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Abstract: Curvatures are important geometric attributes of surfaces. There are many applications that require as a first step the
accurate estimation of curvatures at arbitrary vertices on a triangulated surface. Chen and Schmitt (1992) and Taubin (1995)
presented two simple methods to estimate principal curvatures. They used circular arcs to approximate the normal curvature. We
find this may cause large error in some cases. In this paper, we describe a more accurate method to estimate the normal curvature,
and present a novel algorithm to estimate principal curvatures by simplifying the Chen and Schmitt’s method. Some comparison

results are also shown in this paper.
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INTRODUCTION

Surface curvatures on differentiable manifolds
are important invariants in differential geometry, and
play a key role in tasks such as registration, smooth-
ing, simplification, etc. For large meshes, we will find
curvatures in reverse engineering (Alrashdan et al.,
2000; Yang and Lee, 1999), medial visualization
(Monga et al., 1992; Sander and Zucker, 1990), and
other applications. For a given triangular mesh, which
approximates some unknown smoothing surface,
there were many methods proposed for estimating
curvatures of the underlying surface (Chen and
Schmitt, 1992; Flynn and Jain, 1989; Goldfeather and
Interrante, 2004; Meyer et al., 2003; Taubin, 1995). In
this article, we will introduce a novel normal curvature
estimation method that we believe performs signifi-
cantly better under certain conditions than many other
proposed methods, and simplify the algorithm in Ref
(Chen and Schmitt, 1992). In Section 2, we review the
basic mathematics behind calculating curvatures. In
Section 3, we briefly describe the previous approaches
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to estimate curvatures on triangular meshes. In Section
4, we describe our method for approximating the
normal curvature. In Section 5, a simple algorithm for
computing principal curvatures is described in detail.
In Section 6, we compare the result of our method with
Taubin’s method (Taubin, 1995) and Meyer’s method
(Meyer et al., 2003). Finally we give the conclusion of
this paper.

BACKGROUD

Surface curvature is a concept rooted in differ-
ential geometry (do Carmo, 1976). The curvature of a
surface intrinsically describes the local shape of that
surface. In this section, we present a brief overview of
the relevant definitions (the normal curvature, prin-
cipal curvatures and principal directions, Gaussian
and mean curvatures). Consider Fig.1. Let (u,v) be a
regular surface S. The point p lies on the surface S.
And we specify the orientation of § at p with the unit

r (1,v)x 1, (u,)
||ru (u,v)yxr, (u,v)" ’

or(u,v) r () = or(u,v) ‘

ou ov

length normal N, where N (u,v)=

ru (uﬁv) =
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Fig.1 A point p is at a surface S with unit length normal N,
and a curve C on the surface S passes through the point

To consider a regular curve C on § parameter-
ized by a(s)=r(u(s),v(s)), where s is the arc length of
C, and with a(0)=p. The number k,=<&(0), N> is

then called the normal curvature of CcS at p. All
curves lying on a surface § and having at a given point
PeES, the same tangent line has at this point the same
normal curvatures. This result is from the famous
Meusnier theorem (do Carmo, 1976). That allows us
to speak of the normal curvature along a given direc-
tion at p. We can see that we actually have an infinite
set of these normal curvatures around p in every
tangent direction. The maximum normal curvature &,
and the minimum normal curvature k, are called the
principal curvatures at p; the corresponding directions
ey, e; are called principal directions at p. The knowl-
edge of the principal curvatures at p allows us to
compute easily the normal curvatures along a given
tangent line. In fact, let # be the unit length tangent
vector, since e; and e, form an orthogonal basis of the
tangent plane at p. We have

t=e,cos(O)+e,sin( ).
The normal curvature k, along # is given by

ko=kicos*(O)+k,sin’(6)

The last expression is known classically as the
Euler formula. In terms of the principal curvatures,
we can write Kg=k1k,, which is called Gaussian cur-
vature. This definition highlights negative surface
curvatures that occur at hyperbolic patches where
only one principal curvature is negative. We can also
write H=(k1+ k,)/2, which is called mean curvature.
Mean curvature gives insight to the degree of flatness
of the surface.

PREVIOUS WORKS

Approximations to the surface normal and the
curvatures of the smooth surface are often required
when the surface is defined by a set of discrete points
(or a triangular mesh) rather than a formula. Esti-
mating the local surface geometry at a vertex p of a
piecewise linear surface amounts to computing what
Sander and Zucker called the augmented Darboux
frame (Sander and Zucker, 1990) at p, i.e.

Ap:(pa e, e, Na kla k2)

Estimating the Darboux frames of a subjacent,
unknown, piecewise smooth surface from a polyhe-
dral approximation is difficult because of the inher-
ently discrete nature of the data (Petitjean, 2002). In
this section, we will introduce some of the most
powerful methods for locally estimating the differen-
tial properties of a triangular mesh. Our exposition
largely follows that of (Chen and Wu, 2004; Petitjean,
2002).

First, we introduce some notations. We specify a
triangular mesh as the pair M=(V,K), where K defines
the topology and V defines the geometry. We can
think of V as a point cloud and K as the interconnec-
tion of V to form the edges and faces of the triangles
in M. And M is assumed to be an oriented and con-
sistent triangulated surface. In other words,
neighboring triangles have their normals pointing to
the same side of the surface. We call the one-ring
neighborhood of p the set of triangles incident to p
(Fig.2). We denote by Neighbor(p) the set of one-ring
neighbor vertices p; of p and m the number of points in
Neighbor(p). The radius of a neighborhood can be
recursively enlarged by defining a k-neighborhood
Neighbork(p) as

¥

Fig.2 A point p and its one-ring neighborhood, which are
the triangles filled with dark color
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Neighbor' (p) = Neighbor(p)
Neighbor* (p) = U Neighbor*™ (p,) (k>2).

P eNeighbark’] (p)

The least squares solution

Chen and Schmitt (1992) described an algorithm
to estimate the principal curvatures by Euler formula.
Their main idea is to choose a suitable coordinate

system {é,, é,} on the local tangent plane. Choose

the points p;in Neighbor(p), we have a group of unit
length tangent vectors

(p,—p)—(p,—-P.N)N

‘ o= p~(p,-p.N)N]

(i=1,...,m)

Let 6, be the angle between the vector ¢, and the first

principal direction e;. Let 6; be the angle between the
tangent vector ¢ and ¢, (Fig.3). The Euler formula

become
kn(t:y=k1c0S*(6—6b)+ kosin®(6—6), i=1, ..., m.
Then this formula can be rewritten as
ka(t)y=acos*(6)+bcos(8)sin(8)+esin®(8), i=1, ..., m.

The normal curvature k,(¢;) can be estimated by a
circle fitting algorithm. The constants a, b, ¢ are cal-
culated by least square method. The principal curva-
tures and the angle 6, can be solved by their relation
with a, b, ¢

k, cos®(8,) + k,sin’(6,) =a
2(k, =k )cos(8,)sin(6,) =b (D)
k,sin*(6,) + k, cos’(6,) = ¢

Fig.3 The coordinate system on the tangent plane, the
tangent directions and the principal directions

A closely related method is Martin (1998)’s al-
gorithm. We introduce the notations,

_[cos(6,) _ (—sin(6,)
"= sing,) )7 7 cos,) )’

[ a b/2 3 qlT
W_(b/z cj’ Q_(q;j'

Now, let us rewrite Eq.(1) as

kloT_W
QOkZQ— :

It follows that & and k, are the eigenvalues, and
q1, 4. are the associated unit eigenvectors of the ma-
trix W. In fact W is the Weingarten curvature matrix
(do Carmo, 1976) in the basis {é,, é,} on the tangent

plane. So the principal curvature estimation in (Meyer
et al., 2003) should produce similar result.

The integral method

Using the notions in Section 2, let v be a tangent
vector with unit length, and 6 be angle between v and
the first principal direction e;. Considering the fol-
lowing symmetric 3x3 matrix

B-L " k,(yw'de, )
2n"

where v=e;cos(6)+e,sin(H).
Taubin (1995) proved that B can be factored as

follows:
B=¢"|™ 0 £,
0 m,

where &=[ej,e;] is the 3x2 matrix constructed by
concatenating the column vectors e;, e, and
k1=3m—my, k,=3m,—m,. That is, the eigenvalues of B
are 0, m;, my and the corresponding eigenvectors are
N, ey, ;. Taubin approximated Eq.(2) as

B, = ;Wikn (ti)titiT ) 3)

where ¢, is defined in Section 3.1.
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The weight w; is chosen to be proportional to the
sum of the areas of the triangles incident to both p and

P;, and such that i w, =1. The normal curvature k()

i=1

is estimated as

2<N’pi _P>

kn (tz) =
|p. - |

(i=1,...,m).

Taubin decomposed the matrix in left side of
Eq.(3) with a Householder transformation and a given
rotation. Taubin’s method is improved by Pege et al.
(2002) with normal vector voting. The improved al-
gorithm can be more robust in the presence of noise,
but also become more complicated. In (Chen and Wu,
2004), the authors presented a new set of weights for
Eq.(3). They obtain more accurate result.

Other methods

Meyer et al.(2003) applied the Gauss-Bonnet
theorem to estimate the Gaussian curvatures, and
introduced the Laplace-Beltrami operator to ap-
proximate the mean curvature. Flynn and Jain (1989)
used a sphere passing through four vertices to esti-
mate curvature. Meek and Walton (2000) asymptoti-
cally analyzed several methods and compared the
result with the result by discretization and interpola-
tion method. Goldfeather and Interrante (2004) used
the normal information at the adjacent points to fit a
cubic surface. Coefficients from the fitting are used in
the Weingarten curvature matrix. Gatzke and Grimm
(2003) systematically examined the result of calcu-
lating the curvature of surfaces represented by trian-
gular meshes and recommended the surface fitting
method (Goldfeather and Interrante, 2004) and 2-ring
polynomial fitting method (Gatzke and Grimm, 2003)
in the presence of noise. However the surface fitting
methods are somewhat more expensive computa-
tionally. The interested reader is referred to Petitjean
(2002) for the surface fitting methods. Because the
surface fitting method disregards the point-to-point
connectivity and only uses the 3D vertex set, we only
introduce the previous approaches using the mesh
topological attribute. Anyway we prefer the methods
of Chen and Schmitt (1992), Meyer et al.(2003),
Taubin (1995), which are simple.

Chen and Schmitt’s method uses the circle
passing through three points to estimate the normal

curvature. It is simple to image in that estimating a
curve approximated by three points with a circle, can
cause big errors, especially if the angle is very sharp.
Wollmann (2000) used the quadratic Bézier curve to
replace the circular arc, but the normal information is
not used. Taubin (1995) employed a truncated
Laurent series to approximate the normal curvatures.
He used two vertices and one normal vector, the ad-
jacent normal information is not used. Karbacher and
Hausler (1998) used the angle between the unit length
normal vectors at two neighboring points to estimate
the normal curvature, but the sign of the curvature is
difficult to assign. Sacchi ef al.(1999) also used the
neighboring surface normal to approximate the cur-
vatures, and it is also difficult to assign the sign of the
curvature. In this paper, we will describe a simple
formula to estimate the normal curvature with the
adjacent surface normal information. At the same
time we will simplify Chen and Schmitt’s method.

ESTIMAING THE NORMAL CURVATURE

Now, we can describe the new method to ap-
proximate the normal curvature. With the notions in
Section 2, to consider a regular curve CcS param-
eterized by af(s), where s is the arc length of C, and
with a(0)=p. If we denote by N(s) the restriction of
the normal vector NV to the curve a(s), we have
(c(s),N(s))=0. Hence

(éi(s),N(s)) = —<d(s),N(s)> .

Therefore
k, ={c(0), N(0)) = —<d(0), N(O)>
da,dN
:_<% s_os%|s_o>:_<czls—z>|x_o 4)

Considering the definitions of the curve and the
surface, we have

dazgdqu@dv:dr. (5)
ou ov

The parameter s is the arc length of the curve, we see
that

ds =[dar| =[or]. ©
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From Eqs.(4)~(6) we obtain

<dr,dN>

" (drdr)

Ctim (Ar,AN)
B e

If p; with unit length surface normal N, is an-
other different point on the surface very close to p,
and ¢ is the normalized projection of the vector p;—p
onto the tangent plane at p, the normal curvature
along the tangent direction # can be approximated as

<p1—p,N1—N>

kn (t) = )
|p, - pl

; @)

(p,-p)—(p,— p.N)N
|2, =)~ (p,—p.N)N||

where ¢ =

Justification for this approximation of %, is best
explained with the help of Fig.4. Let p;, p be the
points from a sphere with radius R>1, the osculating
circle with radius R pass through the two points, a
concentric circle with unit length pass through N;, N.
Then we have that the vectors (p;—p), (IV;—N) are
parallel and in same direction, i.e.

(N =N.p.=p)=|N: = N[lp - |-
In the triangle Ap,Op, it is easy to find that

l:||N1—N||:<N1—N,pI—p>‘
R |p-p| (p-p.pP-pP)

Fig.4 The concentric circles passing /V;, N and p,, p

ALGORITHM

We now consider a triangular mesh M=(V,K)
(Section 3) that we will look on as an approximation
of an unknown smooth surface. Our goal is to esti-
mate the principal curvatures and principal directions
at the vertices of M. The algorithm that we shall pre-
sent is based on Chen and Schmitt’s method, but we
estimate normal vectors, and normal curvatures in a
different way.

The first task is to estimate the normal vectors at
the vertices of the triangular mesh. We denote the
triangular face in M as f. Since the triangular faces of
the mesh are planar, each of that faces f; has a well

defined unit length normal vector N, , and the tri-

angular mesh is oriented in such a way all these
normal vectors point to the same side of the surface. It
is commonly suggested to compute the normal at
vertex p of M as a weighted average normal to the
triangular faces adjacent to p, i.e.

N=XwN, [IXwN,
i=1 = '
where N, are the unit length normal to the triangles

in the one-ring neighborhood of p. We use the weight
in (Chen and Wu, 2004), who suggested choosing the
weights as

1

T (i=1,...,m)
lg. - pl

where g; is the center of the triangle face f; determined
as

8 = Z P‘,-/3

Pt

(i=1,....m).

In a similar way, we estimate the unit length
normal vector /V; at the point p; in Neighbor(p).

For each neighbor p; of p, we define ¢, as the unit
length projection of the vector p—p onto the tangent
plane,

_w-p-(p-p.N)N
, ||(pl_p)_<pt_p’N>N||

(i=1,...,m).
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We approximate the normal curvature k,(#,) us-
ing Eq.(7)

<pi_p’Ni_N>

k (t)=-
n(t) <p[_pap[_p>

(=1,...,m).

We select the maximum normal curvature in k(t;)
(i=1,...,m). Supposing k,(#;;) is the maximum, we can
choose a special coordinate system {é,, €,} on the

tangent plane at p:

- . axN
e =1y € =1 .
L e < V]

According to the Chen and Schmitt” method, we
obtain the following equations

kn(t)=acos*(8)+bcos(G)sin(@)+esin’(6), i=1,...,m.

where 6; is the angle between # and ¢,. We let

a=ky(t;y), and then we only have to resolve the re-
maining constants b and ¢, which are easy to compute
by least square method. To calculate the following
equations is just as easy

a, = cos’(0)sin’(8,), a, =3 cos(8,)sin’(8)
i=1 i=1

Ay =y, Ap= Z}:Sin4(9[)
a; = i (k,(t,)—acos’(8,))cos(6,)sin(6,)

i=1

a,, =3 (k, (1) - acos* (8))sin’ ().

It follows that

a8y, —and),

2 2
a,ay — (alz)

_ 9193 ~ d1pdys

a=k(t,), b= >
ayay, —(a;)

From the above equations, we immediately ob-
tain

Kg=ac-b*/4, H=(a+c)2, k,=H*|H* -K, .

If k; and k, are different, we first calculate the
angle

6, =0.5arcsin[b/(k, — k)],
and then we can estimate the principal directions

e, =cos(6,)e, +sin(6,)e, ,

e, =cos(6,)e, —sin(6,)e, .

The above algorithm is easy to extend to k-ring
neighborhood (defined in Section 3), by just replacing
the set Neighbor(p) with the set Neighbor*(p). In the
following paper we use the algorithm with one-ring
neighborhood if there is no special reason for not
using it.

COMPARISON OF RESULTS

We have implemented the proposed algorithm in
C++ code. Since the curvature calculation is a local
operation on a mesh, we can use simple surfaces to
test the algorithms. First we use two basic shapes for
our test cases: a sphere and a torus. The test cases built
from these surfaces are split into two cases: those that
have points on the surface with a global regular tri-
angulation of the parameter space (Fig.5a and Fig.7a),
and those that have points on the surfaces but with
global random triangulation by jittering the locations
of the interior points within the parameter space
(Fig.5b and Fig.7b). Using the adjacent normal in-
formation in our method makes the result more ac-
curate, especially in the regular cases, the result im-
proved very dramatically. Here we present compari-
son results in Figs.6~8, we test Taubin’s method and
our method to estimate the normal curvature and
Gaussian curvature on the unit sphere and the torus.

The a-axis in Figs.6~8 represents the index on
the triangular mesh. In the tests, we estimate the error
by the formula:

Error of normal curvatures=| Ign —knl/ ke,

where k, is the true normal curvature, and lgn is the
estimated normal curvature.

The error of Gaussian curvatures is |I€G —Kql,
where K is the true Gaussian curvature on the surface,

and K, is the estimated Gaussian curvature. We use
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Fig.5 The sphere with regular triangulation (a) and with random triangulation (b), on the left is the
global mesh and on the right is a part of the mesh zoom in
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Fig.6 The error of the normal curvature on the sphere with regular triangulation (a) and with random triangulation (b)

(b)

Fig.7 The torus with regular triangulation (a) and with random triangulation (b) on the left is the global mesh
and on the right is a part of the mesh zoom in
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Fig.8 The error of the Gaussian curvature on the torus with regular triangulation (a) and with random triangulation (b)
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curvatures to set the RGB color, and then draw colors
on the mesh (Figs.9~11), Red color r=exp(-wKg),
Green color g=0, Blue color b=1-r. To demonstrate
the algorithm capabilities, we also experimented with
a variety of data from scanned data: a Fandisk

000

Fig.9 The Gaussian curvature on the torus. Case A is the
true Gaussian curvatures on the mesh, Case B is our esti-
mation of the Gaussian curvature on the random mesh,
Case C is Taubin’s method estimation of the Gaussian
curvature on the random mesh

(©)

Fig.10 The mean curvature estimation on the Fandisk
(a); on Knot (b); on Pear (c). The left Fandisk was ob-
tained by our method, the right one was obtained by
Meyer’s method and the middle one was obtained by
Taubin’s method. The Fandisk model is an example of
free-form CAD model with sharp edges (The original
triangular mesh in (a) is available at
http://research.microsoft.com/research/graphics/hoppe/;
the original discrete points in (c) are available at
http://www.cs.princeton.edu/gfx/proj/sugcon/models/)

(Fig.10a), a Knot (Fig.10b) and a Pear (Fig.10c).

We also compared our method with Meyer’s
method (Meyer et al., 2003) in Figs.10~11. When
surface noise is very small (Fig.10), our result is
similar to the result by Meyer’s method. If it is known
a prior that there is no noise in the mesh data, Meyer’s
method is a logical choice. However Meyer’s method
is not easy to extend to two-ring neighborhood. When
the noise in the surface data (Fig.11) is large, our
method with two-ring neighborhood is better.

(©)

Fig.11 The Gaussian curvature estimation on a sphere
with noise (a); on a Knot with noise (b); on Fandisk with
noise (c). The left one is the original surface, the middle
one was obtained by our method with two-ring
neighborhood and the right one was obtained by Meyer’s
method

CONCLUSION

We have introduced a new method to estimate
normal curvature and a novel algorithm to compute
the principal curvatures on a triangular mesh. During
the normal curvature estimation, we take more ad-
vantage of the known information on the surface, i.e.
the adjacent normal, we obtain more accurate result.
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In the estimation of principal curvatures, we choose
the direction associated with the maximum normal
curvature in the one-ring neighborhood as one coor-
dinate axis. We only need to resolve only two un-
known constants in our method. The impact of noise
and mesh irregularity are significant for one-ring
neighborhood in the curvatures calculation. If there is
noise in the data and mesh triangulation is ill-behaved,
we suggest the readers using two-ring neighborhood
or higher-ring neighborhood to estimate the curva-
tures. Our algorithm is easy to extend to the two-ring
neighborhood. There are many important directions
for future work in this area, for example surface
smoothing, segmentation, features identification, etc.
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