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Abstract: By introducing the homogenous coordinates, degree elevation formulas and combinatorial identities, also by using
multiplication of Bernstein polynomials and identity transformation on equations, this paper presents some explicit formulas of the
first and second derivatives of rational triangular Bézier surface with respect to each variable (including the mixed derivative) and
derives some estimations of bound both on the direction and magnitude of the corresponding derivatives. All the results above

have value not only in surface theory but also in practice.
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INTRODUCTION

In Computer Aided Geometric Design (CAGD),
series of researches on the computation of derivatives
of parametric curve and surface as well as bound
estimation of the corresponding derivatives have been
done worldwide owing to their essentiality (Seder-
berg and Wang, 1987; Floater, 1992; Saito et al., 1995;
Wang and Wang, 1995; Wang et al., 1997; Kim et al.,
2001). But there exist two limits of these research
works. First, for a rational parametric curve or surface,
only computation of the first derivative and its bound
estimation are provided; second, for a rational surface,
the evaluation formulas and bound estimation are
only derived on the surface defined on a rectangle
domain, e.g. rational quadrangular Bézier surface. As
for a rational surface defined on a triangle domain,
because the deduction process is complicated and the
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computation algorithm is less effective, evaluating its
first and second derivatives and estimating the cor-
responding bounds have not been presented yet.
However, the surface defined on a rectangle
domain cannot be used to solve many problems in
CAGD. For example, interpolation of the surfaces
over scattered data without regular distribution is
often by using a triangular surface; a part of the con-
trol points of some surfaces represented by ten-
sor-product Bézier patches must be degenerate, but
they are non-degenerate if the surfaces are repre-
sented by some triangular Bézier patches (Farin et al.,
1987). Many published articles on the triangular sur-
face (Farin, 1986; Tian, 1988; 1990; Hu, 1996; Hu et
al., 1996a; 1996b) imply the surface is an important
tool in the field of CAGD. The rational triangular
Bézier surface has many advantages of the triangular
surfaces by polynomial form, and it can also exactly
represent a conic section and control the shape with
weights, so it is a hot subject in CAGD at present.
Farin et al.(1987) constructed an octant of a sphere
exactly by a quartic rational triangular Bern-
sterin-Bézier surface, which is non-degenerate. Tian
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(1990) presented a recursive algorithm and a subdi-
visional algorithm for evaluating rational triangular
surfaces. Hu er al.(1996a; 1996b) derived a method
for subdividing a rational quadrangular surface into
three rational triangular surface. All the works above
indicate that rational triangular Bézier surface plays
an important role in CAGD, so it is necessary to solve
the remaining suspensive problems mentioned above,
i.e., the computation of lower derivatives of rational
triangular Bézier surfaces and their bounds estima-
tion.

Facing the challenge, in this paper, by using the
direction operator between the Cartesian vectors of
two homogeneous points as well as degree elevation
formulas of rational triangular Bézier surface, also by
executing the identity transformation on the linear
combinations of Bernstein basis, a successful method
for computing the derivatives is presented. We can
represent the ath (0=1,2) derivatives of a rational
triangular Bézier surface with degree n in another
rational triangular Bézier surface with degree 2°n. So
the lower derivatives of any rational triangular Bézier
surface can be evaluated and displayed through
computer programming by the recursive algorithm
and subdivisional algorithm designed by Tian (1990).
Furthermore, by using some combinatorial identities
and multiplication of Bernstein polynomials, bounds
both on the direction and magnitude of the lower
derivatives of rational triangular Bézier surface can
also be derived.

COMPUTATION OF LOWER DERIVATIVES OF
RATIONAL TRIANGULAR BEZIER SURFACE

A degree n rational Bézier surface on a triangular
domain (rational triangular B-B surface) can be de-
fined as follows:

N
RGuvow) = XYY e (1)
D(u,v,w)
where
D(u,v,w)= Y. o, B  (u,v,w), )
i+j+k=n

Nu,v,w)= > o, R B (uv,w), )

i+ j+k=n

i'jlk!
with degree n, Rij=(X;jkVijk z,-7,-,k)e]R{3 is control
point of the surface, w;;r is weight, T:{(u,v,w)
[u+v+w=1, 0<u,v,w<l} is the parametric domain of
the surface.

If R;;; and w;;; are defined the same as above,
an equivalent representation of the surface Eq.(1) can
be written as follows:

u'v/w* is Bernstein basis

and B (u,v,w)=

1,

n
Z a)[,j,n—i—jRi,j,n—i—jB:j,n—[—j (u,v)
R(u,v) =221

n

Z a)i,j,n—i—jBi’,lj,n—[—j(u’V)

i+j=0
o, R B' (u,v)
_ ,-;0 S _ N(u,v)
< " D(u,v ’
2 @B (u.v) ()
i+j=0
(u,v)eD={(u,v)|u,vZO,u+vS1}. 4

Eq.(1) depends on three parameters u, v, w; Eq.(4)
gives a less complicated representation of the rational
triangular Bézier surface which can be easily used to
compute the derivatives. Tian (1990) suggested a
recursive algorithm and subdivisional algorithm for
evaluating the rational triangular B-B surface, so the
main idea here is to represent the first and second
derivatives (including the mixed derivatives) with
respect to each parameter of a rational triangular B-B
surface Eq.(4) in another rational triangular B-B sur-
face with appropriate degrees, hence the final com-
putation of derivatives can be obtained with the
evaluation algorithm of surfaces through computer
programming.

Let us now start with the computation of the first
derivative with respect to the parameter u of the ra-
tional triangular B-B surface Eq.(4). The differentia-
tion of Eq.(1) with respect to the parameter u yields
the following equation:

ON (u,v)
aR(M,V) _ 8u

Ou {D(u,v)}2

D(u,v)

- LDéZ’ v) N(u,v)

. (5)

As the denominator {D(u,v)}” is the product of
polynomials, it can be rearranged in the form of
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Bernstein polynomials of degree 2n as follows:

2n
D*(u,v)= 3 K, B, (u.v). ©)
I+m=0
where
min{n,/+m} i ] n—i-— ]
Kim = > D, ;O im-j

i+ j=max{0,/+m—n} 2”
n

To represent the numerator of Eq.(5) in a trian-
gular B-B surface of degree 2n succinctly, we ma-
nipulate the control points in a homogeneous coor-
dinate system. Rewriting the control point
R, =(x;;,yi,zi;) in the form of homogenous coordinate

0

yields R, ;= (Xi,Y1.Zi;,0i)) = (011,01, 91,01 Zi:04)),
0<i+j<n. Then define the direction (Satio et al., 1995)
of Cartesian vector between two homogenous points

R ; and R, as
Dlr(Ri,j ’Rpx/) = a)i,ja)pwl (Rp,q - Ri,./')
= (wi,jX%q - a)p»qu,/" wi,jYp,q
_wp,qu.j’ wi,ij.q - wp,qu.j )
o0, * 0,

and according to the differential

OB (u,v
% = n{B.”’1 (u,v) - Bi’:.l (u, v)}, the numerator
u

i-l,j
of Eq.(5) can be rewritten as follows:

equation

ON (u,v) D(u,v) - oD(u,v) N(uv)
ou ou
2, 3 s OB )

= Z a)i,/'a)p,q (R” - sz )Bp,q (u’ V) 814

p+q=0i+;=0

n n—1

= Z {n Z Dir(Rl.‘j —R,.H"/.,Rp‘q)BI,”’J’.1 (u,v)}B;’q (u,v).

p+q=0 i+j=0

®)

Furthermore, Eq.(8) can be represented by degree
elevation (Farin, 1990; Hoschek and Lasser, 1992) as
follows:

ON (u,v) D(u.v)— oD(u,v) N(w.v)
ou ou
=> Z {iDir(ﬁi_u—I}u,i{p’q)
p+q=0i+;=0

+jDir(I~€i,/,fl - I~2MJ71 R,, ) + (n —i- j)

xDir(i{U - RW. ,I}p,q )} B} (u,v)B, ,(u,v)

1

2n
= > D, B"(uy), ©)

I+m=0

where

min{n,/+m}

I 0 vl g

,m i,jil=i,m—j H
i+j:max{0,l+m7n} 2”
n

(10)

opimy =Dir(R. ~R R, )
+jDir(R, Ry, R, )+ (n—i— )
xDir(R,, - R, ,.R,,, ). (11)

Consequently, substituting the denominator and nu-
merator with Eq.(6) and Eq.(9) respectively in Eq.(5)
yields

2n 2n
2 2
Z D/,mBz,:; (u,v) Z K/,sz,mBz,; (u,v)

GR(u,V) — L+m=0 — l+m=0
ou < 2n & 2n ’
Z Kl,mBl,m (u ,V) Z Kl,mBl.m (H,V)
l+m=0 1+m=0
u,v)eD, (12)
where
Jl,m:Dl,m/K],m (1 3)

Thus, the first derivative with respect to the pa-
rameter u of the degree n rational triangular B-B
surface Eq.(4) can be represented in the degree 2n
rational triangular B-B surface Eq.(12) with the con-
trol points J;,, and the weights x;,, (0<Hm<2n). Ad-
ditionally, if J;,, and &, are still defined as above, an
equivalent expression of Eq.(12), i.e., the first de-
rivative with respect to the parameter u of the surface
Eq.(1), is obtained as follows:
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2n

2n
Z Kl,m,2nflfm Jl,m,2nflfm Bl,m,anlfm (M,V)

1+m=0

au 2 2n
Z Kl,m,Zn—I—mBI,m,Zn—I—m (M,V)

I+m=0

2n
Z Ky i1 Bl i 5V, W)

— l+m+k=2n

2
z K mk Bl,rnn,k (u,v,w)

l+m+k=2n

OR(u,v) _

(u,v,w)eT . (14)

Next, we compute the second derivative with
respect to the parameter u of the surface Eq.(4). Dif-
ferentiating Eq.(12) with respect to u again and re-
peating the same above procedure yields

4n
Z lur,er,sB:tg (M,V)

O’R(u,y) _ &
P = 4(’” , wyyeD (15
> B uy)
r+s=0 '
where
r\(s\4n—r—s
min{2n,r+s} l m 2]’! _l —-m
/’lr,s = Kl.mK

I+m=max{0,r+s—2n}

r=l,s—m 4n
2n

Lr,s = Er,s /lur,s >

(16)
(17)

. o))

r,s Z Il,m;r—l,s—m 4 >
l+m=max{0,r+s—2n} ( nj

min{2n,r+s}

2n

(18)
1

st =0 (T =0T )

I,m>Y r—Il,s—m

+mDir(Jl,m—] - j1+l,m—l ’jr—l,s—m ) + (2]’! - l - m)
XDir (jl,m - jl+1,m H jrfl,xfm ) . (19)

Therefore, the second derivative with respect to
the parameter u of the rational triangular B-B surface
Eq.(4) can be represented in degree 4n rational tri-
angular B-B surface Eq.(15) with the control points
L, and the weights y, ; (0<r+s<4n). Similarly, if L,
and 4, 5 are defined the same as above, we can obtain
an equivalent expression of Eq.(15), i.e., the second
derivative with respect to the parameter u of the sur-

face Eq.(1), as follows:

4n
4n
Z /’lr,s,4n—r—er,s,4n—r—sBr,s,4n—r—s (“’ V)

r+s=0

82R(u,v) B
ou’

4n
4n
Z lur,s,4n—r—sBr,s,4n—r—s (ua V)

r+s=0

Z :Llr,x,tLr,.v,tB:::,t (u’ VJ W)

— r+s+t=4n

4
z Iur,s,tBr,:l‘,t (U,V, W)

r+s+t=4n

(u,v,w)eT. (20)

At the same time, to compute the second mixed
derivative of the rational triangular B-B surface
Eq.(4), differentiation with respect to v of Eq.(12) is
implemented. Noting that the appropriate differential
equation is now

OB (u,v) . .
’-’T =n {Bw.il (u,v)— Bl.’jl(u,v)} ,
the result of which is as follows:

4n
4n
Ry 2o B )

= 150 , (w,v)eD. 21
WS e
r+s=0
where
r\(s\(4n—-r—s
SR (1 G
n.s= K Kot 5om 4n
I+m=max{0,r+s—2n}
)
(22)
K. =F, /7., (23)
ri( s\ 4n—r—s
min{2n,r+s} (lj[mj[zn S mj

Fr,s = Z Gl,m;rfl.xfm 4
l+m=max{0,r+s—2n} n
2n

(24)
G

Lmir—ls—m — [Dir(jz— -J J )

1,m I-1,m+1°* r—l,s—m

+mDir(j,’m71 -J jr#&m ) +(2n—1-m)

I,m>

XDir(jl,m - jl,m+1 ’jr—l,s—m ) . (25)

Thus, we have represented the second mixed
derivatives of the rational triangular B-B surface
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Eq.(4) by the degree 4n rational triangular B-B sur-
face Eq.(21) with control points K, ; and weights 7, s
(0<r+s<4n). Then, if K, ; and #,.; are similarly defined
as above, we can also obtain the equivalent equation
of Eq.(21) which is just the second mixed derivative
of the surface Eq.(1) as follows:

4n
4n
771‘,.v,4n—r—.v Kr,s,4n—r—.r Br,.v,4n—r—.v (u’ V)

2
a R(l/l, V) — r+s=0
oudv - n
Z 77r,S,4[1*!‘*SBF,S,4}1*V*S (H, V)
r+s=0
4n
2 nl‘,.v,tKr,.v,tBr,S,t (u’ VJ W)
__ r+s+t=4n
- >
4n
Z nr,s,tBr,s,t (u’ V, W)
r+s+t=4n

(u,v,w)eT . (26)

The same procedure can be used to compute the
first and second derivatives with respect to the pa-
rameter v of the surface Eq.(4).

BOUND ESTIMATION OF LOWER DERIVA-
TIVES OF RATIONAL TRIANGULAR B-B
SURFACE

In this Section, the first step is to rewrite each
equation of the derivative of the rational triangular
B-B surface Eq.(4) in Section 2 in a different expres-
sion, and then estimate the bound of each derivative
based on the new expression. Eq.(8) yields that

ON (u,v)

D
0 D) - P Ny
u u
2n—1 (27)
= Z Hlme;"' (u,v)
I[+m=0 ' '
where
n min{n—1,/+m} l m 27’1 _ 1 _ Z —m
Hl,m: 27’1 Z l . _1__ .
i+ j=max{0,/+m—n} J n 1=J
<Dir (R, _R,.w,iel_[,m_j)} (28)

Therefore,

2n-1

H Banl
aR(u,v) B l+mz:0 Im™~1,m (M,V)

ou {D(u,v)}2

, wyv)yeD. (29)

This means that the first derivative with respect
to the parameter u of the surface Eq.(4) has the same
direction as that of the surface Eq.(27), which is a
degree 2n—1 triangular Bézier surface with the control
points H;,, (0<Hm<2n—1), but the magnitude of the
first derivative is only {D(u,v)}*2 that of the latter [see
Eq.(29)].

Because every coefficient of the vectors

Dir(i{,ﬂ.’mﬁ. , AII}I.J ) , where

(max{0,/+m—n+1}<i+ j<min{n—1,/+m})

in Eq.(28) is positive and the coefficients of the vec-
tors H,,, in Eq.(29) are also positive, the direction of
the first derivative with respect to the parameter u of
the surface Eq.(1) or Eq.(4) is bounded in the cone
generated by the following vectors:

I={Dir(R, ,, AR, )max{0,/+m—n+1}

<i+j<min{n—-1,/+m}}

where A, is the shift operator with respect to the pa-
rameter u, i.€., A|\R; =R —R; .

Next, we will compute the bound on the mag-
nitude of the first derivative. First, an inequality is

obtained:
min{n—il-#m} (lj(mJ
2}1 i+ j=max{0,/+m—n} i J
n

2n—1-I1-m (5 D D
X( . leI‘(RM - R,'+1,j’Rl—i,Mi/' )}

n—1-i—j

n

||Hl,m

n
max

2n | max{0,/+m-n}
<i+j<
min{n—1,/+m}
n

min{n—1,/+m} Z 2 _ 1 —l—
e L5
i+ j=max{0,l+m—-n} \ L J\_J n—1-—i —J

(0<l+m<2n-1).

<

HDir(ﬁih/ -R

i+, Rl—i,m—j )

(30)
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One can easily verify that the third factor of the
right-hand side of the expression Eq.(30) satisfies the
following equation on condition that either /+m<n or
[+m>n (in this case, both /<n—1 and >n are allowed):

mi""’i‘:“"’} [lj(mJ(Zn -1-7- m]
i+ j=max{0,/+m-n} i ] n—-1-i- J
min%—l} (Zj min{ri—l—i} (mj[zn B O m]
i=max{0,/—n} i j=max{0,/+m—n—i} ] n—1-i- J .

Furthermore, by the following combinatorial
identities,

we can obtain
mi“"’ii*m‘f (Zj[mj[ba —1-/- mj
i+ j=max{0,/+m-n} ) J n—1-i- J
nli 2n—1-I1—-m 2n—1
o) 2\ JjN\ n=-1-i—j n-—1
The following inequality can also be derived:
[Dir(&,, - &..,.R..,.,)

R

i+, )

=||a)i+l/ Ilm /(

l—i,m—j) - a)i,ja)l—i,m—j (Ri,j - Rl—i,m—j)"

2
<2({max o, | - max |R, . —R ",
0<i+j<n 1/ 0<i+j<n ) P4
0<p+g<n

(max{0,/+m—n+1}<i+ j<min{n—1,/+m}).
(32)

Substituting the corresponding factors in Eq.(30)
with Eqs.(31) and (32), it yields the bound on the
magnitude of the vector H,,, as:

2
H || max o, -max |[R . —R
” Lm 0<i+jsn ) o<i+j<n II7 57 Pl
0<p+g=<n

(0<l+m<2n-1). (33)

Hence, from Egs.(29) and (33), we have

2

max o,
OR(u,v osivien i
MS Osijsn Tl max R =R ”’
ou min o, osi+j<n 1 P4
0<i+j<n 4 0<p+g<n
(u,v)yeD. (34)

or the equivalent expression with respect to the pa-
rameters u, v, w:

max ..
||8R(u V. w)” it jikan K
< -max (R, —R I,
ou || min o, i jrk=n Il par
i+j+k=n Lk prq+r=n
(u,yw)eT . (35)

Estimation of the first derivative with respect to
the parameter v can also be done using the same
method mentioned above.

To get the bound estimation on the second de-
rivative of the surface Eq.(4), the differentiation of
Eq.(29) as well as by multiplication of Bernstein
polynomials yields the following equation:

-1 o, B, @)

O’Ruy) 1 {
o> {D(uy)}

1+m=0
2n-2 n—l1
2n-2
X Z ( ity )B (u,v)—2n Z {(a)Hl,j _a)i,/)
i+j=0 i+j=0
2n-1
n-1 2n-1
XBia./ (u’v)} H/ mBl Jm (u’v)
I+m=0
3n-2

——— > 0B (uv), (u,v)eD,

36
{D(u )} s+t=0 ( )

where
2n _ 1 min{2n—-2,s+t}
Qs, = A AN Z Dy Hi+l, i Hi, j
' 3n - 2 i+ j=max{0,s+t—n} o ( ! ! )
n
s\ t)3n—-2—-s—t 2n
X —_——
iNJ)\2n=2—-i-j 3n-2
n—1

min{n—1,s+t}

X Z {(Q‘H,j _a)[,j)Hl,m

i+ j=max{0,s+t—-2n—1}

o |

(37
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It shows that the direction of the second deriva-
tive with respect to u of the surface Eq.(4) is parallel
to a triangular B-B surface of degree 3n—2 whose
control points are Q,; (0<s+t<3n—2), and the magni-
tude is only {D(u,v)} " that of the latter [see Eq.(36)].
For estimation of bound on the second derivative, first
by Eq.(36), we have the following inequality:

O’ R(u,v)
ou’
1
<— 2(2n-1)| max o, max || H, ||
D (M,V) 0<i+j<n i 0<i+j<2n-1 J
+2n(max A,w,.,.|)( max ||H,-,-||)}
0<i+j<n K 0<i+;j<2n-1 ?
2
<————{(2n-1) max |a, |
. 0<i+j<n
( min @, )
0<i+j<n "/
+n max [Ao,; |} max |H, ",
0<i+j<n ) oiv j<2n-1 »J
then substituting the factor ,.max | H, |l in the
Jj<2n-1 ’

expression above into the bound estimation of the
vector H;, i.e., Eq.(33), thus the final bound estima-
tion of the derivative is obtained as follows:

2
max .
S 2 (0<l+/<n ’/)

min @,
0<i+j<n i

O’ R(u,v)

o (2n—1) max o,
u

0<i+j<n i

+n max |Ao, |} max

0<i+j<n 0<i+j<n

R,-R, |, w»eD. (38)

0<p+g<n

Then, the expression above can be simplified into a
less strict form, that is

2 max o,
0 R(Lzl,v) <2n(4n—1) 0§i+.j£n "
ou min o,
o0<i+j<n '
x max || R —R, |, (uyv)eD. (39)
0<i+ j<n
0<p+g<n

Finally, we try to find the bound on the second
mixed derivative of the surface Eq.(29). Differenti-
ating Eq.(29) with respect to the parameter v and

using multiplication of Bernstein polynomials, we
can derive the second mixed derivative as follows:

O’ R(u,v)
ouov

2 1 S
"D ( P {( " )H,zo(
<Y w,

I+m=0

H, )B"" (u,v)

n-l1

Bfm (u,v)—2n z (a)w+1 -

i+j=0

-1
@, ; )Bi}j/ (u,v)

2n-1

X Z H,,mBZ:;" (u,v)}

I+m=0

3n-2

D

where

(uyv)eD, (40)

mm{2n 2,5+t}

2n-1 {
7S vz,f' Hi,'+l_Hi,'
[3}1 2 i+j= max{O S+t—n} i ( ! ! )

t\(3n—-2—-s—t
J)\2n=2—-i—j
mm(n 1,5+t}

3 2 {(a’i,m _a’i,.f)Hz,m
[ n-— }H/ mdx{() s+t—-2n-1}

e

The result above illustrates that the second
mixed derivative of the surface Eq.(4) has the same
direction as that of a degree 3n—2 triangular B-B
surface with control points Py, (0<s+<3n—2), and
magnitude of only {D(u,v)} " that of the latter. The
following inequality is obtained from Eq.(40):

(41)

O’ R(u,v)
ouov
1
=D (u,v) {2(2n - D(OSirpfesli—l”H"’j ")(0213); O )
+2n( max |A,®, \)( max |Hij||)}
0<i+j<n 0<i+,;<2n-1 >
2
<o (2n—1) max o,
0<i+j<n b
(,min, @,
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+n max |Hl. /”

0<i+j<n

max
0<i+,j<2n-1

AZ“’;‘/”
where A; is the shift operator with respect to the pa-
rameter v, i.e., Ayw;=w;;+1—;;. In the same way, by
the bound estimation Eq.(33) of the vector H;,,, we
can finally obtain

O’ R(u,v)
Ouov

0<i+j<n

2
(max a)]..)
<2n

3
min ..
o<i+j<n

R,-R, |
1y P9

{(Zn —1) max .. +n max Aza)w.|}

O<i+j<n '/ 0<i+j<n

X max (42)

0<i+j<n

(u,v) e D.

0<p+g=<n

This is a bound estimation on the second mixed de-
rivative of the surface Eq.(4), and the result can be
simplified as follows:

max o,
O*R(u,v it ien 1
9 Rw.v) <2n(4n-1)| E
ouov min @,
0<i+j<n B

X - D.
max [R, =R, [ @meD. @3
0<p+g<n

In addition, the results Egs.(42) and (43) can be
rewritten to an equivalent expression with respect to
the parameters u, v, and w. The same method is also
used for the bound estimation on the second deriva-
tive with respect to the parameter v and the second
mixed derivative with respect to the parameter (v,u),
O’ R(u,v) and O’ R(u,v)

which are >
ov ovou

respectively.
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