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Abstract:    Homogeneous matrices are widely used to represent geometric transformations in computer graphics, with interpo-
lation between those matrices being of high interest for computer animation. Many approaches have been proposed to address this 
problem, including computing matrix curves from curves in Euclidean space by registration, representing one-parameter curves on 
manifold by rational representations, changing subdivisional methods generating curves in Euclidean space to corresponding 
methods working for matrix curve generation, and variational methods. In this paper, we propose a scheme to generate rational 
one-parameter matrix curves based on exponential map for interpolation, and demonstrate how to obtain higher smoothness from 
existing curves. We also give an iterative technique for rapid computing of these curves. We take the computation as solving an 
ordinary differential equation on manifold numerically by a generalized Euler method. Furthermore, we give this algorithm’s 
bound of the error and prove that the bound is proportional to the shift length when the shift length is sufficiently small. Compared 
to direct computation of the matrix functions, our Euler solution is faster. 
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INTRODUCTION 
 

Homogeneous matrices are matrices used to 
represent geometric transformations for homogene-
ous coordinates. Because they provide uniform rep-
resentation for various transformations, they are 
widely used in the computer graphics community. As 
a homogeneous matrix corresponds to a geometric 
transformation, a curve on the set of homogeneous 
matrices can be taken as a piece of motion. Thus 
interpolation between those matrices is of high in-
terest in many applications such as computer anima-
tion and robot motion design. Some subsets of the 
homogeneous matrices form special interesting 
groups with matrix multiplication, such as homoge-
neous SO(3) and SE(3). The set of all the non-de-
graded homogeneous matrices also forms a group. 

There are now many literature on interpolation 
in those groups. In SO(3), Shoemake (1985) intro-
duced quaternions to represent rotations to the com-
puter graphics community. Barr et al.(1992) proposed 
a method using quaternions to interpolate transforms 
with constraints of velocity. Kim et al.(1995) intro-
duced a general framework to transform an interpo-
lated curve in 3R  into a quaternion curve. Park and 
Ravani (1997) presented an approximate analytical 
solution for smooth interpolation in SO(3). Noakes 
(2004) gave a method to generate of Bézier curve on 
spherical manifolds and applied it to SO(3). 

There are also voluminous literature dealing with 
interpolation in the group of 3D rigid body transfor-
mation matrices, SE(3). However, because of the lack 
of the bi-invariant Riemannian metrics on SE(3) 
(Zefran et al., 1999), it is very difficult to find ap-
propriate interpolated curves in SE(3). The algebra of 
twists and Chasles’ theory of screws are used in (Hunt, 
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1978; McCarthy, 1990). However, none of those 
methods can generate a motion with physical mean-
ing (Zefran et al., 1999). Zefran et al. discussed met-
rics and connections on SE(3) (Zefran et al., 1999), 
and proposed methods to find trajectories satisfying 
certain optimistic conditions in left-invariant Rie-
mannian metrics (Zefran et al., 1998). 

However, there is relatively less work about in-
terpolation in general homogeneous matrix groups. 
Alexa (2002) tried to establish a framework to inter-
polate in Lie group by exponential map. Due to lack 
of dealing with the non-flat property of space, this 
method leaves much space for improvement when 
applied to some kind of rotational matrices (Bloom et 
al., 2004). Wallner and Dyn (2005) proposed an 
in-depth analysis on the convergence and C1 property 
of subdivision schemes for curve generation on gen-
eral manifolds. Hofer et al.(2004) proposed a method 
based on registration of feature points. Hofer and 
Pottmann (2004) and Pottmann and Hofer (2005) 
presented a variational approach for curve design on 
manifolds, gave the properties of those curves and 
proposed an algorithm to obtain them. 

In this paper, we briefly introduce some basics of 
the Lie group and the interpolation on Lie group using 
exponential map. We also propose a method similar 
to (Kim et al., 1995), but dealing with matrices so that 
it can be more general. We point out that the scheme 
can be extended to obtain higher-order of continuity. 

For fast online computation, we exploit the ma-
trix commutativity and its exponent. The computation 
of the rational expression is taken as the Euler nu-
merical solution of ordinary differential equation on 
manifold. We also give error analysis for this method.  

The rest of this paper is organized as follows. In 
Section 2, we introduce some necessary geometric 
concepts on matrix groups, and the common way to 
interpolate between two elements in a matrix group. 
In Section 3, we present a quadratic method to obtain 
motion with continuous velocity. In Section 4, we 
extend our method to a cubic form. In Section 5, we 
develop fast numerical implementation of our ana-
lytical solution which is followed by analysis of its 
error bound. And finally we conclude our paper in 
Section 6.  

 
 

EXPONENTIAL MAP AND LINEAR INTER- 
POLATION 
 

A three dimensional non-degraded homogeneous 

matrix has the form 
 

,
1

 
=  
 

Q d
M

0
 

 
where Q is a 3×3 invertible matrix, and d is a vector in 

3.R  It is well-known that the set of all homogeneous 
matrices forms a matrix group. All matrix groups are 
Lie groups. 
 
Problem modelling 

Mathematically, our problem of interpolation 
between transformations is how to generate a curve 
passing through some given elements (matrices for 
key frames) in a matrix group. 

Formally, the problem can be stated as: Given 
n+1 time points t0, t1, …, tn, and n+1 key matrices in 
some matrix group G, A0, A1, …, An, find a continu-
ous curve N(t) in G, so that  

 
N(ti)=Ai, i=0, …, n.                     (1) 

 
Naturally, we solve Eq.(1) piecewise by finding 

n segments N(ti), i=0, …, n−1, satisfying Ni(0)=Ai, 
and Ni(ti+1−ti)=Ai+1. 

By simple variable substitution, we can convert 
every time interval into 1 without loss of generality. 
Then the problem is to find Ni(t), so that 

 
Ni(0)=Ai,                                 (2) 
Ni(1)=Ai+1.                              (3) 

 
Interpolation using exponential map 

1. Lie group and exponential map  
Lie algebra is the tangent vector space of a Lie 

group at its neutral element. If G is a Lie group, and g  
is its Lie algebra, the exponential map is a map: 
exp: →Gg . For a matrix group, we have (Godinho 
and Natário, 2004) 

 

0

exp( ) e .
!

k

k k

∞

=

= =∑V VV                       (4) 

 

With the formula above, exp maps a curve in Lie 
algebra into Lie group, which is the basic idea of 
using exponential map to interpolate between matrices. 

2. Naive interpolation  
As the tangent space is a vector space, and thus is 
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convenient for applying the many tools of curve 
generation in Euclidean space. For a Lie group G, its 
elements can be associated with the elements in its 
Lie algebra easily. Thus it is natural to interpolate in 

,g and then map the curve back to G. 
For two elements A and B in matrix group G, we 

first find the two corresponding elements vA and vB in 
its Lie algebra ,g  so that e =Av A  and e .=Bv B  Then, 
in vector space ,g  we linearly link vA and vB by 
v(t)=(1−t)vA+tvB. Finally we find the interpolation in 
G by ( )( ) e ,v tc t =  i.e. 

 
c(t)=e(1−t)logA+tlogB.                     (5) 

 
3. Problems with naive interpolation  
Unfortunately, naive interpolation has the prob-

lems of distortion and global neighborhood error, 
caused by the map between spaces with different 
topologies (Bloom et al., 2004). We shall see this in 
the case of SO(3). 

4. Distortion  
Because 3R  is flat and SO(3) is not flat, a 

straight line in 3R  does not necessarily have an im-
age of a geodesic in SO(3) (Do Carmo, 1992). Fig.1 
shows the distortion of the naive interpolation in 
SO(3). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
5. Global neighborhood error  
Because the exponent map is not bijective, for 

one single rotation matrix in SO(3), there are infinite 
vectors corresponding to it in SO(3). On some occa-
sions, there may not be ‘natural’ way to choose one of 

those vectors. Fig.2 demonstrates the global 
neighborhood errors. Because rotation B and C are 
identical orientation with different preimage for ex-
ponential map, the logarithmic algorithm may make 
an undesirable choice. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Interpolation using exponential map with left 
translation 

However, for a straight line that passes the origin 
in Lie algebra, the exponential curve is free from 
distortion in Lie group. Furthermore, it is a geodesic 
in SO(3), say, the ‘natural straight line’ on manifold. 
For a Lie group, the image of a geodesic by left 
translation is also a geodesic. 

In order to find the geodesic from A to B in G, 
we first assume that it is the image of another geo-
desic under left translation LA. That ‘another geo-
desic’ is from I to A−1B, whose image under left 
translation LA is B. Then we turn our problem to find 
a geodesic from I to A−1B, where the exponential map 
works. 
The new curve is 
 

1( ) e .tc t −= A B
ωA                          (6) 

 

where 1−A B
ω  satisfies 1 1e .− −=A B

ω A B  

For SO(3), this scheme also deals with the 
problem of using the logarithm image by setting a 
reasonable limitation to the rotation in that the rota-
tion angles should be less than π between every two 
adjacent key matrices. 

 
Linear interpolation 

We present below a solution to the linear inter-
polation problem in Eq.(2) and Eq.(3). 

z

Fig.1  The curvature of SO(3). This figure shows the
distortion of naive interpolation from R1 to R2, with R1
being a rotation near π about z-axis. R2=RxR1, where Rx
is a rotation near π about x-axis. A shows a correct
trajectory, B is obtained by naive interpolation. 
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Fig.2  Global neighborhood error. A and B are two 
rotation matrices in SO(3), C is another preimage of 
rotation matrix B in SO(3). The trajectory from A to B
is ‘natural’, but the naive interpolation method may 
give a trajectory from A to C. 
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The curve N(t) consists of n segments of curves 
that link pairs (A0,A1), (A1,A2), …, (An−1,An). As 
mentioned above, we assume that the length of each 
time interval is 1. Then the curve starts from t=0, and 
ti=i. 

Formally, 
 

1

0

( ) ( ) ( ),
n

i i
i

N t t N t iδ
−

=

= −∑                     (7) 

 
where the configuring weights are 
 

1,      [ , 1),
( ) 

0,      otherwise.
t i i

tδ
∈ +

= 


 

 
The (i+1)th segment Ni(t) is interpolated be-

tween (Ai,Ai+1) with t from 0 to 1. We obtain Ni(t) by 
left translating Mi(t), where Mi(t) is interpolated be-
tween 1

1( , ).i i
−

+I A A  
 

( ) ( ),  0,  ...,  1,i i iN t M t i n= = −A               (8) 
where 

 ( ) e ,  [0,1],  0,  ,  1,it
iM t t i n= ∈ = … −B        (9) 

and 
1

1log( ),  0,  ..., 1.i i i n−
+= = −B A A            (10) 

 
 
QUADRATIC INTERPOLATION 
 

By extending the above methods, we can obtain 
a curve in homogeneous matrix group passing a se-
quence of given matrices. This curve represents a 
continuous motion. However, for a more pleasing 
visual effect, we also wish that the velocity is also 
continuous. 

Park and Ravani (1997) presented a technique on 
SO(3), which added a quadratic and a cubic term to 
the linear interpolation equation in a natural way. As 
shown below, this can yield an approximation. While 
Kim et al.(1995) proposed a framework to map a 
curve in 3\  to a quaternion curve. Wallner and Dyn 
(2005) discussed smooth properties of subdivision 
schemes on manifolds which were derived from 
similar schemes on Euclidean space. However, they 
mainly worked in the extrinsic space in which the 
matrix group is embedded, thus less light was cast on 

properties of the generated curves in their intrinsic 
manifold. 

Here, we study the velocity of a curve in a matrix 
group. With this knowledge, we develop a technique 
to extend the linear interpolation to a quadratic one so 
that the interpolation curve is C1. In the next section, 
we will show the extension can be reused to achieve 
higher order of continuity. 
 
The C1 conditions 

We define velocity, and give the equation in 
terms of our interpolation problem. 

1. Velocity 
For a curve c(t) passing p in a matrix group G, let 

us agree that c(0)=p. Its velocity at c(0) is determined 
by a left invariant vector field X, where X satisfies 

( ) (0).X p c= �  More specifically, vc(0)=Xe, Xe is the 
value of X at e. Formally (Do Carmo, 1992), 

 
1( ) [ ( )] ( ).cv t c t c t−= �                      (11) 

 

2. Equations of the conditions  
Besides Eq.(2) and Eq.(3), we add a new condi-

tion for continuity of velocity 
 

1( ) (0).i iN t N +=� �                       (12) 
 

By substituting N(t) for c(t) in Eq.(11), we can see 
Eq.(12) equals to Vi(1)=Vi+1(0), where Vi(t) is the 
velocity of Ni(t). 
 
Quadratic forms 

Using Eq.(4), we have 
 

( )
( )de  ( )e

d

f t
f xf x

t
′=

G
GG .                (13) 

 

Comparing Eq.(9), Eq.(8) and Eq.(13), and by 
Eq.(11), each segment Ni(t) in Eq.(8) has a constant 
velocity Bi. As Bi is determined by Eq.(10), it is 
natural to add a quadratic item to Mi(t) in Eq.(9) to 
obtain a C1 curve. 

1. Quadratic term  
Notice that in Eq.(4), a matrix and its exponent 

are commutative, which means that we have an al-
ternative form of Eq.(13) 

 
( )

( )de ( ) e .
d

f t
f xf x

t
′=

G
GG  
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If we let our quadratic form 
 

2

( ) e e ,i it t
iM t = B C  

where t∈[0,1], i=0,…,n−1.               (14) 
 

We have a closed form of its derivative, so that 
we can figure out the parameter Bi and Ci analytically 
according to the continuity constraint. 

2. Quadratic solution  
The derivative for Mi(t) in Eq.(14) is 

 
2

2

2 2

de de( ) e e
d d

         e e 2 e e
         ( ) 2 ( ) ,

i i
i i

i i i i

t t
t t

i

t t t t
i i

i i i i

M t
t t

t
M t tM t

= +

= +

= +

B C
C B

B C B CB C
B C

�

               (15) 

 
Condition Eq.(2) is met automatically at t=0 

regardless of our choice of Bi and Ci. 
For condition Eq.(3), we can choose Ci so that 

 
1

1e e ,i i
i i
−

+=B C A A  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

then 
1 1

1log((e ) ).i
i i i

− −
+= BC A A                  (16) 

 
Finally, from Eq.(15), we meet condition Eq.(12) by 
choosing Bi+1 for the (i+1)th segment so that 
 

1 1
1 1 1 2 .i i i i i i i

− −
+ + += +B A A B A A C                 (17) 

 
 
CUBIC INTERPOLATION 
 

In the above discussion, we do quadratic Hermit 
interpolation for each segment of the curve. However 
we can only specify the initial velocity for the first 
segment: If we specify 0 (0),M�  then B0 is determined, 
and then by condition Eq.(16), C0 is determined, and 
furthermore, by condition Eq.(17), B1 is determined, 
then C1, then B2, …, till the last segment. It is unde-
sirable because it makes not only the local adjustment 
of our curve difficult, but also the velocity at other 
points uncontrollable. We can see this in Figs.3a~3c. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure Interpolation form Velocity A Velocity B Velocity C Velocity D 
(a) Quadratic 0.9log(A−1C) N/A N/A N/A 
(b) Quadratic −0.9log(A−1C) N/A N/A N/A 
(c) Quadratic log(A−1B) N/A N/A N/A 
(d) Cubic log(A−1B)/3 log(A−1C)/3 log(B−1D)/3 log(C−1D)/3 
(e) Cubic log(A−1B)/3 −log(A−1C)/3 −log(B−1D)/3 log(C−1D)/3 
(f) Cubic 0 0 0  

 
Fig.3  A, B, C and D indicate four configurations of the model at t=0, 1, 2 and 3. In the table below the fig-
ures, A, B, C and D denote the corresponding transformation matrices for these configurations. 

(a) 

(c) 

(e) 

(b) 

(d) 

(f) 
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The C2 conditions 
Now we wish to be able to specify the velocity of 

our curve at every time point, thus we change the 
condition in Eq.(12) to 

 
(0) = ,i i iN AV�                             (18) 

1 1(1) = ,i i iN + +A V�              (19) 
 

where i=0,…,n−1, Vi+1 can be specified freely. For 
time points i=0,…,n−2, we have 
 

1 1 1(1) = (0) = ,i i i iN N + + +A V� �      (20) 
 

which means that the velocity is always continuous 
and we can freely specify the velocity at every time 
point. 
 
Cubic forms 

To do this, we need another free term to obtain 
that flexibility, the cubic term. Our new form is 

 
2 3 2( )( ) = e e e .i i it t t t

iM t −B C D                 (21) 
 

1. Remark  
We use f(t)=t3−t2 as the weight function for the 

cubic term because  
(1) f(0)=f(1)=0, then we obtain closed form of 

the derivative of Eq.(21) at the beginning and the end 
of every segment of the curve. 

(2) f ′(0)=0, then we can choose a Bi to specify 
the initial speed for a segment of the curve as before. 

(3) f ′(1)=1, then we can control the velocity of 
the segment at its end point by specifying Di. 

Therefore we now have 
 

(0) = ,iM I                                 (22) 

(1) = e e ,i i
iM B C                             (23) 

(0) = ,i iM B�                               (24) 
1 1

1 1(1) = 2e e .i i
i i i i i i i iM − −

+ ++ +B CB A A C A A D�    (25) 
 

2. Cubic solution  
We can specify the initial velocity of each seg-

ment of the curve by specifying Bi 
 

1 1= (0) = (0) = ( ( )) ( ) = ( ).i i i i i i i N iM M N t N t v t− −B A A� �  
(26) 

For Ci, we have 
 

1
1= log(e ),i

i i i
−

+
BC A A                    (27) 

 
so that when substituting Eq.(23) in Eq.(8), Eq.(3) can 
be satisfied. 

For Di, we have 
 

 1 1
1 1 1= 2 ,i i i i i i i i

− −
+ + +− −D B A A B A A C           (28) 

 
so that Eq.(20) can be satisfied. 

Some examples with different configurations are 
given in Figs.3d~3f. 
 
Extension of existing interpolation equations 

In fact, by following the procedure of adding 
free terms to existing interpolation equations, we can 
obtain higher-order smoothness. For example, if we 
have an interpolation equation Ni(t)= 

0 0 1 11 1( ) ( )( )e e ...e ,
i i i ii i

m mf t P f t Pf t P − −  and N(t) has (n−1)th order of 
continuity, we can obtain nth order continuity by 
adding another item ( ) .i i

m mf t P  As long as we set 
( ) ( )(0)= (1)= (0)= (1)=...= (0)=0,   (1)=1,i i i i i n i n

m m m m m mf f f ' f ' f f
we only need to figure out a value for the new pa-
rameter i

mP  to make the higher derivative ( ) ( )n
iN t at 

t=1 meet the requirement that it equals to ( )
1 (0)n

iN + , the 
same order derivative at the start point of the next 
segment. The latter is determined by the existing 
parameters ( ) and .i i

j jf t P  As to the lower order de-

rivatives of the new form, from the requirement of 
( ),i

mf t  it is obvious that the forms of the lower de-
rivatives of the new form are the same as those in the 
original form. Thus we can keep the condition for 
lower order derivatives satisfied without changing 
existing parameters. 
 
 
GENERALIZED EULER COMPUTATION 
 

In practical usage of matrix interpolation, say, 
generating an animation clip between two given key 
frames, it is often needed to compute hundreds or 
even more than one thousand intermediate frames in 
one segment of our curve. And the computation is 
often taken from the beginning of the segment to the 
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end by proceeding at a tiny time shift ∆t in each step. 
Thus if we can figure out the matrix for the ‘next’ 
frame M(t0+∆t) from the one for ‘this’ frame M(t0) in 
a faster way than direct computing M(t0) using matrix 
exponent, it will make our interpolation more appli-
cable. We shall show it is possible with the help of 

0( ).M t�  
In fact, there exists an intuitive way of achieving 

this: 0 0 0( ) ( ) ( ).M t t M t M t+ ∆ ≈ + ∆ � The problem is 

actually to find 0( ).M t�  We illustrate this computation 
below by applying it to our cubic interpolation. 

In ,R if we wish to find the value of a C1 func-
tion f(t) at t0+∆t, and we know some initial value at t0, 
f (t0), the derivative of f for any t, f ′(t), then we have 

 
0

0
0 0

0 0

( ) = ( ) ( )d

                = ( ) ( ),  [0,1].

t t

t
f t t f t f u u

f t tf t tα α

+∆
+ ∆ +

+ ∆ + ∆ ∈

∫ �

�
    (29) 

 
If ∆t is small enough, we can estimate the value 

of f at t+∆t 
 

 0 0 0( ) ( ) ( ).f t t f t tf t+ ∆ ≈ + ∆ �        (30) 
 

In our interpolation problem, with known B, C 
and D and initial value of M(0)=I, we need to find a 
curve segment M(t):[0,1]→G. (Note that we omit the 
index here.) 

Analogous to Eq.(30) in elementary calculus, we 
have 

 

0 0 0( ) = ( ) ( ),  [0,1].M t t M t tM t tα α+ ∆ + ∆ + ∆ ∈�   (31) 
 

When ∆t is small enough, we can obtain M(t0+∆t) 
approximately by  
 

  0 0 0( ) ( ) ( ).M t t M t tM t+ ∆ ≈ + ∆ �            (32) 
 

Fast computation of Eq.(32) depends on the as-
sumption that we can compute ( )M t�  easily for any t. 
We are now finding the derivative for Eq.(21). From 
Eq.(15) we find that for any curve of the form 

 
( ) ( )( ) = e e ,f t g tc t B C                    (33) 

 
we have its derivative 

( ) = ( ) ( ) ( ) ( ) .c t f t c t g t c t′ ′+B C�    (34) 
 
Then we rewrite M(t) in Eq.(21) as 
 

( ) = ( ) ( ),M t M t M tBC D                  (35) 
where 

2 2 ( 1)( ) = e e ,  ( ) = e .t t t tM t M t −B C D
BC D  

 
If we have MBC(t) at some time t0, then we can 

approximate its value with a small time shift ∆t 
 

0 0 0( ) ( ) ( ),M t t M t tM t+ ∆ ≈ + ∆BC BC BC
�       (36) 

 
where by Eq.(34) 
 

0 0 0 0( ) = ( ) 2 ( ) .M t M t t M t+BC BC BCB C�        (37) 
 
By Eq.(36) and Eq.(37), we obtain 
 

0 0 0

0 0

( ) ( ) [ ( )
                        2 ( ) ].
M t t M t t M t

t M t
+ ∆ ≈ + ∆

+
BC BC BC

BC

B
C

      (38) 

 
Similarly, 
 0 0 0( ) ( ) ( ).M t t M t tM t+ ∆ ≈ + ∆D D D

�         (39) 
 

By Eq.(13), we can find ( )M tD
�  easily 

 

 2
0 0 0 0( ) = (3 2 ) ( ) .M t t t M t−D D D�              (40) 

 
Thus we have 
 

2
0 0 0 0 0( ) ( ) ((3 2 ) ( ) ).M t t M t t t t M t+ ∆ ≈ + ∆ −D D D D  

 (41) 
 

In this way, we can ‘move forward’ a small step 
along Mi(t)  

 

0 0 0( ) = ( ) ( ),iM t t M t t M t t+ ∆ + ∆ + ∆BC D       (42) 
 
by using only 4 matrix multiplications. 
 
Computational error 

For analyzing the error of the computation above, 
we first study that of the Euler solution of a real ODE. 
For any C1 function f(x) defined on [a,b], given 
f′(x)=g(f(x)) we can calculate its value at x∈[a,b] as 
follows: 
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Algorithm 1     
1. Let fc(t)←f (a) 
2. Choose a ∆t=(x−a)/n, n is an integer 
3. Compute ( ) = ( ( ))c cf t g f t′  
4. Compute ( ) = ( ) ( )c c cf t t f t tf t′+ ∆ + ∆  
5. Let t←t+∆t  
6. Goto 3, unless t=x 

 
The sufficient condition of the convergence of 

this algorithm is that the function f(x) satisfies 
Lipschitz condition that there exists an L so that 
|g(y1)−g(y2)|≤L|y1−y2|. However, to our question we 
can assume that g has the second derivative in (a,b). 
Proposition 1    If we calculate the value of a function 
f(x) at x∈[a,b] by Algorithm 1, we shall get a result 
fc(x)=f(x)+e(x), where e(x) denotes the error. |e(x)| has 
an upper bound that is proportional to the step size ∆t 
in Algorithm 1, if following conditions are satisfied: 

(1) f(x) is C1 in [a,b] and has second derivative in 
(a,b); 

(2) g(x) is C1 in [a,b] and has second derivative 
in (a,b);  

(3) The step size is sufficiently small.  
Proof    According to Algorithm 1, at the kth step, we 
calculate fc(a+(k+1)∆t) from fc(a+k∆t). We denote the 
error before kth step ek, so we begin with fc(a)=f(a) 
and e0=0. 
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From Eq.(43), we can obtain the upper bound of 

the increase of the error at the kth step. 
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where D is the upper bound of  | f ″|, E is that of | f ′|, 
and F, | g ″|. 

If we have  
 

|ek|≤1 (or any other constant),          (45) 
and let 

p=1+∆tC,                    (46) 
q=∆t2D,      (47) 
C=E+F,       (48) 

 
then from Eq.(44), we have 
 

|ek+1|≤p|ek|+q,         (49) 
 

and then extend it recursively 
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From Eq.(50), for a given ∆t, the upper bound of 
the error increases monotonously with k. So if a ∆t 
makes |ek+1|≤1, for any m, m=0, …, k, we have em≤1, 
thus the assumption Eq.(45) can be satisfied. 

And thus given the step size, the global bound of 
the error at any t∈[a,b] is the bound at the end point 
t=b. We write  

 

1 (1 ) 1| | = .
1

b a
N t

N
p tCe q tD
p C

−
∆− + ∆ −

≤ ∆
−

     (51) 

 

When b−a is a constant, and ∆t is small enough 

so that ( )(1 ) e ,
b a

C b attC
−

−∆+ ∆ →  it is approximately 
proportional to ∆t; when ∆t is a sufficiently small 
constant, it is approximately proportional to eb−a. 
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For sufficiently small ε, given ∆t<ε the bound 
Eq.(51) would be less than ,C t∆  where C  is a con-
stant determined only by C, D, a and b. It completes 
the proof.                                                                     □ 
Remark    If we have g″≡0 then we do not need the 
assumption Eq.(45). 

For a matrix function 
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whose derivative satisfies M′(t)=G(M(t)), we can take 
an element Mij(t) of the matrix function to see what 
will happen when Algorithm 1 is applied. Mij(t) is a 
real function. 
 

( ( 1) )

   = ( ) ( ( ))

   = ( ) ( ( ) ),

ij

ij ij

k k
ij ij ij

M a k t

M a k t tG M a k t

M a k t E tG M a k t

+ + ∆

+ ∆ + ∆ + ∆

+ ∆ + + ∆ + ∆ + E

(52) 

 
where ( )M t  represents the numerical result of the 
function M(t), Ek is the error matrix before the kth step. 
From Eq.(43), the bound of k

ijE  should have similar 

form to that in Eq.(51), provided conditions in 
Proposition 1 hold for Mij(t). 

However, in the matrix version of Algorithm 1, 
Gij has a matrix as its input variable. So we must 
modify the condition about g(x) to: ∂2Gij/(∂Mpq∂Mrs) 
exists in (a,b) for any i, j, p, q, r, s in 1…n. Note that 
this condition implies that ∂Gij/∂Mpq is continuous in 
[a,b] for any i, j, p, q in 1…n. 

Having this condition satisfied, if we analyze the 
relationship between the bound of 1k

ijE +  and k
ijE  as in 

Eq.(50), we will have similar result as in Proposition 
1 for computing Mij(t) by Algorithm 1. The whole 
matrix will definitely converge in the sense of any 
kind of norm if all of its elements converge.  

It is easy to see that the condition for G holds for 
Eq.(37). So our method is valid. 

Fig.4 shows us the error at each t in each seg-
ment in our experiment. Fig.5 illustrates the greatest 
value of the error in the third segment according to 
varying ∆t. 
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Fig.4  Approximation error of our method. The three-
segment motion is the one we demonstrated in Fig.3.
This figure illustrates the error of our numerical cubic
method with different ∆t in Eq.(42). For the measure-
ment of error, we use the Riemannian metric for SE(3)
(Zefran et al., 1999). 
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Fig.5  Experimental up-limit for the error. The three-
segment motion is the one we demonstrated in Fig.3.
This figure illustrates the error at the last moment in the
last segment, which we suppose to be the greatest value
in that segment (The value at 3000 in Fig.4). And that
value decreases approximately with 1/∆t. The metric is
the same as that in Fig.4. 
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CONCLUSION 
 

By using exponential map, we present the quad-
ratic and cubic forms for animation interpolation 
between general homogeneous matrices. In our dis-
cussion, the development of quadratic and cubic in-
terpolation in a matrix group also provides a basis for 
finding other forms of C1 interpolation in a matrix 
group. 

By taking the generation of the interpolated 
curve as solving a differential equation on manifolds, 
we propose a generalized Euler solution, and take 
advantage of the fact that there exists a closed form of 

( )M t�   with  respect  to  known  components  of  M(t). 
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