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Abstract: This paper presents a comparison among Adomian decomposition method (ADM), Wavelet-Galerkin method (WGM),
the fully explicit (1,7) finite difference technique (FTCS), the fully implicit (7,1) finite difference method (BTCS), (7,7)
Crank-Nicholson type finite difference formula (C-N), the fully explicit method (1,13) and 9-point finite difference method, for
solving parabolic differential equations with arbitrary boundary conditions and based on weak form functionals in finite domains.
The problem is solved rapidly, easily and elegantly by ADM. The numerical results on a 2D transient heat conducting problem and
3D diffusion problem are used to validate the proposed ADM as an effective numerical method for solving finite domain parabolic
equations. The numerical results showed that our present method is less time consuming and is easier to use than other methods. In
addition, we prove the convergence of this method when it is applied to the nonlinear parabolic equation.
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INTRODUCTION

The decomposition method was introduced by
Adomian (1989; 1994) in the 1980’s for solving linear
and nonlinear functional equations (algebraic, dif-
ferential, partial differential equations (PDEs) and
systems, integral, differential-delay, integro-differen-
tial equations, etc.) (Adomian, 1989; 1994; Guellal
and Cherruault, 1995; Adomian ef al., 1996; Laffez
and Abbaoui, 1996; Ndour et al., 1996; Guellal et al.,
1997; Abbaoui and Cherruault, 1999; Adjedj, 1999).
This method leads to computable, accurate, ap-
proximately convergent solutions to linear and
nonlinear deterministic and stochastic operator equa-
tions. The solution can be verified to any degree of
approximation.

Over the last twenty years, the Adomian de-
composition approach has been applied to obtain
formal solutions to a wide class of both deterministic
and stochastic PDEs. These works are below. Guellal
and Cherruault (1995) used Adomian’s technique for
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solving an elliptical boundary value problem with an
auxiliary condition. Adomian et al.(1996) solved
mathematical models of the dynamic interaction of
immune response with a population of bacteria, vi-
ruses, antigens or tumor cells which had been mod-
eled as systems of nonlinear differential equations or
delay-differential equations by the ADM. Laffez and
Abbaoui (1996) studied a model of thermic exchanges
in a drilling well which was solved with the
decomposition method. Ndour et al.(1996) presented
an example of an interaction model between two
species. Guellal et al.(1997) used the decomposition
method for solving differential systems in physics.
They gave a comparison between the Runge-Kutta
method and the decomposition method. Abbaoui and
Cherruault (1999) used the decomposition method for
solving the Cauchy problem without using the ca-
nonical form of Adomian. They also gave a proof of
convergence by using a new formulation of the
Adomian polynomials and compared the ADM with
the Picard method. Adjedj (1999) used Adomian’s
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scheme for solving differential systems for modeling
the HIV immune dynamics. Sanchez et al.(2000)
investigated the weaknesses of the thin-sheet ap-
proximation method and proposed a higher-order
development allowing increase in the range of con-
vergence and preserving the nonlinear dependence of
the variables.

The convergence of this method was investi-
gated by Cherruault and co-workers. Cherruault
(1989) proposed a new definition of the method and
insisted that it is possible to prove the convergence of
the decomposition method. Cherruault and Adomian
(1993) proposed a new convergence proof of
Adomian’s method based on properties of convergent
series. Abbaoui ef al.(2001) obtained a new approach
to the decomposition method in a relatively more
natural way than that in the classical presentation.
Lesnic (2002a) investigated the convergence of
Adomian’s method to periodic temperature fields in
heat conductors.

The model considered here is a parabolic equa-
tion in a 2D region £ enclosed by boundary /" (Ho and
Yang, 2001)

ou oOu ou) Ou Ou
Ca—a(all a]_a(azz 5]""[10” :f('xay:t) (1)

with the boundary conditions being

ﬁr, =u, (t=0),
én r, :qn (t20)7 (2)
r=r.ur,,
where
Ou ou
g =a,—n_+—n,, 3
q, o™ o )

and initial condition is

u(x,,0) = u,(x,y), “)

where ¢ denotes time, and ¢, q,,,4,,,a,,u,u,, f and g,

are given functions of position and time.

Ho and Yang (2001) employed Wave-
let-Galerkin method to obtain a numerical solution to
the parabolic equations given by Eq.(1). Problems of
this type include chemical diffusion, thermo elasticity,
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heat conduction processes, population dynamics,
control theory, medical science, biochemistry and
certain biological processes (Camon and Hoek, 1986;
Camon et al., 1990; Camon and Matheson, 1993;
Capso and Kunisch, 1988; Wang, 1990).

This problem was solved by Dehghan (2003b)
by various methods which were parallel techniques,
the fully explicit (1, 7) finite difference technique, the
fully implicit (7, 1) finite difference method, the (7, 7)
Crank-Nicholson type finite difference method
(Deghan, 2002; 2003a). In these studies, the calcula-
tions were difficult and time consuming. In addition,
when the unknown u was determined, approximate
solutions are tried to find by using only the initial
condition with the decomposition method, without
using any transformation in less calculation steps.

In this work, we will describe and adapt
Adomian’s decomposition method to obtain an ap-
proximate solution for Eq.(1). As we will see, the
method converges rapidly. The balance of this paper
is as follows: In Section 2, we will give an analysis of
ADM for the problem; in Section 3 we will present
test 2D and 3D parabolic differential equations in
finite domains to compare the numerical results of our
method with those of other methods; in Section 4 we
will prove the convergence of this method applied to
the nonlinear parabolic equation and in the last Sec-
tion we give some conclusions.

ANALYSIS

We first consider Eq.(1) in operator form
Lu=Lu+Lu+u+ f(x,y,0) 5)

where L,, L, and L, are the linear differential operators
which we define in the following form

0 o o

L =—. 6
ax2 y ay2 ( )

Assuming that the inverse of the operator L'

exists and can conveniently be taken as the one-fold
definite integral with respect to ¢ from O to ¢. That is

L) =], () (7)
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Application of the inverse operator L' to Eq.(5)
yields

L'Lu=L'Lu+L'Lu+L'u+L'[f(x,y,0)] (8)
and
L'Lu=u(x,y,0). )

Therefore, it follows that

u(x,y,t)=u(x,y,0)+ L;l (Lu+Lu+u)+ L;l[f(x,y,t)]
(10)

We obtain the zero-th component as

(%, y,1) = u(x,y,0) + L[ f(x, y,0)] (11
which is defined by a term that arises from the initial
condition. The unknown function u,(x,y,t), n>1, is
decomposed into a sum of components defined by the
decomposition series

u(x,y,t)= iun (x,y,0). (12)

With the zeroth component as defined above, the
remaining components u,(x,),t), n>1, can be com-
pletely determined in such a way that each term is
computed by using the previous term. Since ug is
known,

ul (x’yat) = L;l (LxuO + LyuO + uO)’

u,(x,y,6)=L" (Lu, + Lu, +u,), (13)

u, (x,y,0)=L"(Lu, + Lu,+u,), nz0.

It is noteworthy that the recursive relationship is
constructed on the basis that the zeroth component
uo(x,y,f) defined by a term that arises from the initial
condition. The remaining components u,(x,y,t), n=>0
can be completely determined; each term is computed
by using the previous term. As a result, the compo-
nents u, uy, us,... are identified and the series of so-
lutions are thus entirely determined. However, in
many cases the exact solution in a closed form may be

obtained.
The n-term approximant ¢, defined by

= 2, (0.0 (14)

can be used for numerical approximations.

NUMERICAL ILLUSTRATION

To give a clear overview of our study and to il-

lustrate the above discussed technique, we use the
following examples.
Example 1 The approximate solutions of the same
example were presented by Ho and Yang (2001). We
present them here mainly aimed at using the algo-
rithm given in Section 2. As a first example, consider
Eq.(15):

2 2
ar _ 8_{” + 6_7; =1, (15)
ot ox® oy
subject to the boundary conditions that for >0,
T{1,y,t)=0, T(x,1,1)=0,
(16)

T 0, .0=0, %L (x,0.) =0,
Ox oy

Comparison of the WGM and the ADM solu-
tions with the exact ones (Ho and Yang, 2001) is
given in Table 1 where ADM and WGM values are
presented which correspond to the various values of
x,y. As seen in these tables, the values we got and the
values obtained by Ho and Yang (2001) are very close.
It should be noted that only 10(¢y¢) iterations were
needed to obtain the approximately accurate solution.
The overall errors can be made even much smaller by
adding new terms of the decomposition. The con-
vergence is rapid.

The numerical solutions showed that the ADM
is a very convenient method for such heat conduction
problem. With this method, it is possible to obtain
more precise results than the traditional methods,
with less calculation and less time. As shown in this
example, the ADM is simple and easy to use. In ad-
dition, our method minimizes the computational cal-
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Table 1 Comparison of the WGM and the ADM solutions
with the exact solution of the heat conducting problem

) scl)aliatlicotn (2?762(11\;[7) atVLGOl.\;I s ADM
(0,0) 0.2927 0.2969 0.2689 0.2925
(0,0.25) 0.2789 0.2793 0.2536 0.2785
(0,0.5) 0.2293 0.2293 0.2097 0.2292
(0,0.75) 0.1397 0.1396 0.1290 0.1397
(0,1) 0.0000 0.0000 0.0000 0.0000
(0.25,0.25)  0.2642 0.2642 0.2406 0.2642
(0.25,0.5) 0.2178 0.2176 0.1995 0.2177
(0.25,0.75)  0.1333 0.1331 0.1234 0.1332
(0.25,1) 0.0000 0.0018 0.0014 0.0003
(0.5,0.5) 0.1811 0.1808 0.1670 0.1810
(0.5,0.75) 0.1127 0.1125 0.1049 0.1127
(0.5,1) 0.0000 0.0000 0.0000 0.0000
(0.75,0.75)  0.0728 0.0724 0.0684 0.0726
(0.75,1) 0.0000 0.0020 0.0016 0.0002
(1,1) 0.0000 0.0000 0.0000 0.0000

culus and gives quantitatively reliable results. The
WGM has a complicated computational calculus and
is not easy to use. El-Sayed and Abdel-Aziz (2003)
compared the ADM and the WGM for solving
nonlinear integro-differential equations. In this study,
they showed that the WGM is more expansive and
boring than the ADM.

Example 2 We consider a 3D time-dependent
diffusion equation in the following form:

Gu_azu @ ou

—=—+ +—, 17
o ox* oy oz a7
with initial conditions
u(x,y,z,0)=exp(x+y+z), 0<x,y,z<1  (18)

and boundary conditions

uy,z,0y=u (1, y,z,1) = exp(l+ y + z + 31),

(19)
0<t<1, 0<x,z<1

u(x,1,z,0) =u,(x,1,z,t) =exp(l+ x + z + 3), 20)
0<t<1, 0<x,z<1

u(x, y,Lt)y=u_(x,y,1,t) =exp(1+x+ y +31), @)

0<t<l, 05X, <1
Proceeding as before, we find

uy(x,y,z,t) = %{u(l,y,z,t) +u(x,1,z,t)+u(x,y,1,t)

+(x=Du (Ly,zt)+(y— l)uy (x,1,2,0)
+(z—=Du, (x,y,l,t)}. (22)

and

-1 -1 -1
L+L.L-L, L,

vy

u,, (x,y,z,t)= %{LXX’IL, +L

_Lyy_lex B Lyy—lez - Lzz—lL,v,v - LZZ_lLXX}un > (23)
where
-1 _ * IX’ " -1 _ Y ry’ "
Li=[ o[ &, L) =["dv'[" d", o0

el e

Table 2 presents the errors of ADM, FTCS,
BTCS and C-N which correspond to the various val-
ues of x, y and z. As seen in this table, the values we
got were better than the results obtained by Dehghan
(2003a). It should be noted that only 7(¢,) iterations
were needed to obtain the approximately accurate
solutions. The overall errors can be made even much
smaller by adding new terms of the decomposition.
The convergence is rapid. In addition, we can find the
exact solution by using only the initial condition.

Table 2 A comparison of errors of the FTCS, the BTCS, the C-N and the ADM

X ¥y z Exact solution (1,7) FTCS (7, 1) BTCS (7,7)C-N ADM
0.1 0.1 0.1 27.112638 3.1x10™ 2.5%x10* 1.5x10 4.7%10°
0.2 0.2 0.2 36.598234 3.2x10™ 2.6x10* 1.5x10* 6.4x10°
0.3 0.3 0.3 49.402449 3.4x10™ 2.6x10™ 1.6x10™ 7.3x10%
0.4 0.4 0.4 66.686331 3.4x10™ 2.7x10* 1.7x10* 8.5x10°
0.5 0.5 0.5 90.017131 3.3x10™ 2.8x10* 1.8x10* 9.8x107
0.6 0.6 0.6 121.510417 3.5x10™ 2.7x10* 1.9x10™ 2.3x107
0.7 0.7 0.7 164.021907 3.6x10™ 2.9x10* 1.8x10™ 4.6x107
0.8 0.8 0.8 221.406416 3.7x10™ 2.8x10* 1.7x10* 6.6x107
0.9 0.9 0.9 298.867401 3.8x10™ 2.6x10™ 1.6x10™ 8.1x107
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Example 3 We finally consider a 2D time-dependent
diffusion equation in the following form:

ou ou Ju
= +

—=—t— 25
o ox° oy’ 3)
with initial conditions
u(x,y,0)=(1—-y)exp(z), 0<t<T, 0y <1, (26)
and boundary conditions
u(0,y,t)=(1-y)exp(t), 0<t<T, 0<y<1 (27)
u(l,y,0)=u.(1,y,0)=(1-y)exp(l+1), (28)
0<t<T, 0<y<1
u(x,0,0) =u,(x,1,)=0, 0<z<T, 0<x<1  (29)
u(x,0,t)=exp(x+1¢), 0<t<T, 0<x<1 30)

Proceeding as before, we find

uy(x,y,t) = %{u(l, o) +u(x,L,o)+(x-Du (1, ,t)
+(y—Du,(x,1,0)} 31

and

1
U, (X,,2,1) =§{LX;IL, +L,'L-L'L —L 'L ju,,

(32)
where
nefef e nfole
pefef e

Table 3 presents the errors obtained by the
standard FTCS, the 9-point, the (1,13) and the ADM
which correspond to the various values of x,y. As seen

in this table, the values we got were better than the
results obtained by Dehgnan (2003a). It should be
noted that only 10(¢;,) iterations were needed to ob-
tain the approximately accurate solutions. The overall
errors can be made even much smaller by adding new
terms of the decomposition.

CONVERGENCE ANALYSIS

Here, we will study the convergence analysis as
same manner in (Ngarhasta et al., 2002) of the de-
composition method to the nonlinear 2D
time-dependent diffusion equation. Let us consider
the Hilbert space H which may be defined as

H=L*((0.,)x[0,T)):

u:(a, f)yx[0,T1—> R

with u’(x,s)dsd 7 < +0. (34)

J.(a,ﬂ)X[O,T]

We consider the nonlinear 2D time-dependent
diffusion equation in light of the above assumptions.
The operator of the 2D time-dependent diffusion
equation is

2 2
Ltuj_u_@_uﬁ_gﬁ(u),
oy

= 35
ot ox’ (35)

where f(u) is a nonlinear term. The ADM is conver-
gent if the following two hypotheses are satisfied
(Ngarhasta, 2002):

(Hy) (L)L), u=v)=k|[u=v|], k>0, Vu, ve H

(H,) For whatever M>0 there exists a constant
C(M)>0 such that for u,ve H with ||[u||<M, ||v||<M we

Table 3 Comparison of errors of the standard FTCS, the 9-point, the (1,13) and the ADM

X y Exact solution  Standard FTCS 9-point (1,13) ADM
0.1 0.1 9.025013 2.2x10™ 5.4x107 1.6x10° 1.8x10
0.2 0.2 11.023176 3.1x10* 1.0x10° 1.9x10® 3.5x107!!
0.3 0.3 13.463738 3.5x10* 9.2x107 2.1x10® 5.3x107!!
0.4 0.4 16.444647 6.7x10™ 1.7x10™ 2.3x10° 7.5%x10™M!
0.5 0.5 20.905243 9.2x10* 2.2x10™ 2.5%10% 8.7x107!
0.6 0.6 24.532530 1.0x1073 2.6x10™ 1.8x10% 9.6x10™"!
0.7 0.7 29.964100 9.9x10™ 2.4x10™ 1.6x10% 2.6x1071°
0.8 0.8 36.598234 7.5%10* 1.9x10™ 1.4x10°% 3.9x1071°
0.9 0.9 40.447304 3.4x10* 8.6x107 1.1x10% 5.1x101°
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have (L{(u)—L(v), w)<C(M)||u—v||||w]|| for every weH.

Theorem (Sufficient condition of convergence for

the nonlinear 2D time-dependent diffusion equation)
The ADM applied to the equation below:

2 2
=200 TN
o o oy

without initial and boundary conditions, converges
towards a particular solution.

Proof  To prove the theorem, we will verify the
conditions (H;) and (H;) of convergence. Firstly, we
will verify the convergence hypotheses (H;) for the
operator L,(u):

*u  u o ox
(L @=L =S5 S f- T3-S
—f(V)Zaz—u—ﬂﬂL@—@Jrf(u)—f(V)

36
o’ o’ 6y2 Gyz (36)

Therefore,

(-]
(L) - L(v)u-v)=| —u-v),u-v)

ox
+(%(u—v),(u—v)]+(f(u)—f(v),u—v) 37)

But there exists two real values d;, 0,>0, such that

82
[y(u—v),(u—v)]ZQ [ (38)
o’ 55 2
o ) |2 = (39)
and according the Schwartz inequality, we get
(f@) = fOu=-v)<alu—, (40)

where >0 is the Lipschitzian constant and therefore:

(fw)~ fO)u—v)<alu—|

. (41)
S =(f) - fO)u-v)=alu-v|

Substituting Eqs.(38)~(41) into Eq.(37) we yields

(L)~ L,()u—v)2 (5, + 8, +a)|u—v[

(42)

2

.

where k=9,+&+a. Then the hypothesis (H;) holds.
Then we verify the convergence hypotheses (H;)

for the operator L/u). For that we have

(L, (u) = L,(v),w) = (%Z(u -v), Wj + (;y—l(u -v), Wj
0@ 161 < dfu o] e~
R [ Pyl e @)

where C(M)=4+a and the hypotheses (H,) holds.

CONCLUSION

In this paper, we calculated the approximate
solutions of 2D and 3D parabolic differential equa-
tions by using ADM. We demonstrated that the de-
composition procedure is quite efficient for deter-
mining solution in closed form by using initial con-
dition or boundary conditions. Our present methods
avoid the tedious work needed by traditional tech-
niques. In the studies by Ho and Yang (2001), and
Dehghan (2002; 2003a; 2003b) much time was spent
and boring operations were done by WGM, FTCS,
BTCS, (1,13) fully explicit method, 9-point finite
difference method and C-N to get approximate solu-
tions. In our study, however, we can get better ap-
proximately accurate solutions than the other methods
by using easy calculations by using our method. The
method avoids the difficulties and extensive compu-
tational work that usually arise from the WG, Finite
difference methods, Parallel techniques method and
the C-N method.

It is possible to solve this problem by using both
the initial and the various boundary conditions.
Relevant studies (Lesnic, 2002b) showed that the use
of the Dirichlet, Robin, Neumann and mixed bound-
ary conditions will be sufficient for finding approxi-
mately accurate solutions.
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