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Abstract:  The sequences {Z;,, 1<i<n}, n>1 are multi-nomial distribution among i.i.d. random variables {X; =1}, {Xz,,
21}, ..., {X,,; i21}. The extreme value distribution Gz(x) of this particular triangular array of i.i.d. random variables Z, ,, Z, ,, ...,
Z,, is discussed. A new type of not max-stable extreme value distributions which are Fréchet mixture, Gumbel mixture and
Weibull mixture has been found if F},...,F,, belong to the same MDA. Whether mixtures of different types of extreme value
distributions exist or not and the more general case are discussed in this paper. We found that G(x) does not exist as mixture forms

of the different types of extreme value distributions after we investigated all cases.
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INTRODUCTION

Let {X1,, i1}, {Xo,, 21}, ..., {Xns 21} be m
sequences of independent and identically distributed
random variables with distribution functions Fj(x) for
J, 15j<m. The sequences {Z;,, 1<i<n}, n>1, are de-
fined in Jiang (2004a; 2005) where we found Gz(x)
exists as the forms of Fréchet mixture, Gumbel mix-
ture and Weibull mixture if Fj,...,F,, have the same
right endpoint and belong to the same MDA. In this
paper we continue to deal with the other cases.

The case in which Fj(x) (1<j<m) have the same
right endpoint and belong to different MDA’s with
pj»—0 is discussed in Section 2; the case with dif-
ferent right endpoints is dealt with in Section 3, while
the more general case with p;>0 (1<j<m) is discussed
in Section 4. Finally, an example is analyzed in Sec-
tion 5.

RESULTS FOR DIFFERENT MDA’S

Now we deal with the case that all F;(x) (1<j<m)
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do not belong to the same MDA.
Lemma 1 Assume that Fy(x)e MDA (D, ) for 1<j<m

and Fy(x)e MDA(A) for k+1<j<m with x=oo satisfy
Egs.(2), (3), and (4) in Jiang (2005). If for all j, s with
1<j,s<m

np,,F(a,) > A4, €[0.%]

and for all s with k+1<s<m and all j with 1<j<m
npj,nF_} (ﬂ;,n) - qu_y € [0,00] B

then there exist

i) an index ro=max{k+1<s<m:4; <oo if 4;>0 or
A; =0 if 4;=0 for every j with k+1<j<s} and

it) an index r=max{ 1<s<k:4; ;<oo for every j with
1<7<s}.
Proof
Jiang (2005), respectively.
Theorem 1  Under the assumptions of Lemma 1.

i) If 4,, =0 forj with 1<j<k, then the limit dis-

7o and r exist by Lemma 3 and Lemma 4 in

tribution of M,(Z) with the normalizing sequences
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a,=a, ,and f,=p  is

n 1o»

-1 a
G,(x)=[] A" (4, x)*A®X),

Jj=k+1

where s given in Lemma 1.
ii) Otherwise, with the normalizing sequences

! -1 -1/ a,
a,=a/,and § =4 forx>4

r,.n

G, =[]l @Wx®, ),

where r is given in Lemma 1.
Proof 1) By Theorem 3 in Jiang (2005) and using
4;, =0 for j with 1<j<k, the claim follows.

i) By the proof of Theorem 1 in Jiang (2005) for
any j with r<j< k

' x)—>0

r,n

np,,F(a

As in the proof of Theorem 3 in Jiang (2005) we
have for any j with m>j>r

np/’,nF_‘f (ﬂl‘;,n)n - O = A./‘Jo

By Lemma 2 in Jiang (2004b) for every j with
k+1<j<m and x> 4.,

Rl _

r.n

im-—=—-—=
e Fj(l[)’w)

Hence, for every j with k+1<j<m and x > A;‘rﬂ/ K

F.(a x)=( F.(B ))—j( r’"x) -0
np. F(a. x)=(np. F. = ,
p]»n J r,n p]»n J Hosn F/-(,Br;)")

which completes the proof.
Similarly, if xg<oo, we have the following theo-
rem.

Theorem 2 Assume that F)(x) eMDA(‘Pa/) for

1<j<k and Fy(x)e MDA(A) for k+1<j<m with xp<oo
satisfying Egs.(1), (2), and (3) in Jiang (2005). If for
all j, s with 1<j,s<k

npj,nF‘j(}/s,,n) - Aj,s € [O’w]

and for all s with k+1<s<m and all j with 1<j<m
npj,"F_‘f (ﬂ;,n) - Aj)s € [O’w] s

then there exist

i) an index ro=max {k+1<s<m:A4; ;<oo if 1;>0 or
A4;=0 if 4;=0 for every j with k+1<j<s} and

ii) an index r=max { 1<s<k:4; ;<oo for every j with
1<57<s}.

ii) If 4,, =0 for j with 1<j<k, then the limit

distribution of M, (Z) with the normalizing sequences
a, = ay’ayn and S, =ﬂy;m is

-1 .
G, (0= [T A" (4, x)xA(x),

J=k+1
for any x<xp.

Otherwise, with the normalizing sequences
_ _ ~1/a,
a,=a/,and g =4 for -4 “ <x<0

G, =[T¥2 (% ¥, (.

Remark 1 By Theorem 1 and Theorem 2, the ex-
treme value distribution Gz(x) does not exist as mix-
ture forms of the different types of extreme value
distributions.

RESULTS FOR DIFFERENT RIGHT ENDPOINTS

In this section we discuss the limit distribution
Gz(x) assuming that p;,—0 for 1<j<m-1 where the
right endpoints x, are not the same. Suppose

).

*
Xp =max(Xy ,...,Xp

Theorem 3  Suppose {X;;, j>1}, 1<i<m, are m se-
quences of independent and identically distributed
random variables with distribution functions
Fi(x)eMDA(G;) and right endpoint Xy, 1<ism, re-
spectively.

If x, <Xp,, then with the normalizing se-

quences &=, and B,=Ln,

G, (%) =G, (x)
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Proof If we set oy=a1y,, and B,=f,,, thena, x +

B, > xp >Xp, for 1<j<m—1. Hence, for large n

—_— m71 —_—
nFZ,n (anx + ﬂn) = anj,nF‘j (an'x + IBn) - log Gm (x)
J=1
+o(l)=-logG, (x)+o(l)
The statement follows.
Under the conditions of Theorem 3, let x;, = x,. .

If there exist some re R={1<r<m-1:x. <xp},

then for large n
nF, . (a,x+f3,)=0 (D

since @,x+ f8, = x; =x, <x,. Hence, the term

npr,nﬁ,(anxhb’") has no influence on the limit
distribution Gz(x). Hence, w.l.o.g. we can suppose
that every Fj(x) (1<j<m-1) in our model satisfies
Xy, =X , which was derived in Section 4.2. There-

fore, we need only discuss the situation x, > x, and

w.l.o.g. we suppose

Xp 2Xp "2 Xp  2Xp 2
where if x, =x, and i<j, then assume
F, F,
hmﬂZl and if lim J(x) =1 we can order
X=X, F/_(x) X—>xp F/_ (X)

them as we want.

Mixture distribution for different right endpoints

A nondegenerate extreme value distribution
function G(x) is a mixture distribution for different
right endpoints, if there exists an integer 7>2, 4;€[0,0)
for i, 1<j<r, such that

T =[[exp{-40-FED}xrzx,)  G)

i=1

where F;(x) for i with 1<i<r are distribution functions

with Xp > Xp . Obviously, if 4~=0, the factor

exp{—A4:{1-F«x))}=1 is not needed in Eq.(3).
Theorem 4  Under the conditions of Theorem 3,
assume that Fj(x) (1<j<m) satisfy Eq.(2). Let

np;—>A4;€[0, o] for 1<<m.
i) If 4;=0 for all 1<j<m, then with the normal-
izing sequences o=, , and S,=L.,

G, (%) =G, (x)

ii) If 4;€(0, o) for all 1<j<m~1 and at least one
A,#0, 1<r<m-1, then with the normalizing sequences
=1 and £,=0,

GZ ('x) = T;n—l (x)

iii) Let s=min{j<m—1:4;=00}.

a) If s=1 and Xp <Xp for all j with 2<j<m—1,
then with the normalizing sequences «, =« and
ﬂn = ﬂl’,n >

G, (%) =G (x).

b) If s>2, then with the normalizing sequences
a,=1 and £,=0,

G,(x)=T_(x).

Remark 2 The case s=1 and Xp, = Xp, for some j

with 2<j<m—1 will be dealt with later on.
Proof i) Setting a,=a,,, and B,=Lun X+f, >
xp <xp forlsj<m-1,

we have

nFZ,n (anx + ﬂn)
m—1
~>np, F(a,x+ B,)—logG, (x)+o(l)
Jj=1
——logG, (x)

and the statement follows.
i) If x <x, , then F;(x) <1 forall 1sj<m. We

have

Pr{M,(Z)<x} = {Z p,F, (x)}
< (A (F (0, ()Y 50

as n—>0.
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If x, <x<x,,then F,(x)=1 and F(x)<1 for all

1<j<m—1.
We have

Pr{M,(Z)<x} = {Z p,F, (x)}

m—=1

- {1 WM F,.(x))}
- exp{—nmz p,,(-F (x))}

J=1

— exp {—E A,(1-F, (x))}

m—1

=[Texp{-4,0-F ()}

as n—o0, which implies the claim.
iii) Let s=1 and set @, =/, and 8, = 3, , then

a,x+f, > x, =x, >x, for all 2<<m. Thus
F(a,x+p,)=0 for all 2<j<m and large n, which

shows a).
Let s22 and x < x,. , then Fj(x)<I forj<s. Hence,

Pr{M (Z) < x} ={

'3

Jj=lj#s

3 p,-,,,F,-(X)+ps,,,F;(X)}

j=lj#s

<

pjsﬂ + ps,nF; (x)} = {1 - ps,n (1 - F; (x))}”
~exp{-np, ,(1-F(x))} =0,

since A=c0.
If x>x,, then Fy(x)=1 for all j with s<j<m.

Hence we have
Pr{M, (Z)<x} = {Z Py, F)+ Zp }
- {1 - Zp (-F, (x))}n
~ exp {—nipj,,, (1- Fj(x))}

J=1

2005 6A(7):769-774

> exp {_i A(1-F, (x))}
_ n expi-A,(1- F,(x))},

as n—oo which implies the claim.

Now we suppose thatx, =x, =---=x, >x,

and np, ,—>A,=w. My has the following limit distri-
bution.

Theorem 5 Under the conditions of Theorem 3,
assume that Fj(x) satisfy Eq.(2) with x, =x, =---

X, 1<j<m. Let npy ,—>A1=o0 and r=min {1<j<m:4;=

o}
1) If >k, then with the normalizing sequences

(Zn = Clﬁn alld’/gn = /3£n’
G, (%) =G (x).

ii) If r<k, let s=max {j<k:A;=oo}, then G,(x) is a
mixture extreme value distribution.
Proof i) Since r>k, A;€(0,00) for all j with 2<j<k. If
we set @, =a/, and B, =4, , thena,x+ B, > x,
and F, (a,x+ B,)=0 for all j with k+1<j<m and

large n. Hence, as n—oo

—_— k —_—
nliﬁn(élnxj+>/9;) :::E:ruojﬂrf}((anj+-/Z1)
j=1

~log G, (x) +o(1) + Zk:np o F(a,x+ )

Jj=2

— —log G (x),

the statement follows.

ii) If we set @, =, ,, and f8, = 3/, then a,x +
B — x, and f,-(a"x+ B,)=0 forallj with k+1< /<
m and large n. Since 4;<oo for j with s<j<k, as n—o0
we get

nF, (a,x+f,)

s—1 _
=>"np, F(a,x+f3,)~logG,(x) +o(l)
Jj=r

s—1 _

J=r
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—log G, (x) +o(1).
We note that x; =x, =---=x, , by using the

same approach as in the proofs of Theorems 1 and 2 in
Jiang (2005), the statement follows.

RESULTS FOR GENERAL CASE

In this section we discuss the limit distribution
G(x) for the case in which p;,— p; 20 for 1< j<m.
W.l.o.g. we suppose that p=0 (1<j<r) and p>0

(rsj<m). Let x; =max(x,, -,x, ). For any nor-
malizing sequences ¢, and S, with nF']. (ax+p)<o

for each j (m>j2r) and a,x + 5, — x;.. Then we have

r m

nfz,n<anx+ﬂn>=[z+z

Jj=1 j=r+l

]np‘,,n}?‘,(anx +8.)

m

13 p L Faxt B inS p F (@t ) o)

J=r+l

:"Zl p,.F (ax+ B)+nF(a,x+ B,)ro(l),

where F,(x)= Y p,F;(x).

J=r+l

Defining the distribution

Fwa-Fwf(1-50)

the case reduces to that we dealt with in Section 2 and
Section 3. Therefore, we discuss the case p;>0 for all
with 1< j<m.

Theorem 6 Suppose {X;;, i1}, 1<j<m, are m
sequences of independent and identically distributed
random variables with distribution functions
Fi(x)eMDA(G;) and right endpoints Xp s 1<5j<m,

respectively. Let Gy(x) be the extreme value distri-

bution of V=max(X),, X2, ---» Xpn)-
If p>0 and
F (x
lim ;) =k

5 max (F (x),... F,(x)) '

for each j with 1<j<m, then G4(x) and G(x) are of the
same type.

Proof Forany x, — x,, we have

FZ’”(xn)=ij,nFj(xn)NijFj(xn)
J=1 J=1

which implies Fz,(x) and F,(x)=)_ p,F,(x) have

J
j=1
the same extreme value distribution (Jiang, 2002). As

’
X=X

m

F=1-[1F@=1-T]0-F )

=1-exp {Zm: log(1 —Fj (x))}

Jj=1

Now we check

I_FZ(X) — hm J=1
XX 1_FV (x) XX iﬁ (x)

- F,(x) £
~ fim 2 ! maX(Fl(x),...,En(x)) = Pk
S £ (x) ikj

71 max (171 (x),....F, (x)) =1

Since

0 <min(p,,--+, p,,) < ijkj ij <L

J=1 J=1

Hence, according to Theorem 2.12 in Resnick (1987),
Gi(x) and G4(x) are of the same type.

CONCLUSION AND EXAMPLE

We observed only mixtures of the same type,
which means that a mixture of two different types, e.g.
Fréchet and Gumbel distributions, is not possible. We
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have shown that this is also not possible even in the
more general mixture case (m>2). With the theorems
we have established, it is easy to deal with the mixed
extreme value distribution as the following example
shows.

Example 1 Suppose for large x

Fi (x)~kx™, F> (x) ~kyx™*,
Fa(x) ~ k@™, Fa(x) ~ke ™",
and
Fs(x) ~ke™",

where, 0<C3<C4<Cs<o0, 0<a;<ay<co and k>0 for
1<j<5.

We discuss two cases.

i) Assume that p, =o(n”'"*) for j=1,2 and

1-¢;'Cs

n p;, —>d; €(0,0) forj=3,4, as n—o0. We want

to derive GAx) and the corresponding normalizing
sequences.
It is easy to check that with normalizing se-

quences a;, =(nk; )" and B, =0for j=1,2
G, (x) = q)a, (x)

. . 4 B
and with normalizing sequences «; , =c; and 3, =

cjfl log(k,n) for j=3,4,5

G, (1) = AW)

.. N R |
If we set normalizing sequences a, = g, = ¢;

and f3, = i, = ¢;" log(ksnps ) , then for j=1,2

np, ,c5' (logksnps )k, ~ ¢’ (n™"*)(logn) ™ k,
—0=4,

“4)

and for j=3,4

-1
I=cjcs

Jon

o1 -1 -1
—cjes log(ksnps ) —cjest 1=cjles
np;.© k; Nkjks n p

—dk k9% =4, €(0,).

By Theorem 1, with normalizing sequences

an = C;I and ﬂn :c;I log(kSnPS,n) >
G, (x) = A (6, )A™ (eyes ) A().

ii) Assume that n"""**)p ~—d €(0,00) and

n’*p,  —d,, as n—o. By Eq.(4) we have

np, ¢ (log(ksnps )™ ~ d,c*n"* (logn)™

—0=4,;.

By Theorem 1, we set the normalizing sequences
a,=a,, =(knp,,)"'" and B, = B, =0. Hence,

—ay/a,

k, np, , (k2np2,n ) o = klkzﬂl1 faplale PPy
~ kl (d2k2 )’”1 = nl’”l e )pl,n
—dk, (d,k, )7”‘/”2 = Al)2 € (0,00).

Hence,

G,(x) =D, (0D, (x)

for x>0.
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