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Abstract:    An analysis of the instability in the Taylor-Couette flow of fiber suspensions with respect to the non-axisymmetric 
disturbances was performed. The constitutive model proposed by Ericksen was used to represent the role of fiber additives on the 
stress tensor. The generalized eigenvalue equation governing the hydrodynamic stability of the system was solved using a direct 
numerical procedure. The results showed that the fiber additives can suppress the instability of the flow. At the same time, the 
non-axisymmetric disturbance is the preferred mode that makes the fiber suspensions unstable when the ratio of the angular ve-
locity of the outer cylinder to that of the inner cylinder is a large negative number.  
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INTRODUCTION 
 

Fiber suspensions have more and more uses in a 
variety of industrial applications such as the manu-
facture of composites, environmental, chemical, tex-
tile engineering, papermaking, etc. The spatial and 
orientation distributions of fibers have significant 
effect on the suspensions (Lin and You, 2003; Lin and 
Zhang, 2003; Zhou and Lin, 2005). For example, the 
composite is stiffer and stronger in the direction of 
greatest orientation, and weaker and more compliant 
in the direction of least orientation. In researches on 
fiber suspensions, their hydrodynamic instability is an 
important topic, so inquiring into the characteristics of 
their hydrodynamic instability is worthwhile. 

Only limited attention, however, have been de-
voted to the instability of fiber suspensions up to now. 
Azaiez (2000a; 2000b) presented the results of a lin-
ear instability analysis of the mixing layer at high 

Reynolds numbers, and showed the effects of the 
presence of rigid fibers on the temporal instability of 
the flow. You et al.(2004) used slender body theories 
to conduct linear instability analysis of the circular 
pipe and channel flow in the presence of fiber addi-
tives. Pilipenko et al.(1981) discussed theoretically 
the effect of fibers on the instability of the laminar 
Taylor-Couette flow of fiber suspensions using the 
model of an anisotropic Ericksen fluid in the case of 
weak Brownian motion. It was found that the fibers 
suppressed the instability of the flows at which the 
realization of a secondary steady periodic flow is 
possible by resolving the linear instability under the 
condition of narrow gap approximation. Blaise (1994) 
carried out an instability analysis of the rigid fiber 
suspensions using the rheological coefficients in the 
Ericksen anisotropic fluid state equation that Pili-
penko used in the case of wide-gap, and indicated that 
the fibers enhanced the stability of the flow. Gupta et 
al.(2002) investigated the centrifugal instability of the 
Taylor-Couette flow in a semi-concentration non-Br- 
ownian fiber suspension by utilizing the fiber orien-
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tation model in conjunction with a quadratic and hy-
brid closure approximation, with the results showing 
that the fiber additives can suppress the instability of 
flow. In general, fiber additives tend to reduce the 
instability of the flow based on the above results. 
However, the investigations mentioned above are 
based on the assumptions that steady secondary flow 
coexists with axisymmetric disturbances, and that the 
outer cylinder is stationary while the inner cylinder 
rotates. Present literatures have not reported investi-
gations on the hydrodynamic instability of fiber sus-
pensions by introducing non-axisymmetric distur-
bances. Therefore, the aim of this work is to study the 
effect of the non-axisymmetric disturbances on the 
hydrodynamic instability of fiber suspensions. 

 
 

MATHEMATICAL MODEL 
  

The assumed to be incompressible fluid is con-
tained between two concentric rotating cylinders 
whose inner and outer angular velocities and radii are 
Ω1, Ω2 and R1, R2, respectively. For infinitely long 
cylinders, the relevant parameter characterizing the 
geometry of the flow is the ratio of the two radii of the 
cylinders η=R1/R2 and the gap between the two cyl-
inders δ=R1−R2. The governing equations are the 
continuity equation and momentum equation: 

 
∇⋅u=0,                                                   (1) 

p
t

ρ ∂ + ⋅∇ = −∇ +∇ ⋅ ∂ 
u u u τ ,              (2) 

 

where ρ, p are the density and the isotropic pressure of 
the fluid, respectively, u is the velocity vector, 
u=uer+veθ+wez, τ is the stress tensor. The boundary 
condition on the cylinder walls is no-slip condition. 

According to the invariant theory of anisotropic 
fluids (Erickson, 1960), the stress tensor τ can be 
expressed as a function dependent on the velocity 
gradient and the fiber preferred direction: 

 

1 2 32 ( : ) 2 ( )µ µ µ µ= + + + ⋅ + ⋅nn nn nn nnτ γ γ γ γ  
(3) 

 
where γ  is the tensor of strain rate and defined as  
 

T( ) / 2= ∇ +∇u uγ ,                         (4) 

For brevity, we denote: 
 

1 2 3( : ) 2 ( )f µ µ µ= + + ⋅ + ⋅nn nn nn nnτ γ γ γ          (5) 
 
n in Eq.(3) represents the preferred direction of the 
fibers, and the material derivative of n satisfies: 
 

( : )
t

χ∂
+ ⋅∇ = ⋅ + ⋅ −

∂
n u n n n nnnω γ γ ,           (6) 

 
where ω is the vorticity tensor and defined by 
 

ω=(∇uT–∇u)/2,                             (7) 
 
χ in Eq.(6) is a geometric parameter related to the 
fiber aspect ratio H=L/d with L and d being the length 
and the diameter of the fiber. Hand (1961) compared 
the above equations with Jeffery’s equation for el-
lipsoid and found that both equations are identical 
with an appropriate interpretation of the material 
constant χ=(H2−1)/(H2+1), with χ is equal to zero for a 
spherical particle, while for the fibers, χ acts as a 
shape factor and approaches unity when the fiber 
aspect ratio approaches infinity. In Eq.(3), µ1, µ2 and 
µ3 are the independent material constants. It can be 
found that the fluid with non-zero µ1 is the Bingham 
fluid if the fluid is at rest. In the present study µ1 is 
zero. µ2 and µ3 are derived based on different theories. 
When Brownian motion is absent or weak, µ2 and µ3 
depend mainly on the fiber properties such as the 
aspect ratio H and the volume concentration φ of the 
fibers. The fourth term on the right hand side of Eq.(3) 
is significant for fibers that are close to the molecular 
scale, but can be negligible for relatively large parti-
cles. In the semi-concentration regime, i.e. 
1/H2≤φ≤1/H, several models have been developed to 
determine the expression of the parameter µ2. For 
slender rigid ellipsoids of revolution, Hinch and Leal 
(1972) and Batchelor (1971) derived the following 
expressions for µ2 with aligned fibers subjected to 
elongation along the fiber axis, respectively:  
 

µ2=µφH2/ [ln(2H)−1.5],                             (8) 
µ2=2µφH2/ [3ln(2π/φ)1/2],                          (9) 

 
Pilipenko et al.(1981) got a constant parameter µ2 for 
large H with the Brownian motion neglected: 
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µ2=µφ{H2/[ln(2H) −1.5]−(1.26H/lnH)},         (10) 
 
Dinh and Armstrong (1984) made essentially 

equivalent extensions of Bachelor’s approach to ar-
bitrary flows based on the slender-body theory. They 
used cell model to derive the expression of µ2. Com-
paring their model with Eq.(3), µ2 reads:  
 

µ2=2µφH2/[3ln(2hf/d)],                  (11) 
 
here hf is a characteristic distance between a fiber and 
its nearest neighbors, which depends on the fibers 
orientation. hf/d=(π/4φ)1/2 for aligned fibers, and 
hf/d=π/4φH for fibers with random orientations. 

The contribution of the fibers to the stress is not 
proportional to their volume concentration according 
to Eqs.(8) and (10). Shaqfeh and Frederickson (1990) 
derived the expression of µ2 based on the thin slender 
body theory, taking the fiber-fiber interactions into 
account: 
 

µ2=4µφH2/{3[ln(1/φ)+ln(ln(1/φ))+C]},          (12) 
 
where C is a constant dependent on the distribution of 
orientation and shape of the fiber. If the fibers are 
aligned, C=0.1585, whereas C=−0.6634 for an iso-
tropic suspension. It should be pointed out that all 
these expressions for µ2 are essentially the same in the 
range of validity of the theory although they have 
some differences in the forms. Eq.(12) is adopted here.  

To undimensionalize the parameter in the flow, 
we rescale the dimension by the gap width δ, the time 
t by the momentum diffusion time δ2/ν across the gap, 
the velocity u by Ω1R1 of the inner cylinder, and the 
pressure p by ρΩ1R1ν/δ. So the governing Eqs.(1), (2) 
and (6) can be rewritten in a non-dimensional form: 

 
∇⋅u=0,                                                         (13) 

( )t Re p∂ ∂ + ⋅∇ = −∇ +∇ ⋅u/ u u τ ,                   (14) 
1 / ( : ),Re t χ− ∂ ∂ + ⋅∇ = ⋅ + ⋅ −n u n n n nnnω γ γ     (15) 
 

where the Reynolds numbers of the Couette flow 
Re=Ω1R1δ/ν. The boundary conditions are: 

At the wall of inner cylinder: 
 
r=η/(1–η), u=0, v=1, w=0,                                     (16) 

 
At the wall of outer cylinder: 

r=1/(1–η), u=0, v=Ω/η, w=0,                                (17) 
 

Solution of Eqs.(13) and (14) yields a stationary 
laminar circular Couette flow: 
 

u0(r)=V0(r)eθ=(Ar+B/r)eθ,                                (18) 

1

2
0

0 1 2 2 3 2

( )
( ) d ( 4 )

r

r

V r Bp r Re r N N
r r

µ µ= − +∫          (19) 

 

where
2

2 12

(1 ),   , / ,
(1 ) (1 )(1 )

A BΩ η η Ω Ω Ω Ω
η η η η

− −
= = =

+ − −
 

N1=[(1–χ)/(2χ)]1/2, N2=[(χ+1)/(2χ)]1/2,  N3=0. 
Infinitesimally small disturbances are introduced 

to the basic flow field in the azimuthal θ and axial z 
directions. Then the velocity, pressure and orientation 
vectors are expressed by the base flow and the small 
perturbations. 

 
u=(u*,V0(r)+v*,w*), p=p0(r)+p*, 

1 1 2 2 3 3( , , )N n N n N n∗ ∗ ∗= + + +n . 
 

where “*” denote small disturbances. Normal mode 
analysis revealed that the perturbation parts of the 
velocity and the pressure can be expressed as: 
 

( )
( )

exp[ i( )]
( )
( )

u u r
v v r

t m kz
w rw
p rp

λ θ

∗

∗

∗

∗

   
   
   = + +   
        

,          (20) 

 
and that the orientation vector n* is:  
 

1 1

2 2

33

( )
( ) exp[ i( )]
( )

n n r
n n r t m kz

n rn
λ θ

∗

∗

∗

   
   = + +   
       

,          (21) 

 
where k, m are the wave numbers in axial and azi-
muthal direction, respectively, the eigenvalue 
λ=λr+iλi is the growth rate of the perturbation. 

By introducing the perturbations Eqs.(20) and 
(21) into the momentum equations, we can obtain the 
linear stability equations of fiber suspensions in cy-
lindrical coordinates with consideration of weak 
Brownian motion. The equations make up a complex 
generalized eigenvalues problem that can be written 
in the implicit functional form: 
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F(Re, Ω, H, φ, η, m, k, λ)=0,               (22) 
 
For a set values of Ω, H, φ, η, m and k, we can 

determine the real positive value of Re when the real 
value of λr is equal to zero. The Chebyshev spectral 
method, similar to that of by Orszag (1971), is used to 
solve the above equations numerically. The concept 
of a differentiation matrix used by Weideman and 
Reddy (2000) and Trefethen (2000) proved to be a 
very useful tool for numerically solving differential 
equations, and is used in the present study to put the 
Chebyshev spectral method into practice. 

 
 
RESULTS AND DISCUSSION 
 

In order to assure the validity of the computa-
tional procedure, the present results for an axisym-
metric Newtonian fluid are compared with other re-
sults (Recktenwald et al., 1993). The critical inner 
Reynolds number Rec and the critical wave number kc 
are listed in Table 1, where η is the ratio of the radius 
of inner cylinder to that of outer cylinder, when the 
outer cylinder is stationary. From the table, we can see 
that both results are in agreement. 

 
 
 
 
 
 
 
 
 
 
Figs.1 and 2, in  which  η=0.9,  H=103,  φ=10-3, 

show the effect of fiber additives on the instability of 
the Taylor-Couette flow. Fig.1 shows the neutral 
stability curves for three different ratios of the angular 
velocity of outer cylinder to that of inner cylinder 
Ω=0.5, 0, –0.5 and for three azimuthal wave numbers 
m=0, 1, 2, respectively. The Reynolds number in the 
figure is normalized according to the critical Rey-
nolds numbers for the Newtonian Taylor-Couette 
flow. It can be seen that the addition of the fibers 
enhances the critical Reynolds numbers, i.e., the fiber 
suspensions are more stable than those in the corre-

sponding Newtonian flow. The smaller the axial wave 
number is, the stronger is the fibers suppression of the 
flow instability. We can also find that the critical 
Reynolds numbers is larger when non-axisymmetric 
disturbances are introduced than that when axisym-
metric disturbances are introduced, for Ω=0.5, 0 and 
–0.5, which means that the axisymmetric disturbances 
easily make the flow unstable. However, the curves in 
cases axisymmetric disturbances and of non-axisym- 
metric disturbances change a lot with increasing Ω. 

Fig.2a shows that when Ω=−0.7, the difference 
of the two curves in the case of axisymmetric distur-
bances with m=0 and the  case  of  non-axisymmetric 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

 
 
 
 
 

Table 1  Comparison of computational results 
 

Rec kc 
η Other 

result 
Present 
result 

Other 
result 

Present 
result 

0.8   94.73   94.73 3.1326 3.1328 

0.9 131.61 131.61 3.1288 3.1288 

0.975 260.95 260.94 3.1270 3.1270 
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Fig.1  Relative neutral stability curves Rec/ReN vs k 
(a) Ω=0.5; (b) Ω=0; (c) Ω=−0.5 
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disturbances with m=1 is small. While as shown in 
Fig.2b, the critical Reynolds numbers is smaller for 
the non-axisymmetric disturbances than that for the 
axicymmetric disturbances when Ω=−1. 

Corresponding to Fig.2, Fig.3 shows the varia-
tions of the growth rate of the disturbances λr versus 
the axial wave number k for different azmuthal wave 
number m with a given Reynolds number Re=192 and 
245, respectively. We can see that when axisymmetric 
perturbations dominate in the flow, there is little 
change of the most unstable axial wave number. But 
when non-axisymmetric disturbances surpass the 
axisymmetric ones,  the  characteristics  of  instability 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

have some differences. The larger the wave number 
corresponding to the greatest growth rate of the dis-
turbance in the azimuthal direction is, the smaller is 
the most unstable axial wave number. 

Fig.4 shows the influence of the aspect ratio H on 
the critical Reynolds numbers Rec for the axisymmet-
ric disturbance m=0 and non-axisymmetric distur-
bance m≠0 at η=0.88 and φ=10−4. We can obtain the 
smallest critical value of inner cylinder Reynolds 
number for different azimuthal wave numbers by in-
terpolating and drawing the graphs between Rec and Ω. 
For a given Ω in Fig.4, the critical Reynolds number 
Rec is determined according to the lowest point on the 
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Fig.2  Neutral stability curves Rec vs k. (a) Ω=−0.7; (b) Ω=−1 
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Fig.4  Variation of Rec vs Ω for different aspect ratio H. (a) H=104; (b) H=0.7×104 

Fig.3  Growth rate of disturbances λr vs k. (a) Ω=−0.7; (b) Ω=−1 
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neutral stability curves. Comparing Fig.4a with Fig.4b, 
we can see that the larger Ω is, the more stable is the 
flow in case of axisymmetric or non-axisymmetric 
perturbations. At the same time, Ω is equal to –0.58 
when H=104, i.e., the non-axisymmetric disturbances 
destabilized the flow more easily than the axisym-
metric disturbance when Ω<−0.58. The critical value 
of Ω is –0.66 for the case of H=0.7×104. 

The effects of φ on the stability can be seen from 
Fig.5 in which η=0.92 and H=104. It can be seen that 
the effects of the volume concentration of the fibers 
on the stability are similar to the effects of the fiber 
aspect ratio. The critical value of Ω is –0.71 for 
φ=0.5×10−4, while Ω is –0.62 for φ=10−4, i.e. the 
critical value of Ω decreases with decreasing volume 
concentration φ. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

It is known that the method of energy balance 
provides a very useful tool for studying the driving 
forces of the disturbance and can shed some light on 
the critical transition. In order to explain the mecha-
nisms of the fiber additives suppression of the insta-
bility, we examine the disturbance kinetic energy 
equation derived by taking the scalar product of the 

linearized momentum equation with the product of 
the disturbance velocity vector and radial direction 
vector, then integrating the resulting equation from R1 
to R2 (Frigaard and Nouar, 2003). It yields: 
 

λ||u||2=ReEin−Evi−Ef,                                  (23) 
where 

2

1

2 2d
R

R
r r= ∫u u  

22

1
in 0 0 0 02 ( ) i | | d

R

R
E V vu rDV V v u mV u r+ + = − + − ∫  

2

1

2
2 22

vi

2 2

i

2i              ( ) d

R

R

mE r D k r mv p
r

u v m uv u v r
r r

+

+ +

  
= + + +  

 
+

+ − − 


∫ u u

 

2

1
f (

                i i i

                i 2

                i i )d     (24)

R f f f f
rr rr rzR

f f f
r z

f f f
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f f f

rz rz z

E ru D u u w

mu mv mw

krw rv D v
rw D kru krv r

θθ

θ θθ θ

θ θ

θ

τ τ τ τ

τ τ τ
τ τ τ
τ τ τ

+ + + +

+ + +

+ + +

+ + +

= − + − +

+ + +

+ + +

+ + +

∫

 
where “+” stands for the complex conjugate transpose 
of the small disturbance. The term on the left side in 
Eq.(23) represents the change rate of the disturbance 
energy, which is proportional to the growth rate of the 
disturbance λ. This term becomes very small when the 
real part of λ is close to zero. The first term Ein on the 
right side of Eq.(23) is the inertial term, correspond-
ing to the rate of production of kinetic energy associ-
ated with the convection of the base flow. The other 
two terms Evi and Ef are the viscous diffusion due to 
the suspending fluid and the fiber-induced diffusion, 
respectively. Our calculations showed that the inertial 
term Ein remains a positive value and acts as a source 
term in the equation. The other two terms Evi and Ef 
are dissipative. The term Evi dominates the energy 
dissipation, which is different from the mixing layer 
of fiber suspensions where the dissipative term caused 
by the viscous forces is always negligible. The in-
fluence of the volume fraction φ on Ef for axisym-
metric and non-axisymmetric disturbance modes is 
shown in Fig.6 while η=0.9, H=103 and Ω=−1, in 
which Ef is normalized by the source term Ein of ki-
netic energy. It can be seen that Ef increases mo-
notonously with increasing volume fraction φ. But the 
magnitude of Ef is different for the axisymmetric and 
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Fig.5  Variation of Rec vs Ω for different volume fraction φ 
(a) φ=10−4; (b) φ=0.5×10−4 
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non-axisymmetric disturbance modes at a given φ. 
The value of Ef for the axisymmetric disturbance 
mode is always smaller than that of the 
non-axisymmetric disturbance mode. Similar con-
clusion on the function of the fiber aspect ratio H can 
be drawn. The positive energy caused by the fiber 
stress consumes the gross energy of the fluid system 
and leads to suppression of the flow instability. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
CONCLUSION 
 

The present paper is focused on the effects of 
fiber additives and the non-axisymmetric distur-
bances on the hydrodynamic stability of the flow 
confined between an inner cylinder and a concentric 
outer cylinder. The numerical results showed that the 
fibers can suppress the instability of the flow. Fur-
thermore, the suppression is more prominent with 
increasing volume concentration and aspect ratio of 
the fiber. For the case, investigated by Gupta et 
al.(2002), of inner cylinder rotating and outer sta-
tionary with the axisymmetric modes, the present 
numerical computations yielded similar results. 
However, when the ratio of the angular velocity of the 
outer cylinder to that of the inner cylinder is a large 
negative number, the assumption that the critical 
Reynolds number is dependent on the axisymmetric 
disturbance will not hold in the fiber suspensions, i.e. 
the instability may be caused firstly by the 
non-axisymmetric disturbances rather than the axi-
symmetric disturbances. 
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Fig.6  Fiber stress energy Ef vs φ 
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