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Abstract:

A 3D synchronism deployable antenna was designed, analyzed, and manufactured by our research group. This an-

tenna consists of tetrahedral elements from central element. Because there are springs at the ends of some of the rods, spider joints
are applied. For analysis purpose, the structure is simplified and modelled by using 2D beam elements that have no bending
stiffness. Displacement vectors are defined to include two translational displacements and one torsional displacement. The stiff-
ness matrix derived by this method is relatively simple and well defined. The analysis results generated by using software de-
veloped by our research group agreed very well with available test data.
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INTRODUCTION

Large antennas for space applications have some
differences as compared to their counterparts de-
signed and manufactured for ground usage. For a
larger space antenna, the applied loads in space can be
several orders of magnitude less than the gravity
loading it is subjected to when being fabricated and
assembled on the ground. Since the effect of gravity
cannot be removed from any experimental verifica-
tion performed on the ground, we must rely on the use
of efficient and highly accurate analysis methods for
designing and verifying large space antennas. Tibert
(2002) provided the state-of-the-art of deployable
antenna. And many researches have been trying to
analyze the beam with torsion moments.

Na and Kim (2006) analyzed the deployment of
a multi-link flexible structure with the Timoshenko
beam theory and determined the equations of motion
using Hamilton’s principle. Serna et al.(2006) pre-
sented a set of equivalent uniform moment factor
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values using both finite difference and finite element
techniques. Armero and Ehrlich (2006) proposed
some new finite elements for thin Euler-Bernoulli
beams that incorporate the softening hinges to de-
scribe the beam’s deformation. Yau (2006) suggested
a finite element model for buckling analysis of ta-
pered I-beams subjected to torsional moments. Ma
(2006) analyzed the ideal displacement amplification
ratio of a bridge-type flexure hinge based on the ki-
nematic theory.

Two types of special beam elements developed
specifically for modelling and analyzing large
3D-synchronism deployable space antennas will be
studied in this paper. The first type is a one-beam
element with torsion springs formed by two elements
of the first type that are linked by a pin joint. As some
loads are always zero, the stiffness matrices can be
simplified and used to perform static and dynamic
analyses of the antenna.

REDUCTION FORMULATION

Fig.1 shows the antenna structure to be analyzed.
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(b)

Fig.1 Antenna structure model. (a) Stowed state;
(b) Deployable state

This is a beam-and-truss structure (Yue et al., 2001;
Zhao and Guan, 2005). The equilibrium equation of
this structure can be derived in terms of generalized
stresses in a Cartesian coordinate system. Formula-
tions are rewritten as follows (Pellegrino and Cal-
ladine, 1986; Zhang, 2001):

(AL pyms 1 iy = > Q)

where A is flexibility rectangular matrix, ¢ is gener-
alized stress, / is generalized loads. The equilibrium
equation can also be expressed in terms of generalized
displacements

[AT ](m+p)(n+p) {d}(m+p) = {8}(n+p)’ (2)

where A" is geometric compatibility (m+p)(n+p)
matrix, d is displacement of node (m+p), € is gener-
alized strain. This equation is valid only for small
deformation.

For a linear-elastic material, the generalized
stresses ¢ are related to the generalized strains & by
the matrix of member F, or just flexibility matrix by
the relationship

[F](n+p)(n+p) {O.}(n+p) = {8}(n+p)' (3)

If the number of zero load is p, i.e., [,=0, the
system of equilibrium Eq.(1) can be split into the
following two coupled systems of m and p linear
equations, respectively

Amno-n + Ampo-p = lm’ (41)

A,0,+A4,0,=0. (4.2)

If 4, is not singular, system Eq.(4.2) can be solved
for 6, in terms of o,

G, =—A'4 o 5)

pp*pnn’
Substituting Eq.(5) into Eq.(4.1) yields
-1
4,,-4,4,4,), =1, (6)

That is

Ae=l, (7)
where

A=A,-A A'A  o6=6,[=, (8

mp*“pp*Tpn?
So that we can obtain (Zhang, 2001)
T T 4T 4T T 4-T
(4,,-4,4,4,)d, =¢,-A4,A4 & ©)]

pn-pp pn”"pp Up”

This is a new system of compatibility equations, with
an nxm coefficient matrix. The internal work is

T, T T
6 £=06,8, 10,8, (10)
The reduced flexibility matrix is

F'=F,-F A'A ~A" A'F +A" A'F A'A

np“Spp“Tpn pn“Tpp = pnTpn“Tpp T pp“Tpp“Tpn-
(11)
The reduced stiffness matrix is
* -1 -1 -1 -1
K =(F) =F, _ApnAppan
-1 -T -1 -1 -T
—FpnAppApn +ApnApprpAppApn. (12)
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MATRIX OF FIRST TYPE OF MACRO-ELEMENT

Fig.2 shows a one-beam element that has torsion
spring joints at each end. The torsion spring joints can
be connected to other elements or spider frictionless
pins. A torsion spring joint transmits the force com-
ponent and bending moment. When the joint revolves
(turns), it also transmits shear force.

The beam is a 3D structure of a plane beam.

== .

Fig.2 First type of macro-element

Equilibrium matrix
Macro-element 1 can be separated into a beam
and two torsion springs as shown in Fig.3.
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Fig.3 Reduced macro-element 1. (a) Separated force
model; (b) Force combination; (c) Force simplification

In the state of Fig.3a, the equilibrium equation is

]

-1 0 0 0 0 m,
1 0 0 0 0 m,
0 -1 0 0 0r " S
0 0 -1/ 1/I' 0 T; Si-
0 0 -1 0 0 m,,

M, |= , (13)
0 1 0 0 0 v for
0o o0 1/ -1/L' 0 : fo.
M!
0 0 0 1 0~/ |my,
0 0 0 0 -1 m,
0 0 0 0 1| m, |

where M|, M are torsion moments of the spring, 1,

mj, m;1, mp are generalized stresses loaded at the ends
of torsion spring, T is axile force, L is length of the
beam, superscript 1 represents the number of macro-
element. At the nodes in Fig.3c, force equilibrium and
displacement compatibility must be maintained. The
equilibrium equation is

-1 0 o0 0 0] [ om, ]
0 -1 0 0 0 Fp fi
0 0 -1/ 1L 0 T;’ £
1 0 -1 0 0 o || et
0 1 0 0 0 M‘ for
0o o0 /L -1/L' 0 M§ fo.
0 0 0 1 s my +my,
0 0 0 0 1| . om

(14)

As mp+m,, and m;+my, are always zero, the equilib-
rium equation reduced to

-1 0 0 | fix
0o -1/r' 1/ - £
0 - O s =] ™. (15)
1 0 0 M‘ S
o 1/L' -1/L : £,
| 0 0 I | | ™, |

The coefficient matrix of Eq.(15)is A .

Geometric harmonious matrix

Let matrix A" turn, get (4")", which is a reduced
geometric harmonious matrix.

The reduced displacement vector is

1x dlz 77in de dZZ 77/2y ]’ ( 1 6)

where 7., 170 are generalized displacements of turn

angle about torsion springs.
The reduced generalized strain vector is
e=lg ¢ 4 ¢ 4 (17)

The generalized strain vector & can be divided
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into &,, &,.
61
e =¢,-A Ae =|d+¢ |, (18)
b+ 4,
where
1
. e
& :{qj’} & = ¢+¢1 (19)
P ¢1 > n 1 i |°
J

¢+,

Flexibility matrix
For linear-elastic material behavior, flexibility
matrix is given by

0 0 0 oM [4
0 L/EA 0 0 0} T e
0 0 2" &' 0M |=|4] (0
0 0 it 0| M, |4
K 0 0 0 fl[M] |4]

where f, f, are flexibility of springs, ilZLl/(6E1y): A
is section area. Flexibility equation can be written as

L /EA 0 0 T e
0 fi+2i i M, |=| ¢+ |=¢,
0 i £, +2i" || M, ¢ + ¢f
(21)
where
L'/ EA 0 0
F'=| 0 f+2i i (22)
0 i £, +2i'

Stiffness matrix
FromA ¢ =1",(4)'d=¢", Fo =¢, the reduced
stiffness matrix can be expressed as

ES

K=
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1 1
EL/f 0 0 —% 0 0
0 PA 0,4 _PA QO
Ll 2 Ll Ll 2 Ll
(L) (L)
0 Q21A R4 - PlAz Ql1
L (I L
1 1 ’
o _PA 04 PA QA
Ll 2 Ll Ll 2 Ll
(L) (L)
0 % i'A 0 —QLIA R A
(23)

where A is area of the beam, L is length of the beam,
A=VIABR2f)IH3GY ], Pfift6i', Qifi+3i,
Or=f+3i', Ri=fi+2i", Ry=fr+2i". If fi=f=f; the stiff-
ness matrix can be further simplified.

MATRIX OF SECOND TYPE OF MACRO-
ELEMENT

As shown in Fig.4, macro-element 2 consists of
two macro-element 1 jointed in the middle by a fric-
tionless pin.

{»T T; 5T 19’

(@
b, ds
(b)

(c)

Fig.4 Macro-element 2. (a) Separated force model; (b)
Force combination; (¢) Force simplification

It is the key part of a deployable structure. The
middle pin joint that links the two macro-elements 1
can turn by pin joint transfer axial force. The middle
two torsion springs produce bending moment to
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macro-element 1. Fig.4a depicts the bending moment
loaded on macro-element 1, Fig.4b shows all the
forces on the macro and Fig.4c is the simplification.
So that it has characteristics of a plane beam. Simi-
larly, we can get the equilibrium equation of
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macro-element 2, that is

-1 0 0 0 0 0
0 -L uyLr 0 0 0 |, -
T
0 -1 0 0 0 0 Y
1 0 0 -1 0 0 !
1 2 2 M3
0 /' -1/L 0 -Ur* 1/L 7
0 0 1 0 -1 0
M4
0 0 0 1 0 0 e
0 0 0 0o v |-
10 0 0 0 1 1|

-1 0 0 0 0 0
0 -y’ o0 0 VL 0 |- -
T
0 -1 0 0 0 0|
0 0 0 1 0 0 Ml
o o -y o o0 T;
0 0 0 0 0 0
M3
10 0 -1 0 0
1 2 1 2 M4
o v wyr o yr -yr|-*-
00 0o 0 1 -1

= S 0y for foo 10, [ fon M TN (26)

=[fis fro My S foo 00 fo fo. M TT, (24)

where mj is torque of torsion spring in the middle

two nodes, L2, A% are length, area of the second beam

respectively.

The flexibility equation can be written as

F _
— 0 0 0 0 0
EA
0 R i 0 0 0
0 i fi+2i' 0 0 0
LZ
0 0 0 - 0 0
EA
0 0 0 0 f,+2i° i
L0 0 0 0 N

x[T" M, M, T° M, M,
=[e' +¢ b+, & $+4" b+41. (25

Since f,, = f, =m! =0, A=A, -A A'A A
is the reduced equilibrium matrix,
-1 0 0 | o
0 1 1 S
)
' T S
0 -1 U I I o
1 0 0 Ml R
o L _LF L
1,2 1,2 2
L L | ™, |
[0 0 1

where L'2=L'+1>.

The reduced geometrical harmonious matrix
B'=(4")" corresponding to reduced load vector is

where i' = L' /(6EI), i = I’ /(6EI).

Load components of middle node m are always
equal to zero, so that the degrees of freedom can be
reduced and Eq.(26) can be derived from Eq.(24) by
primary transform

d = [dlx dlz 77[; de d22 775 ]T . (28)
The reduced generalized strain vector becomes
1 0 0
B 1 2
e P P e
e=d+d |-|0 e KR
6. +4) PR DY
0 —77 =
I e +e’
=\ +8 +(L/L) g+ +4,+47) | (29)
b+ +(L/L7)G + 4+, +¢))
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The stiffness matrix of macro-element 2 was
assembled from macro-element 1. The inverse matrix
of reduced flexibility matrix is shown as

EA/L 0 0
(FY'=| 0 a -b|. (30)
0 -b a

The reduced stiffness matrix of macro-element 2
is

£ o B4
L L
o B S, s
L L rr L
0 E a 0 —E b
K= - EA - :
-—— 0 0 = 0 o0
L L
o B S, 8 s
L L L L
0 S 0 -3 4
L L L i
(31
where
S=a+b,
a=(f12+4i)/(2f*+10fi+12:%), (32)
b=(f12+2i)/(2f*+10fi+12:%). (33)

Obviously, the reduced stiffness matrix is of
positive determinate symmetry and the linear reduced
equilibrium equation can be solved.

STATIC ANALYSIS

This antenna consists of two types of elements,
one is macro-element 2, consisting of upper and lower
chord struts, the other is truss element, composed of
abdominal struts. Stiffness matrix is assembled in the
global coordinate system. Finally, the linear equations
are solved.

Fig.5 shows a revolving parabolic deployable
antenna, whose design parameters are: aperture di-
ameter D=2.2 m, ratio of focal distance to aperture
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diameter f/D=0.4, area of strut cross section
A=0.13345 cmz, Young’s modulus £=210 GPa, den-
sity of mass p=7.8 g/em’.

0.56 0.52 0.56
JAVAVAN
0.44 0.26 0.26 0.44
0.56 0.25 0.08 0.26 0.56
0.52 0.26 0.26 0.52
0.56 0.43 0.56
(@

Fig.5 A revolving parabolic deployable antenna.
(a) Orthographic drawing; (b) Plan drawing

CONCLUSION

We applied the reduction formula of equilibrium,
compatibility and flexibility matrices in the force
method (Pellegrino et al., 1992) to derive the stiffness
matrix of complicated new elements. In this paper
two types of special beam elements are discussed.
The first type consists of one beam with torsion spring
installed at its end. The second type consists of two
first type elements linked by pin joint. Since some
loads are always zero, the stiffness matrix can be
simplified. We analyze the static deformation of de-
ployable structure by new elements. The count result
is corrected compared with the experiment data.
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