
Li et al. / J Zhejiang Univ SCIENCE A   2006 7(1):5-23 5 

 
 
 
 

Broad-bandwidth and low-loss metamaterials:  
theory, design and realization 

 

LI Le-wei (李乐伟)†1,2, YAO Hai-ying (姚海英)1, WU Qun (吴  群)2, CHEN Zhi-ning (陈志宁)1,3 
(1Department of Electrical and Computer Engineering, The National University of Singapore, 119260, Singapore) 

(2Department of Electronics and Communications Engineering, Harbin Institute of Technology, Harbin 150001, China) 
(3Institute for Infocomm Research, 117674, Singapore) 

†E-mail: LWLi@nus.edu.sg 
Received Sept. 5, 2005;  revision accepted Oct. 10, 2005 

 

Abstract:    In this paper, we summarize some recent activities in the field of metamaterial research at the National University of 
Singapore (NUS). Integral equations are applied for electromagnetic modelling of supernatural materials. Some special charac-
teristics of the metamaterials are shown. Moreover, quasi-static Lorentz theory and numerical method (i.e., the method of moments 
for solving the electric field integral equation) and the transmission line theory are both presented to obtain the effective consti-
tutive relations of metamaterials, respectively. Finally, feasibility of fabricating metamaterials based on analysis of equivalent 
transmission line model in the microwave spectrum and even higher is also shown and correspondingly some broad-bandwidth 
and low-loss metamaterial structures are designed and synthesized. 
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INTRODUCTION 
 

Conventional materials have positive magnetic 
permeability and mostly positive electrical permittiv-
ity. Veselago (1968) initially assumed a material with 
negative permittivity and permeability simultane-
ously and theoretically demonstrated the abnormal 
electromagnetic properties. This material, referred to 
as left-handed material (LHM) or metamaterial, re-
verses a basic feature of light, such as, the reversal of 
the Doppler shift for radiation, and negative refractive 
index (NRI). However, research work in this area did 
not draw much attention in the engineering and 
physics communities until Pendry et al.(1996; 1999) 
and Pendry (2000) theoretically formulated the LHM, 
in particular, a concept of perfect lens was brought 
forward although only superlens is accepted by the 
community later on. Smith et al.(2000) further stud-
ied the LHM, and experimentally realized this mate-
rial with periodically-arranged conducting concrete. 

The artificial material is very different from the 
natural material, and shows extraordinary properties. 
It was later referred to as metamaterials. 

Properties of negative permittivity and perme-
ability of artificial metamaterials can be realized from 
different physical or mechanical synthesis and fabri-
cation methodologies. Although general periodic 
structures can be fabricated to yield the special prop-
erties, the primary material synthesis is still made 
based on the individual inclusions (Falcone et al., 
2004; Smith and Schurig, 2003; Ziolkowski, 2003; 
Engheta, 2003; Gay-Balmaz and Martin, 2001; Li et 
al., 2003) or the L-C microwave striplines/devices 
(Caloz et al., 2004; Oliner, 2003; Grbic and Elefthe-
riades, 2003). To design such artificial materials for 
different specific engineering applications, simulation 
tools are essential for saving efforts and costs. The 
numerical methods for characterizing these structures 
are still those fundamental numerical simulation 
techniques, that is, the differential equation (DE) 
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method (Chen et al., 2003; Weiland et al., 2001), the 
integral equation (IE) method (Gay-Balmaz and 
Martin, 2002; Yao et al., 2004; 2005), and the 
equivalent circuit models (Sanada et al., 2004; Xu et 
al., 2004a; 2004b; Eleftheriades et al., 2002).  

In this review paper, we present some recent 
results of our investigations into the metamaterials. 
The propagation properties of a beamed plane elec-
tromagnetic wave into the metamaterial prism are 
presented firstly. Especially, we show the existence of 
the negative refraction phenomenon. In this process, 
the electromagnetic solution developed based on the 
method of moments (MoM) for solving the electric 
field integral equation (EFIE) is applied. A fast algo-
rithm is further developed based on the modified 
Gram-Schmidt (MGS) procedure and integrated into 
the MoM procedure to accelerate the matrix-vector 
multiplications. It can reduce both the computational 
complexity and the memory requirement (Yao et al., 
2005). The effective constitutive parameters of the 
metamaterials are finally estimated utilizing the 
quasi-static Lorentz theory and numerical method 
(Yao et al., 2004) and transmission line theory (TLT) 
(Xu et al., 2005a; 2005b). Use of the TLT yielded the 
design techniques to obtain a wide bandwidth and 
low-loss metamaterial. Here we configure some new 
periodic structures, which are synthesized based on 
the microstrip lines/devices, split ring resonators 
(SRRs) and rods. Some special optical phenomena, 
such as negative refraction and image effect, are 
presented to show the availability of these structures 
(Xu et al., 2004a; 2004b; 2005a; 2005b).  

 
 
ELECTROMAGNETIC MODELLING OF META- 
MATERIALS 

 
Surface integral equation 

The inclusions to construct the metamaterials 
are usually made of conductors. In this paper, we 
consider them as perfect ones. For a perfectly elec-
tricity conducting (PEC) object illuminated by a 
plane wave Ei, the EFIE can be obtained by en-
forcing the boundary conditions of the tangential 
electric field components on its surface, and is given 
by 
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                                                       (1) 
 
where J is the induced current density, t̂ denotes the 
unit tangential vectors of the surface s, η0 and k stand 
for the wave impedance and the propagation constant 
in free space respectively, and 
 

0j( )= e .g ′− −′ ′−k r rr r r r,  

 
The standard MoM technique is used to solve the 

equation subsequently. After discretizing the un-
known currents, an algebraic matrix equation is taken 
as inner products with proper testing functions, which 
is formulated by 

 
                                    = ,Aa b                                     (2) 
 
where A  denotes an impedance matrix, and a iden-
tifies an unknown column vector while b represents a 
coefficient column vector.  

Evidently, the impedance matrix A requires a 
storage of O(N2). A direct solver for Eq.(2) requires 
O(N3) computational cost and an iterative solver re-
quires O(N2) per iteration. Once the number N of 
unknowns becomes large, these requirements could 
easily run out of the given memory and the efficiency 
will become very poor. To resolve this problem, an 
algorithm based on the modified Gram-Schmidt 
procedure is applied (Yao et al., 2005), which can 
reduce both the computational complexity and the 
memory requirement to O(N1.5). First, we divide the 
basis functions into groups. For every group, a local 
MoM matrix must be calculated. Then, utilizing these 
column vectors in the local matrix, the modified 
Gram-Schmidt orthogonalization procedure is per-
formed to decompose this matrix. Thus, two matrices 
obtained by this operation are used in the iterative 
solver to replace the local matrices.  
 
Numerical results 

In this section, a metamaterial prism (as a 
wedge-shaped sample) synthesized by the inclusions 
shown in  Fig.1  is  considered  and  depicted in Fig.2. 
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The space distances of the inclusions, denoted re-
spectively by dx, dy, and dz in the x-, y- and 
z-directions, are all 3.3 mm. The total number of in-
clusions is 234. The numbers of inclusions along the 
shortest side and the longest side are 3 and 15, re-
spectively. The incline angle θw of this prism is about 
63.43°. In this case, the incident angle θi is 25.64°. 
The MGSA needs 119.5 MB of memory and takes 
0.13 s per iteration.  

First, the scattering cross section (SCS) of a 
single inclusion is evaluated to find the resonant 
frequency, which is shown in Fig.3. It can be found 
that the resonant frequency is about 16.25 GHz. 
Subsequently, we employ the MGS algorithm to 
analyze the propagation characteristics of electro-
magnetic wave in the metamaterial sample, which is 
placed in free space. In order to gain more insight into 
the effects or influences of the prism edge of the 

metamaterials, we consider a beamed plane wave as 
the incidence, which is displayed as the shadow part 
in Fig.2 and it thus illuminates normally on the first 
interface. Due to the existence of a small passband 
near the resonant frequency of the inclusion (Moss, 
2002), we calculate the field distribution in a fre-
quency range at f =15.2~17.0 GHz with a step of 0.1 
GHz. Fig.4 depicts the amplitude of the electric field 
component Ez(r) versus the frequency, in which Ez is 
obtained at a 100λ distance of the prism. We can ob-
serve a special phenomena around 16.2 GHz. At this 
frequency, the electric field refracted by the meta-
material wedge peaks at a negative refractive angle. 
To obtain more details, we also evaluate the field 
distribution in the frequency range of f=16.1~16.3 
GHz with a step of 0.01 GHz. The negative refraction 
occurred around f=16.21 GHz, which is near the 
resonance of the inclusion. In Fig.5, we plot the am-
plitude of electric field component Ez(r) at f =16.21 
GHz. From this figure, the refractive angle θn is found 
to be about −5.36° and the corresponding refractive 
index n is −0.2159. The time-harmonic field Ez(r, t) at 
16.21 GHz is shown in Fig.6, in which the phase 
angle is ωt=100°. 

 
 

EXTRACTION OF CONSTITUTIVE RELATIONS 
TENSOR PARAMETERS 
 
Quasi-static Lorentz theory with numerical method 

A general form of bianisotropic constitutive re-
lations can be expressed in terms of D and B as a 
function of E and H (Kong, 2002) as follows:  
 

=
D
B

    
    

    

Eε ξ
Hς µ

             (3) 

 
where ε  and µ  represent the electric permittivity 

and magnetic permeability tensors, while ξ  and ς  
denote the magnetoelectric cross coupling tensors, 
respectively. 

After taking into account electrically small in-
clusions, our deductions begin with the electric and 
magnetic dipole moments (pe, pm) based on the 
quasi-static Lorentz theory (Collin, 1991). A con-
ducting inclusion with arbitrary shape can be char-
acterized by the generalized electromagnetic po-
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Fig.1 Geometry of a single inclusion composed by a
square SRR and a wire. The dimensions are assumed to
be L1=3.3 mm, L2=2.63 mm, w=0.25 mm, d=0.3 mm,
g=0.46 mm, and t=0.254 mm. (a) Front view; (b) Top view
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Fig.2  Top view of a metamaterial prism 
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larizability matrix [ ],α  defining the relations be-
tween the incident electric and magnetic fields Ei and 
Hi. The induced electric and magnetic dipole mo-
ments relate to the incident electric and magnetic 
fields as follows: 

 
i i
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with the electric current Je on the surface of a conduct- 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

ing inclusion induced by the incident fields. 
Using the polarizability matrix [ ],α  a general 

expression for the constitutive relations of metama-
terials given by Ishimaru et al.(2003) can be rewritten 
as 
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(6) 
 

where εh is the relative dielectric constant of the host 
materials, U is unit matrix, while the elementary 
volume ∆V, the coupling matrix ,C  and the interac-
tion constant matrix C are defined as 
 
               = ,x y zV d d d∆                                 (7a) 
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Fig.3  Scattering cross section (SCS) versus frequency for
a single inclusion 
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Fig.4  Electric field component Ez(r, f) distribution due to
the metamaterial prism 

Fig.6  Distribution of electric field componet Ez(r, t) in
rectangular linear coordinates around the metamaterial
prism at f =16.21 GHz 
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The expressions of elements in the matrix C for a 

three-dimensional array of dipoles can be obtained in 
terms of the lattice spacings dx, dy, and dz in the cor-
responding x-, y-, and z-directions as follows 
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while K0(⋅) denotes the modified Bessel function of 
order 0 so that the terms with n=s=0 are excluded.  

From Eq.(6), we notice that the polarizability 
matrix is an unknown one. To obtain the effective 
constitutive parameters of the artificial medium, the 
matrix must be evaluated first. According to Eq.(4), 
the investigation under six different pairs of incident 

waves (Ei, Hi) is needed. For each pair of incident 
waves, induced electric currents are obtained by using 
the numerical method first, that is, the MoM. Then the 
electric and magnetic dipole moments (pe, pm) are 
evaluated using Eqs.(5a) and (5b), and finally six 
equations can be obtained. Considering all the six 
pairs of incident waves for all the components of 
dipole moments, we have theoretically obtained 
thirty-six scalar equations to determine the thirty-six 
elements of the polarizability matrix. In the present 
analysis, we choose (kx, Ez), (−kx, Ez), (ky, Ex), (−ky, 
Ex), (kz, Ey) and (−kz, Ey) as six incident plane waves. 
In the numerical analysis, we disregard the thickness 
of the inclusion and consider it as a thin perfect 
conductor. In this case, the EFIE is employed and the 
MoM with curved parametric quadratic surface and 
roof-top basis functions (Song and Chew, 1995) are 
used to obtain the electric currents.  
 
Numerical results 

To show the applicability of these formulations, 
we calculate the effective constitutive parameters of 
the array fabricated by the cross SRRs, and the results 
are shown in Fig.8. Geometry of a CSRR under con-
sideration is depicted in Fig.7. It is composed of two 
perpendicularly intersecting SRRs. Each SRR is 
made of two aluminum strips (Shelby, 2001). The 
structure of CSRR is defined by the following pa-
rameters: the gap width g=1 mm, the strip width 
w=0.5 mm, the inner radius rin=2 mm, and the outer 
radius rout=3 mm. A three-dimensional array synthe-
sized using the CSRRs is shown in Fig.8. The spaces 
in the corresponding x-, y-, and z-directions are the 
same and are set as 8 mm. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

y (m) 

x (m) 

w 

rin 

rout 

g 

Fig.7  Geometry of a single CSRR where g=1 mm, w=0.5
mm, rin=2 mm, and rout=3 mm 
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The effective permittivity tensor elements of εxx, 

εyy, and εzz are shown in Fig.9, each as a function of 
frequency. At the same time, Fig.10 depicts the 
variations of the effective permeability tensor ele-
ments of µxx, µyy and µzz, respectively. The other 
off-diagonal elements are negligibly small according 
to the numerical data, compared with the diagonal 
elements. We find from these figures that the real 
parts of the permeability and permittivity tensor 
elements εxx, εyy, µxx and µyy become negative simul-
taneously from about 6.9 GHz to 7.3 GHz. Also, the 
zz-elements, εzz and µzz, are almost constant versus 
frequency. In particular, we can observe that the 
values of εxx and εyy are almost the same, and so are 
the values of µxx and µyy. This clearly demonstrates the 
2-dimensional isotropic features of the metamaterial 
in the xoy-plane. The slight discrepancy found is due 
to the slightly coarse frequency step. Evidently, this 
artificial material is characterized by uniaxial ani-
sotropy, and the optical axis is the z-axis. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

TRANSMISSION LINE THEORY 
 

In this section, a periodic SRR array of micro-
scopic nature is considered without loss of generality. 
When the wavelength is much longer than the inclu-
sion dimensions and lattice spacing, an equivalent 
continuous material of macroscopic nature can thus 
be obtained.  

Due to the array’s periodicity, our analysis be-
gins with single SRR in Fig.11, which does not in-
clude the metallic cylinder. In order to obtain mag-
netic response, we consider the polarization of the 
incident magnetic field Hi penetrating through this 
SRR, that is, along the y-axis in the present case. The 
propagation direction k0 and the polarization of the 
incident electric field Ei are in the xoz-plane.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Taking into account the currents and charges on 

the surface of two split rings, we can obtain its 
equivalent circuit model by using the TLT as shown 
in Fig.12. The magnetic response and conductor loss 
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Fig.8  Geometry of a 3D array synthesized using the
CSRRs whose dx=dy=dz=8 mm 
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Fig.10  Permeability tensor elements, µxx, µyy and µzz,
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of the outer split ring are denoted as L1Ax and R; C1Ax 
with Cp accounting for the capacitances at the splits of 
the outer and inner rings, respectively. The top Cc 
represents the capacitance between the upper half of 
the outer split ring and the upper half of the inner ring; 
the bottom Cc represents the capacitance between the 
lower half of the outer split ring and the lower half of 
the inner ring. Due to the symmetry of the structure 
they should have the same value, so we use only one 
capacitance named Cc to define them. In Fig.12, we 
use two inductances: Lp1 and Lp2 and two resistances: 
r1 and r2 to model the magnetic response and con-
ductor loss of the inner ring. That is because the in-
duced currents can flow from the upper half of the 
outer split ring to the upper half of the inner split ring 
through the top Cc, and from the lower half of the 
inner split ring to the lower half of the outer ring 
through the bottom Cc.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
If we introduce metallic cylinders into it, it 

seems that we have introduced a shunt impedance to 
Lp1, Lp2 and Cc branches. The values of Lp1, Lp2 and Cc 
may change, but the analytical model and method 
does not change. That is why only SRR structures can 
exhibits both negative permittivity and negative per-
meability. 

By using TLT, the telegrapher equations for the 
transmission line segment shown in Fig.12 can be 
formulated as 
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where I2 satisfies the following equations 
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After re-forming Eqs.(12a) and (12b) to find I2 as a 
function of I1 and V, we substitute I2 into Eqs.(11a) 
and (11b). Thus the telegrapher equations can be 
found as 
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where Lp=Lp1+Lp2, rp=r1+r2 for the case of SRRs 
without rods, dI=dI11+dI12, p p p=1/ ,L Cω  

2 2
p2 c p2 c p 1=1/ ,  = /( )xL C M L L Aω k  and M is the 

mutual inductance between the inner split ring and the 
outer one (in other words, it is the mutual inductance 
between L1Ax and Lp). Thereby based on the corre-
spondence between the telegrapher equations and the 
Maxwell’s equations, the effective constitutive pa-
rameters can be easily extracted from these two 
equations 
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Fig.12  Equivalent circuit of circle SRR in Fig.11 
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p
eff 2 2

p 2 p2

2 2
p2 c p p
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=

(1 / j /( ))

1      ,
(1 2 / j /( ))

xM L A

r L

r L

ω
ς

ω ω ω

ω ω ω

− −

×
− −

       (14c) 

eff =0ξ .                                                   (14d) 

 
It is noticed here that a single SRR can still have 

negative permittivity, and this agrees with the con-
clusion drawn from another approach (Ishimaru et al., 
2003), which is shown in the later section. 

According to the polarization directions of Ei 
and Hi, the tensor expression of constitutive parame-
ters for 1D metamaterial constructed by this type of 
SRRs and metallic cylinders are given by 
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Similarly, those for 2D structures are given by 
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eff eff
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0ξ ξ

 
 
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 
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ξ .                   (16d) 

 
So far, we have demonstrated how to obtain the 

constitutive relations of an artificial material con-
structed by SRRs. This is an alternative approach as 
compared to the existing one (Yao et al., 2004). To 
demonstrate the validity of these formulas, we con-
sider a periodic SRR array. The geometry and di-
mensions are taken from (Ishimaru et al., 2003) and 
reproduced in Fig.11. Then we synthesized them into 
a homogeneous dielectric material whose εr=4.5. The 
dimensions of the single SRR are d=0.8 mm, g=0.2 
mm, and r=1.5 mm. Here, we assume the SRR to be 
made of thin perfect conductors. In this case, the 
values of the corresponding capacitances and in-
ductances in the model can be estimated by a 
quasi-static approach and by using conformal map-
ping theory. In our case, we estimate them approxi-
mately by using the microstrip line theory. 

 
 
 
 
 
 
 
 
 
 
 
 

An approximate expression for the coupling 
capacitor between two vertical strip lines in Fig.13 is 
obtained as 

 

           
21

= ,
( ) x

K g
C L

K g
ε −

           (17) 

 
where g=h/(h+w), while K(⋅) denotes the complete 
elliptic integral defined by 
 

      
π 2

2 20

d( )=
1 sin

K g
g

φ

φ−
∫ .           (18) 

Lx 

w 

h 

Fig.13  Geometry of two thin coplanar strips each with a
capacitance per unit length 
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Thus Cp and Cc can be estimated in this way. As we 
know, C1 is comprised of two parts, one is the ca-
pacitance of the split, while the other is the parasitic 
capacitance due to the discontinuity of the structure. 
The discontinuity part (defined as Cg) is estimated as 
the capacitance of the gap between microstrip lines. 
The corresponding formulas are given (Garg et al., 
2001) below:  

(1) For εr=9.6, 
 

   gap
g (9.6)=12 e     (pF),

mD
C W

W
 
 
 

k           (19) 

 
where 
 

   

gap

gap0.16

gap0.12
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0.8675, 0.1 0.5
=

1.565 /[( / ) ] 1, 0.5 1

2.043( / ) , 0.1 0.5
=

1.97 0.03/( / ), 0.5 1

D
Wm
D

W t
W

D
W t

Wk
D

W t
W


≤ ≤


 − < ≤


≤ ≤

 − < ≤

   (20) 

 
(2) For 2.5≤εr≤15, 

 
0.9

g r g r( )=1.167 (9.6)( 9.6) ,C Cε ε           (21) 
 

where W denotes the effective width of the SRR, Dgap 

represents the gap distance between two SRR rings 
and t stands for the distance of the SRR from ground. 
Similarly, the inductances are estimated as follows: 
 

2
0

p
π

=
2

r
L

d
µ

.                         (22) 

 
Based on the current distribution on the SRR, we 

have Lp1=Lp2=Lp/2. The mutual inductance index is 
calculated using k2=Sin/Sout, where Sin and Sout denote 
areas of the inner and outer split rings. The real parts 
of effective permittivity and permeability values 
versus frequency are shown in Fig.14. In these figures, 
the solid curves are obtained from numerical simula-
tions carried out based on the quasi-static Lorentz 
theory (Yao et al., 2004), and the dashed curves rep-
resent the results obtained using the present TLT 

approach. From this comparison, it is seen that good 
agreement in variation is achieved.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
DESIGN PROCEDURE 
 

In this section, we focus on the design of the 
metamaterials. We make use of periodical array 
synthesized by the modificative transmission line 
model to obtain the magnetic properties (Xu et al., 
2004a; 2004b). Equivalent TLT was applied to find 
the effective inductance Leq and capacitance Ceq per 
unit length. Moreover, the S21 parameter of this 
metamaterials was figured out to show that a pass 
band occurred when the equivalent permittivity and 
permeability are negative simultaneously. Some spe-
cial phenomena are shown for further validity.  

(a) 

(b) 

Fig.14  Comparison of the real parts of εeff and µeff of the
SRR-constructed materials obtained from simulations
based on the QSL theory and the present TLT approach.
(a) Effective permittivities; (b) Effective permeabilities 
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Single resonant frequency structure 
First, we discuss a segment of the transmission 

line model shown in Fig.15a, which consists of a 
circular spiral inductor and a metallic cylinder. Use of 
equivalent TLT yielded an equivalent model as 
shown in Fig.15b. The effective inductance Leq and 
capacitance Ceq per unit length of the periodically 
arranged transmission line are given by 

 

          eq 1 2 2
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1 /
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ω ω
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where 1 1 1=1/ L Cω  and 2 2 2=1/ ( ).xL C dω Their 
conversion to the equivalent permeability µeq and 
permittivity εeq yields 
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 
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In Eqs.(25) and (26), the values of L1, L2, C1 and 
C2 must be determined separately, and their values 
can be estimated by a quasi-static approach (Gupta, 
1996) and expressed as follows 

 

     
2 2

1 g=0.03937    (nH),
8 +11

a nL k
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           (27a) 

2 0
ln( / )

= ,
2π

x
z

d r
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    5
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0 o

2
π

= ,
4x

z

D
C d

d
ε

                                  (27d) 

 
in which, o i=( + )/4 (µm),a D D c=(Do−Di)/2 (µm), kg= 
0.57−0.145ln(w/dz) (when w/dz>0.05), and n denotes 
the number of turns of the spiral inductor.  

Therefore, the equivalent permeability and rela-
tive permittivity versus frequency can be calculated 
and the variation is shown in Fig.16. Here, the di-
mensions of the spiral inductor are n=2, Do=6 mm, 
S=0.1 mm, and w=0.2 mm. The radius r of the me-
tallic cylinder is 0.2 mm, and its length Lz=9.6 mm. 
The lattice spaces are dx=10 mm, dy=0.2 mm, and 
dz=10 mm. The frequency band ranged between ω1 
and ω2 is observed. Two-dimensional isotropic 
metamaterials can be formed by periodically ex-
tending this unit inclusion, as shown in Fig.17. 
However, if ω2 is much larger than ω1, the absolute 
value of µeq may change very slightly when the fre-
quency approaches ω2. Furthermore, the change of µeq 
versus the frequency is very fast. In practice, we 
usually need a relatively constant µeq in some fre-
quency band. A double magnetic resonant frequency 
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structure is presented here to overcome these prob-
lems and achieve broader bandwidth and better per-
formance.  

 
Double resonant frequency structure 

1. Circular spiral inductor together with rectan-
gular SRR 

Here, we modify the single magnetic resonant 
inclusion into a double one by inserting a rectangular 
SRR, which is shown in Fig.18a. The corresponding 
equivalent transmission line model is shown in 
Fig.18b. As in the analysis given above, we have 
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where p p p=1/ ,L Cω and 2

1 1 1= /[ ( )],p xM L L dk which 

denotes the coupling index of the spiral inductor and 
the ring resonator. Similarly, the equivalent capaci-
tance is given by 
 
           2 2

eq 2 2= (1 / )C C ω ω− .                     (29) 

 
Substituting them into the definition of permeability 
µeq and permittivity εeq respectively, yields 
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S
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in which, Sloop represents the area of the loop reso-
nator, and Seff stands for the effective area of the split. 
Analysis showed that the values of mutual induct-
ances do not affect results much. Then k1 is evaluated 
approximately by k1=Sloop/(dxdz). 

The dimensions of the rectangular SRR are 
Lz=9.4 mm, Ly=h=0.2 mm, dp=0.4 mm, and Seff= 
1.5Lyh. The variations of the µeq and εeq versus the 
frequency are shown in Fig.19. The absolute value of 
µ is roughly doubled in the whole frequency region 
compared to the previous case, which obviously ex-
tends the bandwidth with the simultaneously negative 
permittivity and permeability. 

Next, we form upper and lower symmetrical ar-
rays by just using the circular spiral inductor and 
place it into a waveguide, as shown in Fig.20. In this 
example, the dimensions of the waveguide are 60 
mm×70 mm×3.002 mm, and the other dimensions 
labelled in Fig.18a are the same as those above except 
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Fig.18  A unit of double resonant frequency structure
and its equivalent transmission line model. (a) A double
resonant frequency unit; (b) Its equivalent transmission
line model 

Fig.17  Array structure made of single resonant fre-
quency unit 
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for n=3 and Do=6.8 mm. As we can see from Fig.20, 
the spiral inductor array is located in the middle of the 
waveguide. We have to point out that there are two 
incident wave ports–the upper and the lower ones, 
and that the integration line of the upper one points 
from the upper PEC plate of the waveguide to the 
middle spiral plane; the integration line of the lower 
one points from the ground plate of the waveguide to 
the middle spiral plane (with the same definitions of 
the output ports). In this way, the spiral inductors can 
have effect on the field. In other words, the fields on 
the spiral inductor produced by the upper part and 
lower part of the waveguide will compensate each 
other. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
From the analysis above, this artificial material 

has a negative µeq and positive εeq in a certain wave 
band. The effective S21 parameter simulated by com-
mercial software, Ansoft HFSS, is given in Fig.21. 
The observed stop band in this figure means that 
electromagnetic waves cannot pass through the ma-
terials with +ε and −µ. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
To show the properties of the metamaterials with 

simultaneously negative permittivity and permeabil-
ity, we introduce the double split rings into the model 
in the following case. The new model is shown in 
Fig.22 and placed into the same waveguide. In this 
case,  some  rectangular  rods  (0.2  mm×0.2  mm)  are 
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Fig.21  The simulation amplitude of S21 parameter of the
structure in Fig.20 
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added in it. In Fig.22a, we filled natural dielectric 
materials into the splits of the rectangular rings. The 
resonant frequency of the SRR can be adjusted by 
changing the value of its permittivity. Here, we set ε 
to be 15. The simulation result of S21 is given in 
Fig.23. By comparing the results of Fig.21 and Fig.23, 
we can observe that the pass band due to the double 
negative parameters becomes broader, which means a 
relatively constant negative µeq has been achieved. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2. Coupled strip line together with rectangular 
SRR 

The proposed DNM periodic structure of open 
type is shown in Fig.24 and its unit cell is shown in 
Fig.25. The unit cell is made up of 4-inclusions shown 
in Fig.26 by sweeping the inclusion around the via or 
the z-axis. The inclusion consists of a broadside cou-
pled strip line with a via connected to the ground and 
a split resonant ring. The broadside coupled strip line, 
the via and the ground line form the outer ring, and it 
will have magnetic mutual coupling with the inner 
split ring. The magnetic coupling is essential for the 
negative permeability, and this can be seen in the 
following. 

The equivalent circuit of an inclusion is shown in 
Fig.27. The outer ring and the inner ring account for 
the inductances L1Ax and Lp, respectively. L2 is due to 
the via, and C2Ax is the capacitance between the 
broadside strip line and the ground. Cp is the capaci-
tance at the split of the inner ring. Here we only deal 
with lossless case for simplicity although the loss can 
also be included. 
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Fig.23  The simulation amplitude of S21 parameter of the
structure in Fig.22 

Fig.24  Periodic DNM structure 
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Fig.25  A unit cell of the structure shown in Fig.24 
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Fig.26  An inclusion of the structure shown in Fig.25. (a)
Side view of an inclusion; (b) Another view of the inclu-
sion 
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The telegrapher’s equations for the transmission 

line segment shown in Fig.27 can be easily derived.  
 

      1 1 2d = ( j + j ),xV I L A I Mω ω−             (34) 

      2 1d = [1/( j ) j ] ,xI L C A Vω ω− +            (35) 

      2 p p( j +1/(j ))=0I L Cω ω .           (36) 

 
Thus, we further have 
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where 1 2 1=1/ xL C Aω  and p p p=1/ .L Cω  

Then using the relation between telegrapher’s 
equation and Maxwell equation, we can extract the 
parameters as follows: 
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                     eff =0ς ,                       (39c) 
                     eff =0ξ ,                       (39d) 

 
where k=M2/(LpL1Ax). Although our design and 
analysis are mainly based on circuit theory, this 
structure is essentially compatible with TEM, TE and 
TM modes and can be excited easily by waveguide or 
microstrip line. 

MAGNETIC RESPONSE ANALYSIS OF A UNIT 
CELL 

 
To demonstrate the double negative property of 

the structure in Fig.28, we first analyze a unit cell in 
HFSS (ANSOFT).  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

As shown in Fig.29, we put a unit cell in a 
waveguide (20 mm×19.9 mm×10.5 mm). The di-
mensions of the unit structure are: Ax=9.9 mm, Hz=10 
mm, w=0.8 mm, s=0.2 mm, dp=0.4 mm, r=0.2 mm, 
Lx=9.2 mm, Ly=0.4 mm, Lz=9.6 mm, and h=0.1 mm 
(in this paper, all the structures will be formed by 
this-sized unit cell). The boundary and excitation 
conditions are assumed as follows: PEC for top and 
bottom walls; PMC for right and left walls; TEM 
wave transport in y-direction with E in z-direction; a 
PML at the end of the waveguide and all the struc-
tures in this model are made of copper.  
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Fig.28  Dimensions of the inclusion. (a) Side view; (b) 3D
view 

Hz 

Lp 

M 
L1Ax 

Cp L2 C1Ax 

Fig.27  Equivalent circuit model of an inclusion shown in
Fig.26 

V 

I1 

I2 



Li et al. / J Zhejiang Univ SCIENCE A   2006 7(1):5-23 19 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Then we analyze this model at three frequency 

points. The first one is 6.2 GHz, which is in the pa-
ramagnetism region; the second one is 8.4 GHz, 
which is in the antimagnetism and double negative 
material region; the third one is 9 GHz, which is in the 
antimagnetisim but positive µ region. Fig.30 and 
Fig.31 show the sketched magnetic dipoles and elec-
tric field distributions. At 6.2 GHz, the equivalent 
magnetic dipole is in the same direction as that of the 
incident wave and it strengthens the field, so this is in 
the positive effective permeability region. At 8.4 GHz, 
the equivalent magnetic dipole and the E field near 
the body of the structure are in direction opposite to 
that of the incident wave, which changes the field 
distribution a lot. Although only based on this phe-
nomenum we cannot decide the sign of the perme-
ability, we can combine it with other results to de-
termine the characteristic of this material, for example 
the negative refraction phenomenum as we will do in 
the following section. As for the case of 9 GHz, al-
though the equivalent magnetic dipole is in the op-
posite direction of the incident wave, it does not 
change the whole field distribution as much as in the 
case of 8.4 GHz. It is just these equivalent dipoles that 
determine the properties of this structure, and this 
provides another approach for examining a design in 
general. 

 
 

NEGATIVE REFRACTION PHENOMENON 
 

In order to further demonstrate the double nega-
tive index property of the proposed structure, a prism is 
designed and put into a waveguide (120 mm×100 mm 
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Fig.29  A unit cell in waveguide 
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Fig.31  E field distribution at 8.4 GHz and phase 0° 
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Fig.30  H-field distributions in a unit cell structure at
different frequency regions, and the equivalent magnetic
dipoles. (a) 6.2 GHz and phase 0°; (b) 8.4 GHz and phase
0°; (c) 9 GHz and phase 0°  
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×10.5 mm) as shown in Fig.32. Here the waveguide is 
used for two reasons: (1) most experiments and 
simulations concern about DNM are in waveguide; 
and (2) it is used to feed the structure better and to 
reduce the computational time. Then it is excited by 
the dominant mode of the waveguide (TE10). Since 
we know that the unit cell of this structure has strong 
antimagnetism property, so we can further explore 
this structure at 8.4 GHz. After full-wave analysis, we 
saw a very good negative refraction phenomenon 
(Fig.33), with refraction angle of about −40°. The 
black arrows in Fig.33 show the wave propagation 
direction after refraction, and these arrows are drawn 
based on the animation and Poynting vector given by 
HFSS.  
 
 
CONSTRUCTION OF THE NRI LENS 
 

A planar negative refraction index lens is con- 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

structed and put into a waveguide as shown in Fig.34a, 
and two PMLs are set at the two ports of the 
waveguide. Then a current is introduced into the 
copper cylinder as the incident source. The operating 
frequency is chosen at 8.4 GHz, which was also used 
in the previous work (Xu et al., 2004a; 2004b). The 
dimension of the waveguide is 100 mm×140 mm 
×10.5 mm. Simulation is also done by using the HFSS 
package, and the field distribution is shown in Fig.34b. 
As seen from the simulation results, the wave refo-
cuses after passing through the negative refraction 
index lens, which again demonstrates the double 
negative index property of this structure at 8.4 GHz. 

 
 
LOSS DISCUSSION 

 
The structure is made of copper, a theoretically 

perfect conductor. In our simulations or future fabri-
cation, we will add imaginary parts into the effective 
parameters µeff and εeff in Eq.(39), then energy loss is 
for sure produced. We designed a rectangular slab 
using the unit cell and put it in the waveguide (100 
mm×100.8 mm×10.5 mm), shown in Fig.35. 
S-parameters are observed to see the energy loss and 
the results near the double negative index region are 
shown in Table 1. These S-parameters indicate that at 
the double negative index region the energy loss of 
the structure fed by a waveguide is smaller compared 
to the traditional SRR structure whose S21 falls within 
−7 dB to −10 dB (Moss et al., 2002). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

x 

y 

z 

Fig.32  The prism in waveguide, which is used to observe
the negative refraction phenomena 

(a)                                            (b)                                               (c)                                               (d) 

Fig.33  Negative refraction in LHM or DNM prism made of our proposed structure. The black arrows indicate the
wave propagation direction after refraction. (a) Phase 90°; (b) Phase 125°; (c) Phase 145°; (d) Phase 160° 
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NEGATIVE PERMEABILITY OVER DOUBLE 
FREQUENCY BANDS 
 

Fig.36 shows the double resonant frequency 
structure constructed by using a spiral inductor and a 
split ring which is loaded inside. We analyzed it using 
the transmission line model, and the equivalent circuit 
model is shown in Fig.37. The outer spiral inductor 
accounts for the parallel resonant circuit consisting of 
L1 and C1, and the inner split ring accounts for the 
series resonant circuit consisting of Lp and Cp. C2Ax is 
the shunt capacitor of a unit, and Cs is the capacitance 
between two unit structures. From this figure, we find 
that the outer spiral inductor provides one resonant 
frequency point, while the inner split ring provides 
the other resonant frequency point.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

We also numerically evaluated the SCS of a unit 
structure to find the resonant frequency, which is 
shown in Fig.38. From this figure, two resonant fre-
quency points are observed to confirm the double 
resonant characteristics. 

By using the quasi-static Lorentz theory, we treat 
this structure as magnetic dipole and calculated the 
magnetic polarization parameter. In fact second order 
approximation is made here, and the simulation result 
of the permeability of this structure is shown in Fig.39. 
We calculate it at each 50 MHz frequency point. 

Fig.36  A unit of the double resonant frequency structure 

Cp 

Fig.37  Equivalent circuit model of the double resonant
frequency structure 

C1 

M1 

L1 
C2Ax 

Cs 

(a) 

Fig.34  Construction of NRI lens. (a) Planar distributed
NRI lens; (b) E field distribution of the NRI lens at 8.4
GHz, phase 50° simulated by the HFSS package 
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Fig.35  A 59.4 mm thick DNM slab in waveguide 
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Table 1   S-parameters of structure in Fig.35 

Frequency (GHz) S21 (dB) S11 (dB) 
8.2 −2.0 −25 
8.3 −1.5 −13 
8.4 −2.0 −90 
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The simulation results revealed that the imagi-

nary part of the effective permeability is extraordi-
narily small at the first negative permeability region. 
If we add metallic rods inside to provide the negative 
permittivity, we can form a double negative materials 
(DNM) with a low loss property compared to the 
traditional SRR structures. Still this structure can 
easily form 3D isotropic DNM with its unit structure 
arranged on a cube. 

 
 

CONCLUSION 
 

In this review paper based on some recent work 
done at the National University of Singapore, we have 
observed the special propagation properties when the 
electromagnetic waves pass through a metamaterial 

sample, which is periodically synthesized by con-
ducting elements. Negative refraction from a prism 
and image effect from a slab are clearly observed. 
Natural materials do not give such a possibility. In-
tegral equation method with a fast solver is applied 
for efficient calculation. Two methods, which are 
developed based on the quasi-static Lorentz theory 
and TLT respectively, to determine the effective 
constitutive parameters of the metamaterials are in-
troduced. The numerical results for the 2D isotropic 
cross SRR array and 1D SRR array have been shown 
to validate the applicability. Finally, a detailed design 
process based on the TLT is presented, which offers a 
good but simple approach for constructing metama-
terials with wide frequency passband and low loss. 
Moreover, some novel metamaterial examples, which 
are synthesized by periodically arranged mixtures of 
microstrip lines/devices, a metallic cylinder/rectan- 
gular rod, and a rectangular SRR, are brought forward. 
The simulation results obtained from HFSS software 
are given to verify the feasibility of this design, al-
though there are no experimental results for com-
parison purpose. 
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