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Abstract:    A meshless simulation system is presented for elastic deformation driven by skeleton in this paper. In this system, we 
propose a new method for calculating node rotation while applying a similar technique with stiffness warping to tackle the 
nonlinear large deformation. In our method, all node rotations are evaluated from sampling points in attached skeleton by con-
structing and solving the diffusion partial differential equation. The experiments indicated that the method can enhance the sta-
bility of the dynamics and avoid fussy sub-step calculation in static deformation edition. Moreover, rational deformation results for 
the area around the skeleton joints can be simulated without user interaction by adopting the simplified technique. 
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INTRODUCTION 
 

Physical simulation is an important area for 
creating realistic character animations. In the film 
industry, animators require detailed control of the 
motion of their characters. Many techniques have 
been developed for automatically simulating charac-
ters’ motion. The skeleton driven elastic deformation 
is paid much attention in these techniques, since many 
motions and deformations in character animations are 
mainly driven by skeleton. In general, however, it is 
not easy to get fast and realistic effects of deformation 
because of large nonlinear deformations in many 
applications. 

It is a well-established approach to simulate 
deformation as continuums and solve their governing 
equations numerically. When adopting an object, it is 
necessary to choose the measure of strain. Green 
strain tensor, which consists of linear terms and 
nonlinear terms, is a common choice for large de-
formations. But the corresponding computation cost   

is expensive. An alternative choice is adopting 
Cauchy strain which has only linear terms. However, 
this simplified method can produce quite unnatural 
results when it is simply applied to bending or de-
formation of relatively large magnitude. For example, 
the volume of the deformed shape can increase unre-
alistically (Müller et al., 2002; Guo and Qin, 2005). In 
order to tackle the problem, many techniques were 
proposed, with adoption of stiffness warping being 
representative. Stiffness warping technique compen-
sates the stiffness matrix for rotational parts of de-
formation and yields visually plausible result. 

As for solving the governing differential equa-
tions of motion, many methods such as finite differ-
ence, finite element and meshless methods are in-
troduced. Furthermore, with the development of data 
acquisition power and point sampled geometry, 
meshless methods have attracted much attention be-
cause of its many advantages in simulating large de-
formation and material failure. 

In this paper, we present a system which simu-
lates the nonlinear large deformation driven by 
skeleton in a meshless framework. It is convenient for 
simulating both dynamics and statics. Moreover, 
constructing finite element discretization can be 
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avoided for simulating complex model which can be 
obtained by scan devices. 

An implementation procedure applying warping 
stiffness technique in meshless methods framework is 
given. The innovative aspect lies in the way of getting 
the rotation tensor field for compensating stiffness. 
We calculate all nodes rotation based on the rotation 
of the sample skeleton points by constructing and 
solving the rotation diffusion equation. Compared 
with some methods in literature, our method of rota-
tion calculation is non-iterative and can avoid error 
accumulation. So, in statics simulation, fussy sub-step 
calculation is not necessary for calculating rotation. In 
dynamics, it can increase the stability without de-
creasing the simulating rate. In the area of skeleton 
joint, our system does not require users’ interaction 
and can be automatically implemented. 
 
 
RELATED WORK 
 

Physically based deformation has two decades of 
history in Computer Graphics (Terzopoulos et al., 
1987). Previous work in this field had two central 
aims: to speed up the simulation and increase the 
realism of the result. Mesh based methods, such as the 
finite element method and finite difference method, 
are prevailing. Comprehensive surveys on this subject 
can be found in (Gibon and Mirtich, 1997; Nealen et 
al., 2005). 

Skeleton driven deformation is implemented by 
two types of methods which are free-form deforma-
tion (FFD) and physical simulation. FFD introduced 
by Thomas and Scott (1986), is based on geometry 
and many techniques were involved. In physical 
simulation area, Capell et al.(2002; 2005) did some 
outstanding work and obtained realistic and fast re-
sults in finite element method framework. As for 
nonlinear deformation, Capell’s technique can apply 
stiffness warping technology which is proposed to 
avoid unnatural result (Müller et al., 2002; Müller and 
Gross, 2004). In detail, to address large relative rota-
tional deformations with a single object, stiffness 
warping technique tracks the rotation of each node 
and warps the stiffness. It must be indicated that user 
must set up the weight value for every part in joint 
area in Capell’s simulation. 

Recently, meshless methods are attracting much 

attention and were introduced to Computer Graphics 
by Desbrun and Cani (1995). Guo and Qin (2005) and 
Guo et al.(2006) applied element-free Galerk in 
methods in modal analysis. For the advantages 
without mesh topology, Pauly et al.(2005) succeeded 
in simulating fracture solids. 

Our method is similar to Müller’s approach in 
that rotations are handled separately to reduce or 
eliminate artifacts. The difference is that, whereas 
their rotations were obtained by an iterative method, 
our method of rotation calculation is based on diffu-
sion without iteration. Compared with Capell’s work, 
our system can decrease users’ interaction in the joint 
area. Moreover, our system is implemented in origi-
nal space, instead of modal space allowing for statics 
simulation application. In addition, our work has 
focused on a deformable object driven by skeleton, 
thus the ghost force effects can be suppressed by 
constraint force. The method of rotation calculation in 
this paper can be used in finite element frame. 

In the following, deformation simulation prob-
lem and meshless method based on moving least 
square approximation are briefly described first. Then, 
the method of rotation calculation is discussed in the 
areas of geometry discretization, rotation diffuse 
equation and solution. At the last section, several 
simulation results are provided. 
 
 
MESHLESS METHODS AND SKELETON DRIVEN 
DEFORMATION 
 

In general, an object is represented as a domain 
Ω⊂ú3 and the skeleton in the object is represented as 
a graph S⊂Ω. As any point p∈Ω, the movement is 
represented by a time dependent function p: Ω×ú→ 
ú3: (X,0) x(X,t), where X is the material coordinate 
(i.e. initial location coordinate), x(X,t)=X+u(X,t) is 
the location coordinate of node p at time t and u(X,t) 
is the displacement. The simulation target is getting 
all points coordinate after the object deforming. It is 
well known that deformation follows the governing 
equation 

 

ext( ) ,+ + − =Mx Cx K x X f and ∀x*∈S  s.t.  x*=bone. 
  (1) 

 
If the rate effect is negligible for deformation, 
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Eq.(1) changes into statics equation 
 

          K(x−X)=fext, and ∀x*∈S  s.t.  x*=bone.      (2) 
 

In Eqs.(1) and (2), M, C and fext denote mass 
matrix, lamp matrix and node force vector respec-
tively. The stiffness matrix K is correlated with the 
deformation energy and we call the item of K(x−X) 
elastic forces. The Green strain tensor is represented 
by using matrix ε: 
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2
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2
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ij lm ij

i j
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δ δ
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X X X X

           (3) 

 
where u=x−X is a displacement vector. Omitting the 
nonlinear terms in Eq.(3), the problem becomes linear 
and easy. The simplified strain is called Cauchy strain 
and is familiar in engineering analysis. In this paper, 
we use simplification and compensate the result by 
using stiffness warping technique. 

We apply the meshless methods to discrete the 
governing Eq.(1). The advantages can be summarized 
as follows: (1) they can easily handle very large de-
formations, since connectivity among nodes does not 
exist; (2) in areas where more refinement is needed, 
nodes can be added quite flexibly; (3) data manage-
ment overhead can be minimized during simulation. 

 
Moving least square (MLS) shape functions 

In this paper, the shape functions are constructed 
by using the MLS technique. The MLS method can 
provide continuous and smooth field approximation 
throughout the analysis domain with any desirable 
order of consistency. We associate each node I with a 
positive weight function ωI of compact support. So 
we define the influent domain of the node: ΩI={x∈ú3: 
ωI(x)=ω(x,xI)>0} where ω(x,xI) is the weight func-
tion associated with node I evaluated at position x. 
The approximation of the field function f at a position 
x is only affected by the nodes whose weights are 
non-zero at x. We denote the set of such nodes as the 
set L. Considering a field function defined in the 
analysis domain Ω⊂ú3, we can construct its 
approximation as follows: 

4

1

( ) ( ) ( ),h
i i

i
f f p a

=

≈ = ∑x x x               (4) 

 

where pi(x) are linear basis function pT={1,x,y,z}, ai(x) 
are coefficients which can be derived by minimizing 
weighted errors at all nodes in the influent domain of 
x 
 

T 2( )[( ( )) ( ) ] ,I I I
I L

J w a f
∈

= − −∑ x x p x x       (5) 

 

where fI is the real field value at the node I. If the field 
f is also a function depended on time, we can write 
 

( , ) ( , ) ( ) ( ),h
I I

I L
f t f t f tφ

∈

= = ∑x x x          (6) 

 

where T 1( )= ( )[ ( )] [ ( )] ( ),I I Iφ ω −x x p x M x p x and M(x) 
T( ) ( )[ ( )]I I I

I L
ω

∈

= ∑ x p x p x  is called the moment ma-

trix. Especially, if the displacement field is taken as a 
field function, we can write 
 

( , ) ( , ) ( ) ( ).h
I I

I L
u t u t u tφ

∈

≈ = ∑x x x            (7) 

 
The above description shows that the weight 

function plays an important role in MLS approxima-
tion. We use the compactly supported radial spline 
function 
 

2 3 41 6 8 3 , 1;
( , ) ( )

0, 1,I I
r r r r

r
r

ω ω
 − + − ≤

= = 
>

x x    (8) 

 
where r=(||x−xI||)/hi. The support radius hi is deter-
mined adaptively depending on the local density of 
nodes. 
 
Stiffness warping 

The main difference between meshless methods 
and finite element methods is model discretization 
and the shape function (i.e. approximation method). 
Hence, after finishing the two processes, our simula-
tion is the same as that in finite element framework. 
Gauss integration method is utilized on the integral 
cells which were detailedly discussed in (Belytschko 
et al., 1994). 

In this paper, stiffness warping strategy in 
meshless methods is described. As pre-computing 
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process, we calculate the initial stiffness matrix in 
linear elasticity model 

 
elastic ( ),= ⋅ −f K x X                   (9) 

       
where K is the whole stiffness matrix which is ex-
pressed by many 3×3 sub-matrixes. Let kij be the 3×3 
sub-matrix of K containing entries Kvw, with 
3i−2≤v≤3i and 3j−2≤w≤3j. We get the elastic force fi 

at node i 
 

1

( ).
n

i ij j j
j=

= −∑f k x X                   (10) 

 
During the simulation, at every time step, stiff-

ness warping is implemented as follows: 
 

1

1

( ),
n

i i ij j j j
j

−

=

= −∑f R k R x X            (11) 

 

where Ri is the rotation of node i, Rj is the rotation of 
node j. The node rotation can be calculated with the 
method described in later sections. We update the 
elastic forces in Eq.(1) and solve the motion govern-
ing equation in every time-step. Moreover, the same 
strategy can be used to deal with Eq.(2) for simulating 
the statics deformation. 
 
 
SKELETON CONSTRUCTION AND DEFORMA-
TION 
 

Constructing skeleton of a given object is nec-
essary in our system. As for the object without 
skeleton, we have two methods to construct skeleton 
according to requirement. One method is to take in-
teractively the centre shaft of the object as a skeleton 
after obtaining the Voronoi mesh (Lin et al., 2005). 
The other is Capell’s method, where the user creates a 
sample point by clicking on the object with the mouse. 
If the ray through the mouse point (from the camera 
projection center) intersects the object at least twice, a 
sample point is placed midway between the first two 
intersections. After connecting all sample points with 
lines, a skeleton structure is constructed. Of course, 
we can select more points in the skeleton as sampling 
points during the calculation. Moreover, according to 
simulation demand, we also select some joint points 

which have different material property or weak rota-
tion confinements.  

We calculate the skeleton deformation by ap-
plying standard nonlinear finite element method. 
Because of having much less nodes than the whole 
object, the skeleton discretization and calculation is 
not expensive even though it is a strict mechanics 
computation.  
 
 
DIFFUSION BASED ROTATION CALCULATION 
 

Directly and non-iteratively calculation of nodes 
rotation is critical in our simulation system. The pre-
vious methods for obtaining node rotation are all 
iterative. That is, calculating node rotation must de-
pend on the result of the last sub-step calculation. We 
take Müller’s method for instance. For getting the 
rotation of a node or element at time tk+1, translation 
matrix from initial location to the location at time tk 
must be obtained. The method make polar-decompose 
to the matrix which is gotten by deleting the scale part 
from the translation matrix and taking the rotation 
part as the node or element rotation. It is obvious that 
the iterative methods sometimes decrease the simu-
lation stability and rate. Specially, fussy sub-steps 
calculation must be done and this increases the cal-
culation cost greatly. Our system applies a solution 
method in which rotation calculation is based on 
diffusion from the sample point rotation in the 
skeleton. The method has more stability and can di-
rectly solve statics simulation in one step. 

 
Rotation of the sample skeleton points 

The node rotation is calculated based on diffu-
sion from the rotation of sample points in the skeleton. 
The sample point rotation can be obtained from the 
skeleton location after deforming. In detail, it can be 
calculated with the method given by Yu et al.(2004). 
In detail, the sample point rotation is obtained by 
calculating the local coordinate frame rotation after 
deforming and denoted by corresponding quaternion. 
 
Rotation diffusion equation 

During simulating skeleton driven elastic de-
formation, we make an analogy between the node 
rotation distribution and the steady-state temperature 
field. We assume a sample skeleton point p and a 
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constraint set T⊂Ω. If the temperature is 1 at point p 
and is 0 at all points in T, we can get a steady-state 
temperature or diffusion scalar field function ú: Ω 

[0,1] which has maximal value at point p. The 
values are in inverse proportion with the distance 
away from point p and close to zero near the con-
straint nodes. Analogously, we take the point p as 
rotation diffusion resource and construct all the nodes 
rotation in the simulating object. In detail, we indi-
vidually construct one scalar field Ri (i=1, 2, 3, 4) for 
each item in the rotation quaternion. Each of four 
scalar fields follows the steady-state temperature 
equation (i.e. Laplace equation) and the boundary 
condition which is the corresponding item in the 
quaternion denoting the sample skeleton rotation.  

 
2 2 2

2
2 2 2 0,i i iR R RR

x y z
∂ ∂ ∂

∇ = + + =
∂ ∂ ∂

 

s.t. ( ) , ( ) 0, , ,  ,  ,  i pi iR p r R p p T i′ ′= = ∀ ∈    = 1 2 3 4. (12) 
 

As for any one node s in the calculation domain, 
we get the four scalar values rs1, rs2, rs3, rs4 by solving 
the above equations. The quaternion qs=(rs1, rs2, rs3, 
rs4) expresses the rotation of the node s with nor-
malization being necessary. 
 
Diffusion equation solving 

In order to solve the diffusion Eq.(12), we even 
tried to use several methods. For example, in previous 
experiment, we applied the volume Laplacian method 
which puts the nodes and creates volume graph with-
out finite element discretization. But it was found that 
the diffusion effect of rotation from inner nodes to 
exterior nodes was not good. The reason is that the 
Laplacian coordinate of exterior nodes does not de-
pend on the inner nodes.  

Concerning the existence of discretization for 
solving motion equation, we turn into applying the 
meshless method to solve the diffusion equation. It is 
easy to be implemented and the calculation cost is 
small. Generally, we think of the functional 

 
22 21 d .
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i i i

V
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x y z

Π
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Solving Eq.(12) is equivalent to the problem of 

solving the minimal value of the functional Π (i.e. 

δΠ=0). Applying MLS approximation, whose scalar 
value is ( , ) ( ) ( ) ( ) ( )i I i I i

I L
R t R t tφ

∈

≈ =∑x x N x R  in 

which Ri(t) is a 1m×  column vector which indicates 
the nodal field value at time t, where m is the node 
number in L. Then, we calculate 
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and substitute it into Eq.(13) 
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where Ve is integration cell in the object and [K]e= 

T[ ] [ ]d
eV

V∫ B B  is cell stiffness matrix. By calculating 

the differential to Eq.(14) and making it equal to zero, 
we get the linear system K{Ri}=0 with its boundary 
being equivalent to that of Eq.(12). Because K is 
sparse matrix in the linear system, solving the linear 
system is not expensive and many methods can be 
used, such as LU-decomposition of sparse matrix. 
 
 
IMPLEMENTATION AND DISCUSSION 
 

As for simulating skeleton driven elastic defor-
mation, our rotation calculation method can be ap-
plied in dynamics and statics simulation according to 
user’s application. In dynamics simulation, implicit 
integral method presented by Baraff and Witkin 
(1998) is applied. In summary, simulation is imple-
mented as follows: 

(1) Create the skeleton for the given model. If the 
model has skeleton itself, the step can be omitted. 

(2) Select the sampling skeleton points interac-
tively. Create the meshless discretization.  

(3) As pre-computing process, calculate linear 
elastic stiffness matrix K. 

(4) Calculate the skeleton location based on 
standard nonlinear FEM and get the sample points 
rotations presented by corresponding quaternion. 

(5) Following our diffusion method, calculate 
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rotation quaternion of every node, about which its 
detail is in Section 5. Then, implement Step 6 in 
statics simulation or Step 7 in dynamics simulation. 

(6) As for statics simulation, solve the governing 
Eq.(2) while apply the stiffness warping. 

(7) As for dynamics simulation, update the 
whole stiffness matrix K according to Eq.(11) and 
rotation correlative force 0 .i ij j= −∑F R K X  Then 

solve the following equation derived from Eq.(4) 
 

2 1
0 ext( ) ( ),i i it t t++ ∆ + ∆ = − ∆ + −M C K v Mv Kx F f                

(15) 
 

update xi+1=xi+∆tvi+1. Unless the simulation is over, 
go to Step 4, or else, finish  

In order to test and verify our method, we im-
plement all simulating programs in Visual C++. Fig.1 
shows deformation of a Cube model with one joint 
where (a) is an initial model, (b) to (d) is respectively 
the result of rotating 45°, 90° and 110°. The results in 
Fig.1 are similar to those of Müller’s method and 
show the feasibility of our method. Compared with 
Capell’s simulation, which requires the user to set 
weight values for every part in the joint area and blend 
them, our method can be automatically implemented 
without users’ intervention. We also edit the Cube 
model twisted around the skeleton as shown in Fig.2. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.3 is a dynamics deformation simulation of 

the Dino model, where (a) is the initial model, (b) 
expresses the skeleton and sample points, (c) to (d) 
are a series of results. In the simulation, the Dino 

model comprises 2949 nodes in which 64 nodes are 
sample skeleton points. Every step costs 55 ms with 
our methods on the PC with PIV 2.4 G CPU and 512 
RAM. Thirty-five ms are required to solve the dy-
namics equation in it. Moreover, we also do the same 
experiment applying Müller’s method of calculating 
rotation in finite element methods with the results 
being similar to ours even though the simulation 
needs smaller time-steps.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.4 is an example in which our method is ap-

plied to simulation of complex model deformation. 
The Amodilio model has 21943 nodes and 89 sample 
skeleton points. Every time-step in average costs 
1450 ms. Compared with the method applied by Zhou 
et al.(2005), our simulation is based on physical rule 
and has a more realistic effect. Moreover, our simu-
lation method can easily control material property. 
 
 

 
 
 
 
 
 
 
 

(a) (b) (c) (d) 

Fig.1  The bend deformation of Cube model. (a) The
initial model; (b)~(d) The result of rotating 45°, 90° and
110° respectively 

(a) (b) (c) (d) 

Fig.2  The twist deformation editing of Cube model. (a)
The initial model; (b)~(d) The result of twisting 45°, 90°
and 110° respectively 

(a) (b) 

(c) (d) 

Fig.3  The deformation of Dino model. (a) The initial
model; (b) expresses the skeleton and sample points; (c)
and (d) are two deformation results 

CONCLUSION AND FUTURE WORK 
 

In this paper, an implementation for simulating
skeleton driven elastic deformation is provided in
meshless methods framework. In the course of simu-
lation, a diffusion based method of calculating nodes
rotation is proposed. Experiments showed it has three
advantages. First, compared with the previous method,
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such as Müller’s, the method can avoid errors accu-
mulation in the dynamics and fussy sub-steps calcu-
lation in statics simulation by iterative calculation. 
Second, compared with Capell’s method for joint area 
deformation, the method does not need users’ inter-
vention; finally, the method can increase stability 
whether in dynamics and in statics.  

It must be pointed out that our system for large 
deformation is a simple nonlinear calculation based 
small stain (i.e. Cauchy strain) as that of Müller’s 
method. So in some areas, such as joint area, the re-
sults are not perfect or sensitive for various material 
property. The problem will be discussed in future 
work so that more realistic results can be obtained. 

Collision detection and handling is not involved 
in this paper. In fact, we can use the method described 
in (Capell et al., 2005) to deal with collision problem 
because more statics prediction can be given with our 
rotation calculation method. As for this problem, we 
will make further researches. 
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Fig.4  Dynamics deformation of Amodilio model. (a)
The initial model; (b) expresses the skeleton and sam-
ple points; (c) to (d) are two deformation results 

 


