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Abstract:    The sequences {Zi,n, 1≤i≤n}, n≥1 are multi-nomial distribution among i.i.d. random variables {X1,i, i≥1}, {X2,i, 
i≥1}, …, {Xm,i, i≥1}. The extreme value distribution GZ(x) of this particular triangular array of i.i.d. random variables Z1,n, Z2,n, …, 
Zn,n is discussed. A new type of not max-stable extreme value distributions which are Fréchet mixture, Gumbel mixture and 
Weibull mixture has been found if Fj,…,Fm  belong to the same MDA. Whether mixtures of different types of extreme value 
distributions exist or not and the more general case are discussed in this paper. We found that GZ(x) does not exist as mixture forms 
of the different types of extreme value distributions after we investigated all cases. 
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INTRODUCTION 

 

Let {X1,i, i≥1}, {X2,i, i≥1}, …, {Xm,i, i≥1} be m 
sequences of independent and identically distributed 
random variables with distribution functions Fj(x) for 
j, 1≤j≤m. The sequences {Zi,n, 1≤i≤n}, n≥1, are de-
fined in Jiang (2004a; 2005) where we found GZ(x) 
exists as the forms of Fréchet mixture, Gumbel mix-
ture and Weibull mixture if Fj,…,Fm have the same 
right endpoint and belong to the same MDA. In this 
paper we continue to deal with the other cases. 

The case in which Fj(x) (1≤j≤m) have the same 
right endpoint and belong to different MDA’s with 
pj,n→0 is discussed in Section 2; the case with dif-
ferent right endpoints is dealt with in Section 3, while 
the more general case with pj≥0 (1≤j≤m) is discussed 
in Section 4. Finally, an example is analyzed in Sec-
tion 5. 

  
  

RESULTS FOR DIFFERENT MDA’S 
 

Now we deal with the case that all Fj(x) (1≤j≤m) 

do not belong to the same MDA. 
Lemma 1    Assume that Fj(x)∈MDA ( )

jαΦ for 1≤j≤m 

and Fj(x)∈MDA(Λ) for k+1≤j≤m with xF=∞ satisfy 
Eqs.(2), (3), and (4) in Jiang (2005). If for all j, s with 
1≤j,s≤m 
 

, , ,( ) [0, ]j n j s n j snp F Aα′ → ∈ ∞  

 
and for all s with k+1≤s≤m and all j with 1≤j≤m 
 

, , ,( ) [0, ]j n j s n j snp F Aβ ′ → ∈ ∞ , 

 
then there exist 

i) an index r0=max{k+1≤s≤m:Aj,s<∞ if λj/s>0 or 
Aj,s=0 if λj/s=0 for every j with k+1≤j≤s} and 

ii) an index r=max{1≤s≤k:Aj,s<∞ for every j with 
1≤j≤s}. 
Proof     r0  and r exist by Lemma 3 and Lemma 4 in 
Jiang (2005), respectively.           
Theorem 1     Under the assumptions of Lemma 1. 

i) If 
0, =0j rA  for j with 1≤j≤k, then the limit dis-

tribution of Mn(Z) with the normalizing sequences 
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where r0 is given in Lemma 1. 
ii) Otherwise, with the normalizing sequences 
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where r is given in Lemma 1. 
Proof    i) By Theorem 3 in Jiang (2005) and using 

0, =0j rA for j with 1≤j≤k, the claim follows. 

ii) By the proof of Theorem 1 in Jiang (2005) for 
any j with r<j≤ k 

 

, ,( ) 0j n j r nnp F xα′ →  
 

As in the proof of Theorem 3 in Jiang (2005) we 
have for any j with m≥j>r0  

 

0 0, , ,( ) 0j n j r n j rnp F n Aβ ′ → =  
 

By Lemma 2 in Jiang (2004b) for every j with 
k+1≤j≤m and 
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Hence, for every j with k+1≤j≤m and 
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which completes the proof.                                                
Similarly, if xF<∞, we have the following theo-

rem. 
Theorem 2    Assume that ( ) ( )

jjF x MDA α∈ Ψ  for 

1≤j≤k and Fj(x)∈MDA(Λ) for k+1≤j≤m with xF<∞ 
satisfying Eqs.(1), (2), and (3) in Jiang (2005). If for 
all j, s with 1≤j,s≤k 
 

, , ,( ) [0, ]j n j s n j snp F Aγ ′ → ∈ ∞  
 

and for all s with k+1≤s≤m and all j with 1≤j≤m 
 

, , ,( ) [0, ]j n j s n j snp F Aβ ′ → ∈ ∞ , 
 

then there exist 
i) an index r0=max{k+1≤s≤m:Aj,s<∞ if λj/s>0 or 

Aj,s=0 if λj/s=0 for every j with k+1≤j≤s} and 
ii) an index r=max{1≤s≤k:Aj,s<∞ for every j with 

1≤j≤s}. 
iii) If 

0, =0j rA  for j with 1≤j≤k, then the limit 

distribution of Mn(Z) with the normalizing sequences 

0 ,n r nα α′=  and 
0 ,n r nβ β ′=  is 
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for any x≤xF. 
Otherwise, with the normalizing sequences 

,n r nα α′=  and ,n r nβ β ′=  for 
0

1/
, 0r

r rA xα−− ≤ <  
  

, 0

1

1

( ) ( )  ( )j r

j r
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j
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−

=

= Ψ × Ψ∏ . 

 

Remark 1    By Theorem 1 and Theorem 2, the ex-
treme value distribution GZ(x) does not exist as mix-
ture forms of the different types of extreme value 
distributions. 
 
 
RESULTS FOR DIFFERENT RIGHT ENDPOINTS 
 

In this section we discuss the limit distribution 
GZ(x) assuming that pj,n→0 for 1≤j≤m−1 where the 
right endpoints 

jFx  are not the same. Suppose 
 

1 1
max( ,..., )

mF F Fx xx
−

∗ = . 
 

Theorem 3    Suppose {Xi,i, j≥1}, 1≤i≤m, are m se-
quences of independent and identically distributed 
random variables with distribution functions 
Fj(x)∈MDA(Gj) and right endpoint ,

jFx 1≤i≤m, re-

spectively. 
If ,

mF Fx x∗ <  then with the normalizing se-

quences αn=αm,n and βn=βm,n, 
 

( ) ( )Z mG x G x=  
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Proof    If we set αn=αm,n and βn=βm,n, then n xα +  

>
jmn FFx xβ → for 1≤j≤m−1. Hence, for large n 

 
1

, ,
1

( ) ( ) log ( )

(1) log ( ) (1)

m

Z n n n j n j n n m
j

m

F x np F x G x
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−
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− +

=

+ =

∑  

 

The statement follows.  
Under the conditions of Theorem 3, let .

mF Fxx∗ =  

If there exist some { }1 1:
rF Fr R r m x x∗∈ = <≤ ≤ − , 

then for large n 
 

, ( ) 0r n n nF xn α β+ =                         (1) 
 

since .
m rn n F F Fx x x xα β ∗+ → = < Hence, the term 

, ( )r n r n nnp F xα β+ has no influence on the limit  

distribution GZ(x). Hence, w.l.o.g. we can suppose 
that every Fj(x) (1≤j≤m−1) in our model satisfies 

,
j mF Fx x=  which was derived in Section 4.2. There-

fore, we need only discuss the situation 
mF Fx x∗ > and 

w.l.o.g. we suppose 
 

1 2 1m mF F F Fx x x x
−

≥ ≥ ≥"                        (2) 
 

where if 
i jF Fx x=  and i<j, then assume 

( )
lim 1

( )Fi

i

x x
j

F x
F x→

≥  and if 
( )

lim 1
( )F

i

x x
j

F x
F x→

=  we can order 

them as we want. 
 
Mixture distribution for different right endpoints 

A nondegenerate extreme value distribution 
function G(x) is a mixture distribution for different 
right endpoints, if there exists an integer r≥2, Ai∈[0,∞) 
for i, 1≤j≤r, such that 

 

{ }
1

( ) exp (1 ( )) ( )
r

r

r i i F
i

T x A F x I x x
=

= − − ≥∏             (3) 

 

where Fi(x) for i with 1≤i≤r are distribution functions 
with  .

i rF Fx x>   Obviously,   if   Ai=0,    the   factor 

exp{−Ai(1−Fi(x))}=1 is not needed in Eq.(3). 
Theorem 4    Under the conditions of Theorem 3, 
assume that Fj(x) (1≤j≤m) satisfy Eq.(2). Let 

npj,n→Aj∈[0, ∞]  for 1≤j≤m. 
i) If Aj=0 for all 1≤j<m, then with the normal-

izing sequences αn=αm,n and βn=βm,n, 
 

( ) ( )Z mG x G x=  
 

ii) If Aj∈(0, ∞) for all 1≤j≤m−1 and at least one 
Ar≠0, 1≤r≤m−1, then with the normalizing sequences 
αn=1 and βn=0, 

 

1( ) ( )Z mG x T x−=  
 

iii) Let s=min{j≤m−1:Aj=∞}. 
a) If s=1 and 

1jF Fx x<   for all j with 2≤j≤m−1, 

then  with  the  normalizing  sequences 1,n nα α′=  and 

nβ = 1,nβ ′ , 
 

1( ) ( )ZG x G x= . 
 

b) If s≥2, then with the normalizing sequences 
αn=1 and βn=0, 
 

1( ) ( )Z sG x T x−= . 
 

Remark 2    The case s=1 and 
1jF Fx x=  for some j 

with 2≤j≤m−1 will be dealt with later on. 
Proof     i)  Setting  αn=αm,n  and  βn=βm,n,  αnx+βn → 

m jF Fx x<  for 1≤j≤m−1, 

we have 

 

, ( )Z n n nnF xα β+  
1

,
1

~ ( ) log ( ) (1)
m

j n j n n m
j

np F x G x oα β
−

=

+ − +∑  

log ( )mG x→−  
 

and the statement follows. 
ii) If 

mFx x< , then ( ) 1jF x < for all 1≤j≤m. We 

have 
 

,
1

1

Pr{ ( ) } ( )

{max( ( ),..., ( ))} 0
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as n→∞. 
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If *
mF Fx x x≤ ≤ , then Fm(x)=1 and Fj(x)≤1 for all 

1≤j≤m−1.  
We have 
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as n→∞, which implies the claim. 

iii) Let s=1 and set 1,n nα α′=  and 1,n nβ β ′= , then 

1 s jn n F F Fx x x xα β+ → = > for all 2≤j≤m. Thus 

( ) 0j n nF xα β+ =  for all 2≤j≤m and large n, which 

shows a). 
Let s≥2 and

sFx x< , then Fj(x)<1  for j≤s. Hence, 
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since As=∞. 

If ,
sFx x≥  then Fj(x)=1 for all j with s≤j≤m. 

Hence we have 
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as n→∞ which implies the claim. 
Now we suppose that

1 2 1k kF F F Fx x x x
+

= = = >"  

and np1,n→A1=∞. MZ has the following limit distri-
bution. 
Theorem 5     Under  the  conditions  of  Theorem  3, 
assume that Fj(x) satisfy Eq.(2) with 

1 2F Fx x= =" = 

,
kFx  1≤j≤m. Let np1,n→A1=∞ and r=min{1≤j≤m:Aj= 

∞}. 
i) If  r>k, then with the normalizing sequences 

1,n nα α′=  and 1,n nβ β ′= , 
 

1( ) ( )ZG x G x= . 
 

ii) If r≤k, let s=max{j≤k:Aj=∞}, then GZ(x) is a 
mixture extreme value distribution. 
Proof    i) Since r>k, Aj∈(0,∞) for all j with  2≤j≤k. If 
we set 1,n nα α′=  and 1,n nβ β ′= , then

1n n Fx xα β+ →   

and ( ) 0j n nF xα β+ =  for all j with k+1≤j≤m and 
large n. Hence, as n→∞ 
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the statement follows. 
ii) If we set ,n s nα α′=  and ,n s nβ β ′= , then αnx + 

βn 1Fx→ and ( ) 0j n nF xα β+ =  for all j with k+1≤ j≤   

m and large n.  Since Aj≤∞ for j with s<j≤k, as n→∞ 
we get 
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log ( ) (1).sG x o− +  
 

We note that
1 2 sF F Fx x x= = =" , by using the 

same approach as in the proofs of Theorems 1 and 2 in 
Jiang (2005), the statement follows. 
 
 
RESULTS FOR GENERAL CASE 
 

In this section we discuss the limit distribution 
GZ(x) for the case in which pj,n→ pj ≥0 for 1≤ j≤m. 

W.l.o.g. we suppose that pj=0 (1≤j≤r) and pj>0 
(r≤j≤m). Let 

1
max( , , ).
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Defining the distribution 
 

1 1
1

( ) 1 ( ) 1
r

r r j
j

F x F x p+ +
=

 
′ ′= − − 

 
∑  

 
the case reduces to that we dealt with in Section 2 and 
Section 3. Therefore, we discuss the case pj>0 for all j 
with 1≤ j≤m. 
Theorem 6     Suppose {Xi,j, i≥1},  1≤j≤m,  are  m 
sequences of independent and identically distributed 
random variables with distribution functions 
Fj(x)∈MDA(Gj) and right endpoints ,

jFx  1≤j≤m, 

respectively. Let GV(x) be the extreme value distri-
bution  of  V=max(X1,n, X2,n, …, Xm,n). 

If pj>0 and 
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for each j with 1≤j≤m, then GZ(x) and  GV(x) are of the 
same type. 
Proof    For any ,n Fx x′→  we have 
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the same extreme value distribution (Jiang, 2002). As 
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Now we check 
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Hence, according to Theorem 2.12 in Resnick (1987), 
GV(x) and GZ(x) are of the same type. 
 
 
CONCLUSION AND EXAMPLE 
 

We observed only mixtures of the same type, 
which means that a mixture of two different types, e.g. 
Fréchet and Gumbel distributions, is not possible. We 



Jiang / J Zhejiang Univ SCI   2005 6A(7):769-774 774

have shown that this is also not possible even in the 
more general mixture case (m>2). With the theorems 
we have established, it is easy to deal with the mixed 
extreme value distribution as the following example 
shows. 
Example 1   Suppose for large x 
 

11 1( ) aF x k x−∼ , 22 2( ) aF x k x−∼ , 
33 3( ) e c xF x k −∼ , 44 4( ) e c xF x k −∼ , 

and 
55 5( ) e ,c xF x k −∼  

 
where, 0<C3<C4<C5<∞, 0<a1<a2<∞ and kj>0 for 
1≤j≤5. 

We discuss two cases. 
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By Theorem 1, with normalizing sequences 
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ii) Assume  that  1 21 /(4 )

1, 1 (0, )a a
nn p d− → ∈ ∞   and 

3/ 4
2, 2nn p d→ , as n→∞. By Eq.(4) we have  

 
2 2 2 20.25

2, 5 5 5, 2 5

2,5

(log( )) (log )
                                      .

a a a a
n nnp c k np d c n n

A

− −∼

→∞ =
 

 
By Theorem 1, we set the normalizing sequences 

21/
2, 2 2,( ) a

n n nk npα α′= =  and 2, 0n nβ β ′= = . Hence, 
 

1 2 1 2 1 2 1 2/ / 1 / /
1 1, 2 2, 1 2 1, 2,( ) a a a a a a a a

n n n nk np k np k k n p p− − − −=  
1 2 1 2

1 2

/ 1 /(4 )
1 2 2 1,

/
1 1 2 2 1,2

( )

( ) 0, ).

a a a a
n

a a

k d k n p

d k d k A

− −

−

∼

→ = ∈ ∞（
 

 
Hence, 

 
1,2

1 2
( ) ( ) ( )A

Z a aG x x x= Φ Φ  

for x≥0. 
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