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Abstract:
are presented in the space [=span{1,t,...,/> sinhz,coshs}, in which X is an arbitrary integer larger than or equal to 3. They share
most optimal properties as those of the Bézier basis and B-Spline basis respectively and can represent exactly some remarkable
curves and surfaces such as the hyperbola, catenary, hyperbolic spiral and the hyperbolic paraboloid. The generation of tensor
product surfaces of the AH B-Spline basis have two forms: AH B-Spline surface and AH T-Spline surface.

In this paper, two new kinds of B-basis functions called algebraic hyperbolic (AH) Bézier basis and AH B-Spline basis
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INTRODUCTION

Bézier basis and B-Spline basis are two impor-
tant bases of the polynomial space spanned by
{L,t,....0/ 2, """}, in which n is an arbitrary positive
integer. However, as shown by Mainar et al. (2001),
there still exist several limitations of Bézier model
and B-Spline model. Chen and Wang (2003) and
Wang et al.(2004) constructed C-Bézier basis and the
non uniform algebraic trigonometric (NUAT)
B-Spline basis of the space spanned by {1,z,...,/" >,
sinz,cost} which can represent exactly transcendental
curves such as helix and cycloid. Koch and Lyche
(1991) presented a kind of exponential spline. In this
paper, we will give two bases for the algebraic hy-
perbolic space I'; spanned by {1,z,.. .,tH, sinht,cosht},
which can represent exactly some remarkable curves
such as the hyperbola and the catenary.

ALGEBRAIC HYPERBOLIC (AH) BEZIER BASIS
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Definition of the AH Bézier basis

We first present the AH Bézier basis functions.
The construction is recursive, starting with the two
initial functions:

sinh(a — ¢ sinh ¢
B, (n="@=0) " p )=
sinh & sinh
tel0,a], a € (0,4) (1)

For n>1, the AH Bézier basis functions {By ,,B1 ...,
B} of the space I',+; spanned by {1,,-- ., "%, sinht,

cosh ¢} are defined recursively by:

B, (t)=1- J-o 01 By 1 (8)ds
Bi,n (t) = J‘O (é‘ifl,nleifl,n—l (S) - 51',;17131',"71 (S))dS

B, ()= .6, 1, B, (sKs )

(1)dt, 0<i<n. Then we get the

in

where &, = I/I: B

definition of the AH Bézier basis:
Definition 1 {B0.n,B1 n>---Bun} 1s called the AH
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Bézier basis for the space I',+; spanned by {l,z,--,
"~ ,sinht, cosht}. See Fig.1.

By, (1)

0.8

0.6

04 |-

0.2

Fig.1 AH Bézier basis functions of order 2 and 4

The linear independence of the {Bo,,,B1.4,.--sBnn}
will be proved in Section 2. In particular, if we use
B 1(t)=1-t, By ()=t as the two initial functions, we
get the Bézier basis for the polynomial space from
Eq.(2); if we use “sin” to replace “sinh” in the initial
functions, we will get the C-Bézier basis for the al-
gebraic trigonometric space from Eq.(2).

Properties of the AH Bézier basis

(1) Partition of unity

By the definition of the AH Bézier basis, it is
easy to prove ZBM (t)=1, t€]0,a], ae(0,+x).

i=0

(2) Symmetry

B (6)=B,_i,(a—t) for te[0,c], i=0,1,...,n.
Proof Consider the situation when n=I1, the
symmetry property is obvious. Suppose it holds for
n—1;

Bi,n—l (t):Bn—l—[,n—l (0.’ - Z)

We now prove the property by induction on #:

J‘Oait Bn—l—i,n—l (S)ds: - Lt Bn—l—i,n—l (a - S)ds

- _[a B,-‘,,fl (s)ds = 5’:4 _J-O; 2

in—1

(s)ds

Letting =0, we obtain 6;,,_1=8,-1_;,—1. For 1<i <n,
we have:

ani,n (a - t) = 5,!7]7[!”71 J‘O . Bn—]—i,n—] (S)dS

- 51171',1171 J‘:k ani,nfl (S)ds

(120, B (9= (1811 [ By (35
=B,

The proof for the situation when /=1 and i=n is
similar. That is, the symmetry property is proved.

(3) Properties of the endpoints

At the endpoints, the AH Bézier basis has the
same properties as the Bézier basis and C-Bézier basis.
That is, for n>2

(@) B,,(0)=B, ,(a)=1 3)
(b) B/,(0)=B/,(a)=0,

J=0,1,...,i=1, k=0,1, ....n—i—1 4)
(©) BY(O)=5, 1,18 22Oy ir i=lyecmt (5)

) B" " (@)=5,, .5, ,...0,,i=0,..n-1 (6)

in i,n—1"i,n=2***"~ii>
Eq.(5) and Eq.(6) can be proved by induction on #.
(4) Linear independence

Let Y a,B,,(1)=0, t €[0,c]. By taking =0, we
i=0

get from Eq.(4) that =0. Differentiating the above
formula & times, we deduce again from Eq.(4) that
=0 for k=1,...,n. Therefore By,,Bi,....Bn, are
linear independent and {By,,B1 4,...,Bn.} 1s a basis of
| R

(5) Degree elevation:

n+l

Differentiating B,.’n(t)=Za. B. (t) k times,
j=0

0,777 j.n+l

we have from property (3) of the AH Bézier basis that
0;,=0 for /=0,1,...,i-1,i+2,...,n+1. Thus:

Bi,n (t) = ai,iBi,n+1 (t) + ai,i+1Bi+l,n+1 (t) (7)
Using L’Hospital’s Rule, we have

_ Bi,n (t) - ai,i+1Bi+1,n+1 (t)

a;;
Bi,n+1 (t)
li Bi,n (t) - ai,i+lBi+1,n+1 (t)
= lim
t—0+ Bi,n+1 (f)
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B’ (t) al i+1 1+l n+l (t)

= lim
10+ i,n+1 (t)
Bt(ln) (0) 5 —1,n— 15' 2,n-2 o ‘50,1171'
(@)

B: n+l (0) 5 1,15 "'50 nl-i

(n—i)
d Btn (a) é‘tnlé‘th ”5,1
W T e T 5 s

i+1,n+1 (a) i+1,n " i+1,n— 17 i+1,i+1

From property (1) of the AH Bézier basis, we
know

ZB[,n ()= Z[ai,iBi,nH )+ ai,i+lBi+l,n+l ()]
i=0 i=0

n+l

=1=3B,,.,(0)
i=0

By the linear independence of the AH Bézier
basis, we have

3 l-a, ., 1=01,---,n-1
ai,i+l - .
1, i=n

In fact, & =0 ,+1=1. Thus we have the degree
elevation formula:

ff'n) (©)
Bi,n+1 (t) + [ ] ] i+1,n+1 (t)

Positivity B, ,(1)>0 for te(0,), so AH Bézier basis
is a blending system.

Proof Consider an arbitrary AH Bézier basic
function B; ,(f), n=2, 0<i<n. By the Rolle’s Theorem
and property (4) of the AH Bézier basis, we deduce

B{(0)

that B; () has and only has n zeros at [0,¢] including
the i-fold zero at 0 and the (n—i)-fold zero at o, so
B, ,(?) is either positive or negative on the interval (0,
). From property (5) of the AH Bézier basis, we get
that the AH Bézier basis is positive for r(0,).

AH Bézier curves
An order n+1 AH Bézier curve p(¢) with control
points p; is defined as:

PO=3 B, 0p, t<l0.a] ac0+) ()

where {B, ,(1)}._, is the AH Bézier basis for the space

I+, and « is a global shape parameter. AH Bézier
curve has many properties the same as those of the
Bézier curve:

(1) Endpoints interpolation

p(0)=Py, p(a)=P,.

(2) Convex hull property
The entire AH Bézier curve Eq.(8) must lie

inside its control polygon spanned by p,....p, (Fig.2).

Fig.2 AH Bézier curve and control polygon

(3) Derivative
The derivative p'(¢) of an AH Bézier curve Eq.(8)

is clearly an order n curve:

pl(t)= ZB,,,l(t)q,, [0,]

where ¢=0; ,-1(p;+1—p;). In particular, we have

P (0)= ZB‘“(O)P,

(4) Degree elevation

By the elevation of the AH Bézier basis
functions, we give the degree elevation of the AH
Bézier curve easily as:

n+l

pt)= ZB, ,Op, = ZB, vt (O, 9)

here
q0=Po,

[, 820, BLO)
qi_ B(,) (0) pi-l B(,) (0)p

in+l i,n+l

5 i:O,L”'an’

qn+1:pn
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In fact, a degree elevation procedure is a corner
cutting procedure just as those of the Bézier curve. It
can be verified that the sequence of control polygons
we get recursively from Eq.(9) converges to the AH
Bézier curve.

(5) Variation diminishing (V. D.) property

No plane intersects an AH Bézier curve more
often than it intersects the corresponding control
polygon. We will prove it in Section 3.

(6) Convexity preserving property

If the control polygon is convex, then the
corresponding AH Bézier curve is also convex.

(7) The limit of the AH Bézier curves

As a—0, the limit of an AH Bézier curve in the
space I+, approaches a Bézier curve in the space
spanned by {1,5,%,..../"}. In Fig.3, Fig.3b is obtained
by mapping the intervals 0<¢<1 and 0<t<«a onto the
interval 0<¢<1.

=60

- a=24
=2
= Bézier

B
0 0.1 0203 04 05 0.6 0.7 08 09 1.0

(b)

Fig.3 Bézier curve and AH Bézier curve (a) for =60, 24,
2; (b) for a=60, 24, 2

Proof Reparametrizing by =t/a, it is easy to prove
that the result holds for n=1. Suppose it holds for »
and by inductive hypothesis:

Bi,nfl (t) = Bi,nfl (aT), lll’l’é Bi,nfl (aT) = bi,nfl (T)

here b;,-1(7), 0<7<1 is a Bézier basis. We give the
proof by induction by #n:
Bi,n (t):.[o [5171,"713571,#1 (s)— é‘i,n—]Bi,n—l (s)lds
t t
B B (s)s
[ Ba()s [ B, (s)s

B, B,
lim B/, (7) = lim— EPSICLINN PRICL)
7 ‘ jO Bi*l,n—l (aT)dT ‘[0 Bi,nfl (af)df
b_,,.(7) b, (1)

[l @0 [, (exe
= n(bi—l,n—l (r) - bi,n—l () = bi’,n (7)

By the properties (3) and (4) of the AH Bézier
basis, we have B; ,(0)=b;,(0), therefore:

lin%Bm(m) =b,,(r), n=1,i=0,1-n

From the definitions of AH Bézier curve and
Bézier curve, we get the property (8).

(8) The AH Bézier basis is B-basis

By the properties (1), (5) and (6), we have that
AH Bézier basis is a totally positive basis. It is easy to
get inf{B; ,,(¥)/B; .(?)|B;(t)%=0}=0 by L’Hospital’s Rule.
From Proposition 3.12 in (Canicer and Pefa, 1994),
AH Bézier basis is B-basis, so it has optimal shape
preserving properties [Chapter 4 of (Pefa, 1999)] and
optimal stability properties for the evaluation [Chap-
ter 5 of (Pefia, 1999)].

AH Bézier surface
An AH Bézier surface can be constructed using
tensor product:

P =SB, @B, ()p,.

i=0 j=0

uel0,a], vel0,p], a,F €(0,+x0)

In which B; (), B;.(v) are the AH Bézier basis
functions and p;; are the control points. It should be
noted that one can choose a different parameter £ in
the v direction. Its properties can be deduced by those
of the AH Bézier curve.
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ALGEBRAIC HYPERBOLIC B-SPLINE BASIS
(AH B-SPLINE)

Definition of the AH B-Spline basis
Let T be a given knot sequence {t,}" with #<t;1

we first give a set of initial functions:

sinh(¢ —¢,)/sinh(z,, —¢,), t <t<t,,
N,,(#) =4 sinh(t,, —1)/sinh(t,, —¢,,),0,, <<{,,

1

0, otherwise

(10)

Here we define that 0/0=0. Then the AH B-Spline
basis functions of order £ in the space I'y_;=span
{1,t,.. .,tk_3,sinht,cosht} can be defined recursively as:

t
N, = 'LO (5i,k—1Ni,k—1 (s)- 5i+1,k—1Ni+1,k—1 (s))ds

k>3 (11)

where 8, =1/[ 7N, (0dr. If N, (1)=0, &,
and o, N, (1)=0. We have from Eq.(11) the

following:

0, =<t

t

J 5i,kNi,k(S)dSz 20, t,<t<t,,
1’ tZtHk

so we get the definition of the AH B-Spline:
Definition 2 {N; 411 ,Nigt2k---.Vix} 1S called the
AH B-Spline basis of the space I'y; spanned by
{1,t,.. .,tk%,sinht,cosht} for te[t,t+1]. The linear
independence of the {N;_14Nisi24---,Nigt Will be
proved in Section 3.

In particular, if we replace sinhz by ¢ in Eq.(10),
we get the B-Spline basis for the polynomial space
from Eq.(11); if we replace sinht by sinz in Eq.(10),
we will get the NUAT B-Spline basis for the algebraic
trigonometric space from Eq.(11). If the knot
sequence is uniform, we will get the uniform
hyperbolic polynomial B-Spline basis described in
(Lii et al., 2002).

The sequence of N, (¢), has the following prop-
erties just the same as those of the B-Spline.

Properties of the AH B-Spline basis

(1) Local support
Ni)=0, t£[t;, tis].

(2) Partition of unity

DN, (t)=1forall k>3 and all z.

(3) Derivative
Ni,,k (t) = é;,k—lNi,k—l (t) - 51‘+1,k—1Ni+1,k—1 (t) .

(4) Zero function
N;(6)=0 if and only if t=t;11=...=ti.

(5) Positivity
N (>0 for te(t,t;x). Here ¢,<t; . N;(#)=0 for all
t. This can be proved in the same way as that for AH
Bézier basis.
(6) Differential
N;i(t) is (k—ri~1) time continuously differential
at the knot # with 7; the number of times # appears in

i+n
i

the knot sequence {7, }

(7) Let r=max {s|t;=t;ss}. If ¥=k—2, we then have:

,j=i-1

N, (@) ‘{o,]— o

(8) Linear independence

Nigr1 k() Nickio 4(0),...,Nii(f) are linearly inde-
pendent on [#,t+] with #<ty, for all i, £22. As a
consequence of this, we get that N ,(¢), i=0,%1,... are
linearly independent on (—o0,+) if and only if the
multiplicity of each knot of T is less than k+1. That is,
there is no zero function in N, (?), i=0,1,...

(9) Relation with AH Bézier basis

In the case ft_j+1=tigo=... =t <t;js1=tijso=...=
tir1=tir=.. ~tisp, ]vl‘fkﬂ,k(t),-n,]vi,k(t) are just the AH
Bézier basis of order & on [#,,t;+1]. From the definitions
of the two bases, the above property can be proved by
induction on £.

Inserting a new knot
It is the same as the B-Spline and the NUAT
B-Spline, we have the knot inserting theorem of the
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AH B-Spline:

Theorem 1 Let 7=(z,)"7 be a given knot sequence
with 0<t;.;—t; <+oo, and let T'=(¢/)"” be a new knot
sequence obtained by inserting a new knot u into T
with £<u<ti;, Nig(f) and N, (¢) are defined as in
Eq.(11) for the knot sequence T'and T respectively. If

r,s are multiplicities of the knots u,¢; in T respectively,
we have for all j,k>2,

N @) =0, Ny @+ By Ny (0 (12)
where for 0<r<k:
1, j<i—k
ajrk: ]kl jkl/ Jk=12 l_k<]<l_r+1
0, ji-r+l
0, j<i-k
ﬂj,k = ﬁjn,k—l é‘j,kfl/gjlur],k,l , i—k<j<i-r+l
L, jzi-r+l
and for 7>k
I, j<i-k 0, j<i—k+1
Xk = P jk = ..
0, j>i—k 1, j>i—k+1
and
1, j<i
sinh(w—-t) . .
A=V, Lo J=!
snlh(tﬁ—l i)
0 i>i+1
! (13)
0, j<i
sinh(¢,,, — o
ﬂf'z Slnh(tHl i ) ]
1 j>i+1

when 7=0 and s>k, we have ¢;_11,=1 (Fig.4).

N Nk+1k+l l/c‘rl\ 0A+1 lA+l

—ka —(k-1)a @ ka (H1)a

Fig.4 Inserting a knot at =0

Proof Let £=2, we obtain Eq.(13) by direct
calculation. Suppose the proposition holds for k—1:

Njgi(t)= a./‘,klei}kfl 0+ ﬂjﬂ,k—lN;'Jrl,k—l (¢) forallj.
Now we will prove the case for k. By the defini-

tion we then have N,,(t)=N, (t) for j<i—k and

N, ()=
B+1,=0 for j<i—k and ¢;;=0, B;+1,=1 for j=i—r+1.
(1) r=k. It is easy to prove that =0, B;+1,~1 for
J<i~k and ¢;;=0, B;+1 =1 for j=i—k+1.
(2) 0<r<k-1. By assumption, we have

N, (1) for j2r—k+1 which implies ¢;=1,

/k(t) .[ (Jkl Jl‘l(t) §+1k1 j+lkl(t))dt
_J I: k=1 j,k—lel’,k—l(t)_ﬁjH,k—l le'+1,k_1(t))

_5/+I,k—] (amk 1 ,+1k 1(t) /B,+2k 1 /+2k 1(t)):|
= A () + A, (1) + A,(1) for i—k+1< j<i—r
where

jk A%k

51

Jjok—1

.[ [Jkl jkl(t) 51+1k1 ]+1k1(t)]dt

A(t) =

o, .a
iy )

k=1

,+1 k- 1/B,+2k 1

51

J4+2,k-1
1 1
iV b O =8l N () Je

_ 5j+lk lﬁj+2,k—] 1
- 51 J+l k(t)

JH+2,k-1

4,() =

A(0)=A[ &), N\, (o)t with 2 some real

number.
Let v>¢, ., =t ,.,.,, we have N (v)=4,(v)
=4:(1=0 while A,(v)=[" &, N}, (1)t =1 for

i—k+1<j<i—r.
We get that A=0, so we obtain

6' 1,k—1 i+2,k—1
Ny (0) + === N (0)
J42,k-1

o., o, ,
N () =

J.k—=1

for i—k+1<j<i—r.
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It means

5j,k—1aj,k—1
ajsl‘ = 51

Jok=1

ﬂ _ 5j+1,k—1ﬂj+2,k—1
> Fj+lk

1
§j+2,k—1

for i—k+1<j<i—r.

(3) r=0. When s<k—1, the proof is similar to the
case (2). If s>k, it is also similar to the case (2) for
i—k+1<j<i. For j=i—k+1, we have N_, . (6)=0. We

define:

t
Jloo é‘i—k+1,k—1Ni—k+1,k—1 (t)dt
1, >t
0, t<t

t 1 1
= J-_go 51—k+1,k—lNi—k+],k—l (e)dt = {

so we have

Ni—k+1,k (t) =

t
J-_3o (é‘i—kﬂ,k—lNi—kH,k—l ®- é‘i—k+2,k—lNi—k+2,k—l (I)) dt

! 1 1
= J‘_cc [é‘i—kﬂ,k—lNi—kH,k—l @) - 51‘—1(+2,k—1
1 1
: (ai—k+2,k—1Ni—k+2,k—l + ﬂi—k+3,k—1Ni—k+3,k—l )] dr

similar to the case (2), we have

0. )
1 i—k+2,k-1Fi—k+3,k-1 71
Ni—k+1,k (t) = Ni—k+1,k (t) + - : 1+ ]vi—k—2,k (t)
i—k+3,k-1

That is

Qi frt -1 = 1, ﬂi—k+2,k—] :w
i—k+3,k—1
From the discussion above, we get that the
proposition also holds for k. This proves Theorem 1
also gives a method to compute the coefficients o,
[+ for allj. Furthermore, By the property of partition
of unity and the linearly independence of

N}, (t), i=0,£1,---, we have the formula ¢;+/,=1

for all i,k with N,.{k () # 0 for all i. Then Eq.(12) can

be rewritten as

N, ()= ai,k]vi],k O+1-a,,, )]Vil+l,k (1), 0<a,, <1
(14)

Now, we give the proof of the non-negativity
property of N, x(¢), i=0,£1,...
Theorem 2 N, ,(¢)>0 for all «.
Proof By the local support, we have that N;(¥) can
be non-zero only on [#;,t44]. If t=t;1, we have N, x(£)=0
from property (4). In the following, suppose #<tiis,
we insert a series of new knots into knot sequence T
such that the multiplicity of each knot # (j=i,...,i+k)
is k. We then obtain a new knot sequence denoted by

T'. Let N/, be the new splines with the new knot se-
quence T', then N;«(f) is a convex combination of
N}, (t). By property (9), we have that N, (¢) deter-
mined by ¢ (j=i,...,i+k) is actually an AH Bézier basis
on each interval [#,t+1], j=i,i+1,..itk=1, £<ty;.
Thus, we have N, x(£)=0 for all ¢.

AH B-Spline curves

AH B-Spline basis N;i(#), i=0,%1,... has many
good properties, so it can be used for geometric
modelling. Because of the local support property, we
can define a piece of AH B-Spline curve p(f) with
control points p; in a finite interval such as [#;_1,t,+1]

(Fig.5).

Fig.5 A piece of AH B-Spline curve

pO)= N, (Op, teli_t,,],m=k-1  (15)
i=0

where {N,, (1)}, is the AH B-Spline basis with the

knot sequence 7= {t,}"* for the space I, ;. AH
B-Spline curve has many properties the same as those
of the B-Spline curve:

(1) Derivative

The derivative p'(¢) of an order £ AH B-Spline
curve p(?) is clearly a degree k curve:
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p'(t) = Z Ni,k—l (t)5i,lc—lApi
i=1

= Z Ni,k—l(t)é‘i,k—l(pi =P telt it
P

(2) Local control property
Change of one control point will alter at most &

segments of the original AH B-Spline curve of order £.

Hence local adjustment can be made without
disturbing the rest of the curve.

(3) Geometric invariance

The shape of the AH B-Spline curve is
independent of the choice of the coordinate system
because p(¢) is an affine combination of the control
points.

(4) Convex hull property

The entire AH B-Spline curve must lie inside its
control polygon (Fig.5). It follows from the non-
negative and partition of unity of the AH B-Spline
basis.

(5) Differential

p(?) is k——1 continuously differential at a knot
of multiplicity r.

(6) Subdivision of the curves

Substituting Eq.(14) into Eq.(15), we have

P(0)= 3 (e, N, 0+ (= e OV, 0)

m+l1

=ZN3,k *)p, (16)

where
pil =(1- Q; ) aQDi» Py=Pyn = 0,
0<a,, <L

a7

witha,, and N, (7) as defined in Section 3. From

Eq.(17) we get that the new control points can be
obtained from the old control points after subdivision.
In fact, the process of inserting a new knot is actually
a corner cutting process. If we insert the same knot u,
t<u<t;1, iteratively, then we will get a series of new

control points p!, i=0,1,...,m+I from Eq.(17). Here /
is the times of inserting knot.
In particular, when /=k—1, since

j=i

1
N' ="
() {o, J#i

Then

p(u)= Z PN = p (18)
=
We use p(f) to denote an AH B-Spline curve of order £
with p=®°[pl=[p;.p/. -, p, ). T=T"=()), i=0.1,
...,m+tk as the control polygon and knot sequence. Let
T" =(t), i=0,1,...,m+k+r be the new knot sequence
obtained by inserting a new knot into 7" and
@'[p]= @[ [pll=[p;. P, ", P,.,] be the control

polygon where the control points p;, i=0,1,...,m+r

r r
L =4

are given by Eq.(17). And let A"=max

2

i=0,1,...,m+k+r—1. We have the following theorem.
Theorem 3 ~ When A"—0 as the number of sub-
divisions 7 increases, the sequence of control
polygons @'[p] converges to the AH spline curve p(¢).
Proof Let N;,(t) be the AH B-Spline basis
functions with the knot sequence T". By the definition
of ®'[p], we have

m+r

pt)= ZNi,k Op, == ZNir,k Op, telt,t,,]
i=0 i=0

From the property (1) of the curves, we have

n m+r
p')= Zé‘i,k—lNi,k—l DAp, == Zdir,k—lNi’:k (t)AP[ >
i=0

i=0

te [tkfl ’tm+l]

where Ap] = p/ — p; . It can be easily seen that p'(¢)
is a piece of AH B-Spline curve of order k—1 and the
control polygon o/, Ap/, i=0,1,...,m+r can be
obtained from &;;_1Ap;, i=0,1,...,m after a series of
subdivisions. Hence 5;,_Ap;,i=0,1,...,m+r is bound-

ed by the convex hull of &;.4Ap;, i=0,1,...,m.
However, note that

+00 -1
=[N o)

k-1
Ar

, -1
( [V <r)drj >ty —1) 2
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We have limJ, | =0, i=1,---,m+r.
A0 7
Therefore
hm P,1| 0,i=1---,m+r (19)

Note that o/, N/, (£)=0 when N/ _,(t)=0.

In this case, we have Ap] =0. From the convex hull
property, for any ue[t—1,t,+1] we know that p(u) lies

within the convex hull of p/, p..,,--, p.,, for some i.

Together with Eq.(19), we conclude the theorem.

Theorem 3 means that recursive subdivision of
control polygon leads to its corresponding AH
B-Spline curve, so it is not difficult to prove the V. D.
property and the convexity preserving property
below:

(7) V. D. property

No plane intersects an AH B-Spline curve more
often than it intersects the corresponding control
polygon. Because AH Bézier basis is special AH
B-Spline basis, we easily get that AH Bézier curves
have V. D. property too.

(8) Convexity preserving property

If the control polygon is convex, then the
corresponding AH B-Spline curve is also convex.

By the knot inserting theorem, we can easily get
the property (9) of the AH Spline:

(9) The AH B-Spline basis is B-basis:
Proof Insert a knot at =¢y and r=¢, repeatedly until
the obtained multiplicities of knot #, and ¢# are n
respectively, and the old basis can be expressed by the
new basis. Let us denote the basis functions generated

=N 4 (0,
N?\ (1), where N is N,, thus the

after the pth knot inserting on as N/
ka+l,k+l (t):"':

new basis N ,fk has endpoint interpolation property.

Form [Section 2 of (Mainar and Pefia, 1999) and
Section 2 of (Mainar et al., 2001)] we know that if a
basis has endpoint interpolation property, V. D.
property, partition of unity and convex hull properties,
it is normalized totally positive, so the new basis N.*
is normalized totally positive.

According to the property of inserting a new
knot (Theorem 1), the transformation matrix between

N/ and N/*'is one-banded matrix, so the transfor-

mation matrix between N, and N;* can be de-

composed into a product of bidiagonal factors. Thus
we deduce that the AH B-Spline basis N, is normal-
ized totally positive.

By the definition of the B-basis, we will show
the following equation holds for every i#j:

N, t
inf —”k”( ) te
Nj,k+1(t)

If <y and Ltk 1<ljitk+1» let 7= (l

. Ni k+1 (;)
inf { ———
N/',k+1 (t)

If tl+k+1 tl+k+], let t_>t

[tO’tl]ﬂNj,kH (1) # 0} =0 (20)

jt+k+1 z+k+1)/2” we

have:

]k+1(t) # O}

then the infinite

i+k+1°
minimum order of N, is j— order higher than infi-
nite minimum order of N4+, so

lim |: i,k+1(t)/N/,k+l(t):| =

[

that is Eq.(20) holds.
When i>j and £>1;, let 7=(¢, +1,)/2, we have
Eq.(20) holds. When i>j and ¢=

infinite minimum order of N, is i order higher
than infinitt minimum order of N, so

lim[ N, (t)/ N, ,,,(t) ] = 0, that is Eq.(20) holds.

t, let t —> ¢, then the

By Proposition 3.12 in (Carnicer and Pefia, 1994)
and Section 3, AH B-Spline basis is normalized
B-basis. Therefore AH B-Spline basis has optimal
shape preserving properties and optimal stability
properties.

AH B-Spline surface

Exactly as in the construction of B-Spline tensor
product surfaces from B-Spline curves, an AH
B-Spline surface can be constructed using tensor

product. Let U ={u}/")", V' ={v,}""; be two knot

sequences, then an AH B-Spline surface with control
meshes p;; can be defined as

pu)=3 3N

i=0 j=0

ik N (V) Py,
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uely,_,u,, l,velv v, ,l.m=2k-1Ln>]-1.

In which N;x(u), N;(v) are the AH B-Spline
basis functions with knot sequence U, V respectively.
Its properties can be deduced from the properties of
the AH B-Spline such as the convex hull property and
the convexity preserving property. The subdivision
formulae can be used in both directions, etc.
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