<M<PmaxtPmax/S,
Pmax/SEMoS<Pmax/STPmax/r and job p, should be as-
signed to machine M;. Similarly as in 2) in Subcase 1
we can get the desired result.
Case 3 M3>pua/s.

In this case, it is easy to know that M>pp.y/s,
M>o2pmax/s. We consider the ratio according to the

obvious

following two subcases.

Subcase 1  Job p, is assigned to machine M. Note

that at present machine M,’s workload is M,+p,, by

Lemma 2 we have M +p,<M3+pmax, MaSMi+pmad/r.
1) M\+p,<M>, M +p,<M5. By Lemma 1 we know

MoEM | +Pimax/ 7, M3<M | +Pmay/s, then we have

cy) . 1

< + (S+r)M1+2pmax
C.i(J) l14+r+s

A+r+s)M,+p,)
2D _3s+r+l
(A+r+8)p /s l1+r+s

2) My<M+p,, Mo<M;. By Lemma 1 we know
M3EMo+pmay/s, then we have

2pmax

C'(J) SM1 +rM, +sM, + p, <14+
C...() A+r+s)M,
_3s+r+l
T l4r+s

A+r+s)p,./s

3) Ms<M\+p,, M3<M,, then we have

C'(J)) M, +rM,+sM;+p,

Cains(J) - (+7r+s)M,
S(s+r+1)M3+2pmax 3s+r+1'
A+r+s)M, I+r+s

Subcase 2 Ifjob p, is assigned to machine M, or M;,
similarly we have the desired result.
Theorem 2  The competitive ratio of min3 algo-
rithm cannot be smaller than max{r+1,3s+r+1)/
(1+r+s)}.
Proof We consider two cases as follows.
Case 1 r+1>Gs+r+1)/(1+r+s).

Consider the following instance of four jobs
P1=x, p>=rx, ps=s, ps~r(1+r)x. Suppose p; is the

largest job and x < &l , (1+7)x<1. By min3 al-
r(l+7r)

gorithm, p; and p, should be assigned to machine M,
and p,, p; should be assigned to machine M,, M;,
respectively. It is obvious that C"(Jy=(1+r)x and that
Cinins(Jy=x which follows C"(J)/Cpin3(J)=r+1.
Case 2 r+1<(3s+rt+1)/(1+r+s).

In this case, it is easy to know that s>r(r+1)/(2—r).
Suppose there is an instance of seven jobs:
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2(1+r)s
D=1, pr=r—¢, p3=ps=s, ps =85 ————,
s+r+1
p =2 2D 7:{2_M},
s+r+1 s+r+1

where pu.—=s and & is an arbitrary small positive

number. It is obvious that C'(J)=

Gs+r+D)=E(s+r+1)
r

. By min3 algorithm, it is
s+r+l1

easy to know p—>M;, p,—>M,, p3—>M;, where p—M;
means that job p; is assigned to machine M,. Since the
present workload of machine M, is 1—&r<pyax/s=1,
by Step 2.2 of min3 algorithm, we know ps,=s—M-.
By Step 3 of min3 algorithm, it is clear that all the rest
of the jobs are assigned to machine Mj, therefore
Cmins=1. Note that as ¢ is an arbitrary small positive
number we have Ryins=(3s+r+1)/(1+r+s).

Theorem 3 The competitive ratio of any algorithm
for O3[known largest job|Cpin(s1=1, s2=7, s3=5, 1<r<s)
is at least max {2,r}.

Proof  We distinguish two cases according to the
value of 7.
Case 1 r>2.

Suppose the processing time of the largest job is
s and the first job is p; with a processing time rx
(FX<Pmax, 1x<1). If algorithm A assigns p; to machine
M, then p,=x, p;=s come and no new job comes. It is
obvious that C'(Jy=x and C,<x/r. It follows that
C'(J)/C4(J)=r. If algorithm 4 assigns it to machine M,
or Ms, then pzzrzx, p3=s come and no new job comes.
It is obvious that C'(Jy=rx and C,<x. It implies that
C'(J))/Ca(J)=r.
Case2 1<r<2.

Suppose the processing time of the largest job is
s and the first three jobs are p;=1/2, p=1/2, ps=s. In
order to achieve a finite competitive ratio any algo-
rithm should assigns them to different machines,
respectively. We further assume p4=r and no new job
comes. It is clear that C"(J)=1 and C(J)<1/2. It fol-
lows that C"(J)/C4(J)>2.

By Theorem 1 and Theorem 3, it is easy to have
the following corollary.
Corollary 1 The competitive ratio of algorithm
min3 for Q3|known largest job |Cyn (51=52=1, 1<53=5)
is max{2,(3s+2)/(2+s)} which is the best possible

value for 1<s<2.

CONCLUSION

In this paper, we present a min3 algorithm with
competitive ratio of max {r+1, (3s+r+1)/(1+r+s)} and
show the competitive ratio of min3 algorithm cannot
be improved and is the best possible algorithm for
1<s<2, r=1. We further give a lower bound max{2,r}.
It is clear that the gap between the lower bound and
upper bound will never exceed 1 and that min3 algo-
rithm is more effective as » increases. It is interesting
to notice that the competitive ratio of min3 algorithm
is a function of » and not of s when »>2. It is also
interesting to extend this results to the general case
m>4.
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