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Abstract: A bi-harmonic potential function was constructed in this study. Love solution was employed to obtain analytical
solutions of uniformly loaded plates with two different types of clamped edges. The treatment of clamped boundary conditions
was the same as that adopted by Timoshenko and Goodier (1970). The analytical solution for the first type of clamped boundary
condition is identical with that obtained by Luo et a/.(2004), and the solutions for both types were compared with the FEM results
and the calculations of thin plate theory.
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INTRODUCTION

The problem of circular plates subjected to a
uniform load is one of the classical problems in elas-
ticity theory, which also is encountered frequently in
practice. Timoshenko and Goodier (1970) presented a
three-dimensional solution for uniformly loaded iso-
tropic circular plates with simply supported edges.
Analytical solutions of isotropic circular plates with
either clamped or simply supported edges subjected
to a uniform load, which were derived based on thin
plate theory with Kirchhoff hypothesis, can be found
in (Timoshenko and Woinowsky-Krieger, 1959).
Lekhnitskii (1968) investigated problems of anisot-
ropic circular plates with clamped and simply sup-
ported boundaries. Ding et al.(1999) obtained
three-dimensional exact solutions of elastic circular

* Project (Nos. 10472102 and 10432030) supported by the National
Natural Science Foundation of China

Document code: A

CLC number: 0343.1

plates subjected to axisymmetric deformation under
two specific boundary conditions. Luo et al.(2004)
derived a three-dimensional analytical solution of
clamped circular plates by taking displacements as
the basic variables; however, their analysis involves a
step to solve ordinary differential equations, and
hence is very cumbersome. Furthermore, Luo et
al.(2004) took only one type of boundary condition
into consideration. Recently, Ding et al.(2005) ob-
tained two analytical solutions of plane elasticity
problem of a fixed-fixed isotropic beam subjected to a
uniform load. Both solutions have not been reported
in literature and have an important theoretical value.

This article, following the work of Timoshenko
and Goodier (1970), presents three-dimensional
analytical solutions for a uniformly loaded circular
plate with clamped edges by making use of Love
potential functions. It can be shown that the present
analysis is very simple and clear. Numerical com-
parison is made with FEM and the thin plate theory,
and some interesting observations are obtained.
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BASIC EQUATIONS FOR AXISYMMETRIC
DEFORMATION PROBLEMS

In the case of axisymmetric deformation without
the effect of body forces, the stress and displacement
components, according to (Timoshenko and Goodier,
1970), can be expressed in terms of a potential func-
tion as
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where 7., g, 0,, and gy are the stress components; u
and w are the displacements in x- and z-directions,
respectively; G is the shear modulus and v Poisson’s
ratio. The potential function ¢ in Eqs.(1)~(6) satisfies
the following bi-harmonic equation

V>V’ =0 (7

where V* is the three-dimensional Laplace’s operator,
which reads in the axisymmetric case as
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STRESS AND DISPLACEMENT

Consider a clamped circular plate with radius b
and height /4, subjected to a uniform load ¢ as shown
in Fig.1.

Take the potential function as the following
bi-harmonic polynomial with 8 terms
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Fig.1 Clamped circular plate subjected to a uniform load
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where a;, b; (i=2, 3, 4, 6) are unknown constants to be
determined. The substitution of Eq.(9) into Egs.(1)~(6)
gives
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where

¢, =—4a, + (10-12v)b, (16)
It can then be seen from Eqs.(10)~(15) that there are
totally 7 unknown constants to be determined, in-
cluding dae, b6, ay, b4, as, b3 and C).

UNIFORMLY LOADED CIRCULAR PLATE
WITH CLAMPED EDGES

Timoshenko and Goodier (1970) proposed two
types of description of the clamped edge while in-
vestigating beam problems based on the plane elas-
ticity. Both of them will be considered in this paper.
The boundary conditions corresponding to the first
type are:

z=h/2: 6,70,

z=—h/2: 0,~—q,

z=+h/2: 1,,=0;

z=0, r=b: u=v=0, ow/or=0.

Substituting Eqs.(10), (11), (14) and (15) into the
above boundary conditions leads to 7 algebraic equa-
tions, which in turn determines the 7 unknown con-
stants as follows

, _18-1lv g
¢ 3520 K
_la
¢ 352K
, _B8-Tvab® 15-14v ¢
Y896 K 896(1-v)h’
_3ab 3 g a
Y12 B 1120-v) R
a __L
Po60(1-v)’
=9
o200-v)
3(1-v) gb*
“TT6 w

Substitution Eq.(17) into Egs.(10)~(15) gives
rise to expressions of stress and displacement com-

ponents:
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Eqgs.(18)~(23) are identical to those obtained by Luo
et al.(2004), who employed a different method.

From Eq.(23), it is easy to obtain the expression
for the deflection of the neutral surface z=0 as

24)

which is identical with the two dimensional solution
as presented in (Timoshenko and Woinowsky-
Krieger, 1959).

The difference between two types of boundary
conditions is only at the point (r,z)=(,0). For the sec-
ond type, 0u/0z=0 should be used to replace ow/0r=0 in
the first type of boundary conditions. The stress and
displacement components are then obtained as
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From Eq.(30), the deflection of the neutral surface
z=0 is determined as
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By comparison, it can be seen that the stress
components o, and 7,, keep unchanged for the two
types of boundary conditions, in other words, the
different boundary conditions exert no influence on
them. The situation changes for o,, gy, u and w, all are
slightly different for the two types of boundary con-
ditions. According to Egs.(24) and (31), the differ-
ence between the deflections w under the two
boundary conditions can be obtained as

:3_q(b2 _VZ)

8Gh (32)
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which indicates that the deflection for the boundary
conditions of the second type is always larger than
that for the first type. Here and after, a subscript 1
denotes the quantity corresponding to the first type of
boundary conditions, while a subscript 2 denotes the
one corresponding to the second type.

Subtracting Eq.(20) from Eq.(27) results in

0,0, =t (33)
(A-=v)h
which implies that 6,,>0,; when z>0, while ¢,,<0,1
when z<0.
From Egs.(22) and (29), we get
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from which, conclusion can be drawn that, wu,>u;
when z>0, while u,<u; when z<0.

NUMERICAL RESULTS AND DISCUSSION

In this paper, for the purpose of comparison, the
commercial FEM code ANSYS is utilized to study the
uniformly loaded plate with a clamped edge which is
modeled using plane elasticity theory, i.e. u=w=0 at
r=b, —h/2<z<h/2. Young’s modulus and Poisson’s
ratio of the plate are taken as E=2x10"" N/m” and
1=0.3, respectively, and the load intensity is g=6x10°
N/m’. In the calculation, axisymmetric elements with
8 nodes are employed, and for the sake of conven-
ience, the thickness of the plate is taken to be 1 m, and
then the meridian plane is discretized evenly by
106%20 (b in meter) rectangular elements.

The dimensionless deflections w(r,0)/h of the
neutral plane are plotted in Figs.2 and 3 for two di-
ameter-to-height ratios, i.e. 2b/h=10 and 2b/h=4,
respectively. The numerical values of the dimen-
sionless central deflection of the plates are listed in
Table 1 for various different diameter-to-height ratios,
while those of the dimensionless radial stresses a,/q at
the point (7,z)=(0,4/2) are given in Table 2. When
using the present analysis, two different types of
boundary conditions can be taken into consideration,
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so that two results can be obtained for each case,
which are denoted as Type 1 and Type 2, respectively
in these tables and figures. Moreover, calculation
based on the classical thin plate theory with Kirchhoff
hypothesis is also performed, and the associated re-
sults are indicated by TPT as in Table 2.

As seen in Table 1, the dimensionless deflection
obtained by FEM lies between the two results for two
different types of clamped boundaries. This is further
demonstrated in Figs.2 and 3. From Figs.2 and 3, we

Table 1 Dimensionless central deflection w(0,0)/h

2b/h Type 1 FEM Type 2
20 5.12x10 5.33x10 5.41x107
10 3.20x10° 3.75%107 3.93x10°

8 1.31x107 1.67x107 1.78x107
6 4.15x10™* 6.16x10™ 6.78x10™
4 8.19x107° 1.71x10™* 1.99x10*
2 5.12x10°° 2.62x107 3.44x107

Table 2 Dimensionless radial stresses a,(0,//2)/q

2b/h Type 1 TPT FEM Type 2
20 47.395 48.750 48.806 49.538
10 10.832 12.188 12.285 12.975
8 6.445 7.800 7.909 8.588
6 3.032 4.388 4.508 5.175
4 0.595 1.950 2.084 2.738
2 —0.868 0.488 0.604 1.275
45
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=
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Fig.2 Dimensionless deflection curve when 2b/h=10

1167

can draw two conclusions: (1) the FEM calculation is
closer to the analytical solution for the second type of
boundary conditions; (2) the larger the diame-
ter-to-height ratio, the closer the two analytical solu-
tions.

From Table 2, it is seen that the dimensionless
radial stresses 6,(0,h/2)/q calculated by FEM are
higher than those by the classical thin plate theory, but
smaller than the stresses obtained by the analytical
solution for the second type of boundary conditions.
In particular, the classical thin plate theory gives
stresses that are closer to the FEM results. When
2b/h=2, we have 06,(0,h/2)/q<0, which indicates that
the first type of boundary conditions is not capable of
simulating the FEM model as employed in our study.
As for the second type of boundary conditions, al-
though we have 6,(0,4/2)/g>0, which still bears the
same sign as that of the stress calculated by FEM, the
error between the two arrives at as much as 105%. In
fact, according to Eqgs.(20) and (27), we can get

0. Q12 3, )b _@n@+y) o aq,
8 h 8(1-v)

0,(0,h/2) 3 b 8-5v-v

—_8(1+v)h2 30_7) (35b)

where the term 3(1+1)b%/(84%) is just that predicted by
the classical thin plate theory. It can be shown from
Eq.(35a) that 6,(0,4/2)/qg<0 will hold provided that

b/h<\(4+v)/[3(1—-V)]. In a particular case of 1=

0.3, as long as 2b/h<2.862, ¢,1(0,h/2) becomes nega-
tive.
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Fig.3 Dimensionless deflection curve when 2b/h=4
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