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Abstract: An extended robust model predictive control approach for input constrained discrete uncertain nonlinear systems with
time-delay based on a class of uncertain T-S fuzzy models that satisfy sector bound condition is presented. In this approach, the
minimization problem of the “worst-case” objective function is converted into the linear objective minimization problem in-
volving linear matrix inequalities (LMIs) constraints. The state feedback control law is obtained by solving convex optimization of
a set of LMISs. Sufficient condition for stability and a new upper bound on robust performance index are given for these kinds of
uncertain fuzzy systems with state time-delay. Simulation results of CSTR process show that the proposed robust predictive
control approach is effective and feasible.
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INTRODUCTION

In recent years, research on nonlinear model
predictive control has attracted significant attention
because most practical processes are nonlinear. In
industry process control, model predictive controllers
based on linear models (LMPC) are often used to
control nonlinear systems. When the operating con-
ditions undergo significant changes, the performance
of LMPC can deteriorate drastically. Under such
conditions, predictive control based on nonlinear
models (NMPC) should be considered. But the ex-
pected control results have not been obtained in
practical applications because there still exist two
main difficulties: (1) nonlinear modelling problem.
Due to the complexity of nonlinear systems, it is
impossible to develop nonlinear system identification
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techniques by straightforward extension of the linear
theory; (2) nonlinear optimization problem, which is a
certain difficulty in finishing the optimal solution of
the prediction control law within a sampling period
because the computing time of nonlinear optimization
is needed. T-S fuzzy model, presented by Takagi and
Sugeno (1985) has wide applications in system mod-
elling and control since it can excellently express the
dynamic characteristics of complex nonlinear systems.
Fuzzy model predictive control combining T-S model
with MPC has also become an attractive strategy in
complex systems control (Nounou and Passino, 1999;
Matko et al., 2000; Sarimveis and Bafas, 2003). A
T-S fuzzy model is used as the prediction model
(Oblak and Skrjanc, 2005), at each sampling point a
local linear model is calculated, and the next incre-
mental control action is solved based on LMPC
strategy, which avoids effectively the above two dif-
ficulties. Effective optimization approaches were
presented in (Mollov et al., 2004) that avoid non-



1724

convex optimization by employing a single local
linear model or a set of local linear models to ap-
proximate the fuzzy model along the predicted tra-
jectory. The control signal is obtained by solving a
constrained quadratic program (QP). To account for
errors introduced by the linearization, an iterative
optimization scheme is proposed.

However, time delay and parameter uncertainty
are frequently encountered in the behavior of many
practical processes and are very often the main cause
for poor performance and instability of control sys-
tems. In view of this, the robustness issue of
time-delay and parameter uncertain systems is a topic
of great practical importance that has attracted much
interest for several decades (Hu and Chen, 2004; Li et
al., 2000; Wang et al., 2004; Zheng et al., 2005). A
new approach for robust MPC synthesis that allows
explicit incorporation of the description of the plant
uncertainty in the problem formulation was presented
in (Kothare et al., 1996). In this approach, a state
feedback control law that minimizes a “worst-case”
infinite horizon objective function subject to con-
straints on control input and plant output is reduced to
a convex optimization involving linear matrix ine-
qualities (LMIs). An improved state feedback model
predictive control approach was given for the systems
with delayed state variable, delayed input and meas-
urable disturbance (Yan and Hu, 2004). Casavola et
al.(2004) presented a novel robust predictive control
algorithm for uncertain input-saturated linear systems
described by structured norm-bounded model uncer-
tainties.

In this paper, an extended robust predictive
control approach using uncertain T-S fuzzy model
satisfying sector bound condition is proposed for
input constrained discrete nonlinear systems with
state time-delay. First, discrete uncertain nonlinear
systems with state time-delay are described based on
a class of uncertain T-S models satisfying sector
bound condition. Then, an extended robust predictive
control approach for these kinds of systems is pre-
sented. The robust constrained MPC problem with
state feedback is formulated as an LMIs problem.
Under the existence of the feasible solution, a suffi-
cient condition for robust stability is given. And then,
a simulation example of CSTR process is given to
show that the proposed approach is effective and
feasible. Finally, the conclusion of this paper is given.
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TAKAGI-SUGENO MODEL FOR DISCRETE
UNCERTAIN SYSTEM WITH TIME-DELAY

The Takagi-Sugeno fuzzy model is described by
fuzzy IF-THEN rules that represent local linear in-
put-output relations of a nonlinear system. The ith
rule of the uncertain T-S fuzzy model with state
time-delay is of the following form

Plant rule i:

IF z\(f) is M;; and ..., and z,(¢) is M;,, THEN
x(kt1)=Ax(k)+Agx(k—d)+B; u(k)+f (ox,u),

x(K=0k), ke[-d, 0], i= } (1

satisfying the following input constraints
||u(k)H2 SUmaxs (2)

where x(k)eR™ is the state vector, u(k)eR™ is the
input vector, um., 1S a positive real number,
A, A, eR"™, B.eR"™™ are constant matrices, M; is
the fuzzy set, N is the number of IF-THEN rules,
z1(k), ..., z,(k) are the premise variables, d is the state
time delay, #(k) is the initial condition of the state

defined on —d<k<0, f,(x,u)eR™ includes the pa-

rameter uncertainty and modelling error which satis-
fies the following sector bound condition

u

T 2| X ! X
Ji (e u) fi(x,u) = 4 L} [ } )

In this paper, the premise variables are assumed
to be independent of the input variable u(k). Given a
pair of (x(k), u(k)), the output of the fuzzy system
Eq.(1) is expressed as follows

x(k+1)= Z

+Ayx(k—d)+Bu(k)+ f,(x,w)]}, (4)

[z2(F)][ A x(k)

where

2R=Lz1(k), 22(R), .. , 2, (R)],
hlz(k)]=w,[2(k)] Z wlz(k)],

MFﬁMzm
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Vk, Mj[z;(k)] is the grade of membership of z(k) in M;;.

Note that

N

D hlz()]=1, hlz(k)]=0, i=1,..,N.  (5)

i=1

Let

A(k) =2 h[2(k)]A,, A,(6) =2 hlz(k)]A,.

BU)=2 hlz(01B,, p(k)=2 hlz(k)]u;

The final output of the uncertain fuzzy system with
state time-delay is rewritten as follows

x(k+D)=A(k)x(k)+A,(k)x(k—d)+B(k)u(k)+f (x,u).
Q)

ROBUST FUZZY PREDICTIVE CONTROL
BASED ON DISCRETE UNCERTAIN SYSTEM
WITH TIME-DELAY

MPC, also known as moving horizon control or
receding horizon control, has become very successful
in process industries, especially in the control of
processes that are constrained, multivariable, uncer-
tain and time delayed. In general, MPC solves online
an open-loop optimal control problem subject to
system dynamics and constraints at each time instant
and implements only the first element of the control
profile. At each sampling time £, plant measurements
are obtained and a model of the process is used to
predict the future outputs of the process. Using these
predictions, control series u(k+j|k) (j0) are computed
by minimizing a nominal objective function J(k) over
a prediction horizon as follows
u(k+j\kr)l,lj1:%,1, ---,acJ(k) ' Q)

Kothare et al.(1996) presented a min-max MPC
design technique in which the minimization of the
nominal cost function is modified to a minimization
of the “worst-case” objective function. The min-max
objective function of robust MPC is described as
follows

min
ol e elid

max
A(k+)), Ay (k+j),
B(k+))

J(k). (8)

©

At sampling time k&, consider a quadratic
Lyapunov-Krasovskii function for the system Eq.(6)

d

Vix(k)] = x" (k)Px(k) + Z x"(k-=DPx(k-1), (9)
=1

where P and P, are symmetric positive definite ma-

trices. Supposing V satisfies the following inequality

V0x(k+ 1)V [x(k+jk)]<
—x" (k+ jlk)Qxe(k+ j1k)—u'" (k+ j 1K) Ru(k+ j k), (10)

where @ and R are positive definite matrices. With the
V[x(0k)]=0 and x(c0]k)=0, summing
Eq.(10) from j=0 to j=oo gives

conditions

—Vx(klk)]=—J(h), (11)

Then the upper bound on the objective function J(k) is
derived as

max
A(k+)), Ag (k+)),B(k+])

J(R)<Vx(k|k)]. (12)

The robust MPC problem is reduced to the following
minimization problem

Vix(k| k)] (13)

min

u(k+ jlk), j=0,1, -+, 0
subject to Egs.(2), (6) and (10).
Theorem 1 Let x(k|k) be the state of the uncertain
fuzzy system with time-delay measured at the sam-
pling time k, w(k+jlk)=Kx(k+jlk) (7=0) be the state
feedback predictive control law satisfying the
Euclidean norm constraints ||#(k=+j|k)||2<t/max, then the
state feedback matrix K in the control law that mini-
mizes the upper bound V[x(k|k)] on the robust per-
formance objective function J(k) at the sampling time
k is given by

K=YP', (14)

where P >0 and ¥ are obtained from the solution (if it
exists) of the following linear objective minimization
problem

_ min
7, P Y, u(k+jlk)
j=0,+

(15)
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subject to
1 xT(klk) xT(k=1k) - x"(k—d|k)]
x(k|k) P 0 0
x(k-1k) 0 P, 0 >0
| x(k—-dk) 0 0 P
(16)
P P PQ° YR? uP u¥' (4+BY) 0|
P P 0 0 0 0 0 0
o’ 0 ¥y 0 0 0 0 0
R’Y 0 0 gy 0 0 0 0
uP 0 0 0 4 0 0 0
uY 00 0 0 I 0 0
A+BY) 0 0 0 0 0 Pyl A
0 0 0 o0 o0 o 4 P
>0, i=1,...,N, (17)
w> I Y
_ |»o0. (18)
Yy' p

Proof The minimization of V[x(k|k)] is equivalent to
the linear objective minimization problem of the fol-
lowing LMIs problem

_ min
7. B.Y, u(k+jlk)
Jj=0,--,00

subject to
d
x' (k)Px(k)+z x"(k-D)Px(k-1)<y. (19)
=1
After substituting P=yP~', P,=yP;' into
Eq.(19), and using Schur complements (Boyd et al.,
1994), we can obtain Eq.(16).
To obtain Eq.(17), substitute x(k+j|k), u(k+j|k)=
Kx(k+j|k) (7=0) into Eq.(10) to get

A, AL (DPALG) AP
M| A, (DPA) Ay (DPAL) =B AL(HP|M
PA,(j) PA,()) P

<0, (20)
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x.(J)
X (J)
VAEAW)]

+O+K'RK, A, ())=A4,())+B.()HK. x1()), Xi-i()), A1),
Aaf), Bi(j) are the simplified expressions of x(k+j|k),
x(k—d+j|k), A(k+j), Aa(k+j), B(k+j) respectively.

From Eq.(3), considering u(k+j|k)=Kx(k+tj|k), we
can obtain

where M = . A=A (j)PA (j)+P,—P+

ST O Tx (D=4 x; (DU +KK)x, ()<0,(21)
Eq.(21) is equivalent to

—1*(I+K'K) 0 0
M" 0 0 0|M<o.
0 01

(22)

From S-procedure (Boyd et al., 1994), we can
know that if Eqs.(20) and (22) are both satisfied, and
that Ve>0 exists, Eq.(23) can be obtained as

A e’ (I+K'K) - AL (HPA()) A ()P
Ay (HPA(j) Ay ()HPA, ()P, Ay ()P |<0,
PZk (]) PAdk (]) P-cl
(23)

withe™, &' Py, E_IQ, 'R being replaced with P, Py, Q,
R respectively to eliminate variable ¢, Eq.(23) further
becomes

A= U+KTK) - AL ()PAG() A ()P
A (DPA) Ay (DPAL (=P Ay ()P [<0.

PA()) PA, () P-1
(24)

Considering le and Zk (j), using Schur com-

plements, Eq.(24) is equivalent to

P-P-Q-K'RK—1*(I+K"K) 0 0
0 P, 0|
0 07
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[4,()+B,()HK]"
A5 ())
1

PLA,())+B())KAy (/)HI]20.

(25)

Further using Schur complements shows that Eq.(25)
is equivalent to

N 0 0 [4()+B(HK]
0 P00 A,() >0
0 0 I I
AN+B.(NHK A,(j) 1 P!
(26)
where
N=P-P,—-Q-K"RK - 1*(I+K"K).
Eq.(26) is further rewritten to
N [4.())+ B, (KT } 0
A(N+B(HK P —I-A, ()P4, ())
(27)

Substitute P=yP™', P, =yP,”", ¥ = KP into Eq.(27),

0
, us-
1

ing Schur complements, we can obtain Eq.(28) (see
below).

Since Eq.(28) is affine on A;, Ay;, B, u; (=1, ...,
N) and in prediction horizon the strategy of single-
step linearization on T-S model is used, then Eq.(28)
is equivalent to Eq.(17).

To obtain Eq.(18), define an invariant set of the
state of the uncertain system

P
and after pre- and post-multiplying by {0

1727
— d f—
x" (k)P 'x(k)+ ZxT (k=P 'x(k-1)<1. (29)
I=1
Considering P >0, P, >0, from Eq.(29), we can
obtain
x" (k| k)P ' x(k|k)<1. (30)
For the predictive control input series u(k+jlk) (7>0)
satisfying constraints condition over the prediction

horizon, we have

max || u(k + j| k) II§:H]_1§)X | Kx(k + /1 k)15

<A (PPK'KP"*)<ul . (31)
Using Schur complements, we obtain
w> I KP
- _ |=0. (32)
PK" P

Substitute ¥ = KP, Eq.(32) is equivalent to Eq.(18).
So by solving the linear objective minimization
problem (15) with LMIs constraints (16), (17), (18),
the state feedback predictive control law is obtained,
and only the first computed control move u(klk) is
implemented. At the next sampling time, the optimi-
zation problem is solved again with new measure-
ments from the plant.
Lemma 1 (Feasibility) Any feasible solution of the
optimization in Theorem 1 at time & is also feasible
for all time £k, thus if the optimization problem in
Theorem 1 is feasible at time & then it is feasible for
all time k.
Proof Sece (Kothare et al., 1996).

P P PQ” Y'R” uP u¥' [A()+B.(HYT 0 ]
P P 0 0 0 0 0 0
0'"’p 0 yI 0 0 0 0 0
R"’Y 0 0 1 0 0 0 0
- 7 > 0. (28)
uP 0 0 0 yI 0 0 0
uY 0 0 0 0 yI 0 0
AN+BHY 0 0 0 0 0 Pyl Ay ()
i 0 o 0 0 0 Ay () P
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Theorem 2 (Robust stability) The feasible receding
horizon state feedback control law obtained from
Theorem 1 robustly asymptotically stabilizes the
closed-loop system.

Proof From the existence of the feasible solution of
the optimization problem in Theorem 1 and feasibility
in Lemma 1, we can know the feasible state feedback
predictive control law wu(k+jlk)=Kx(k+jlk) (7>0) guar-
anteeing that the Lyapunov function V[x(klk)] is
strictly decreasing in the closed-loop system, so we
can conclude that the closed-loop system is asymp-
totically stable. That is x(co|k)—0.

SIMULATION STUDY

Consider the first order irreversible, exothermic
reaction A—B carried out in a well-mixed continu-
ously stirred tank reactor (CSTR). The material and
energy balance equations of CSTR are described as
follows (Cao and Frank, 2000)

V% = 4,4, +q(1- DAt —a)— qA(t)

-VK A(t)exp( ()j (33)

146 ‘(11—T_qc [AT, + (1= )T(t - o) - T(1)]

+V(—M)K0A(t)exp(%j, (34)

where A(f)=¢,(f) and T(¢¥)=¢(¢) for te[—a, 0], A(?) is
the concentration of chemical A4, 7(¥) is the reactor
temperature. The remaining constants are defined in
(Cao and Frank, 2000).

Let

xl(t):AO_—A(t), x2(t):m( -E )’
4 T, RT(t)

0

T

0

440 o BO-T[ -
o048 a0 G )

t V a E UV
B VE—\, T=—, 7/():—aﬂ
v gl v RT(t) VC

new

D, =K,vexp(-y,), H=-AHAE/(C,T;R),
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I,-T,( —-E
=" (Rm)j'

Then CSTR process can be described in the following
dimensionless forms

xl(t):gl(x)‘l'(%_lj)ﬁ(t_f)a (35)

X, () = g, (x) + (%— 1))62(! —17)+ pu(),  (36)

where x(¢) =[x,(t) x,(¢)]", tis the state time delay,

gl<x>=Da[1—xl<t)]exp{xz—m} 1

—_ l"
145,07, PR

w0 ] (1
1+x2<t)/7j (fﬂ )xz(”’

i=1,2; te[—, 0].

g,(x)=HD,[1-x(?)] eXp{
x()=02),

The parameters are given as y,=20, H=8, =0.3,
D,~=0.072, 4=0.8, =1.

It is easy to find three steady states when u=0,
they are x41=(0.1440, 0.8862), x4,=(0.4472, 2.7520),
x43=(0.7646, 4.7052).

In (Cao and Frank, 2000), the continuous T-S
fuzzy model of the above CSTR process is given for
any expected operating point (x4, #4), which is a sta-
tionary point of the nonlinear system. We assume that
the system is perturbed by a bounded nonlinear per-
turbation (Wang et al., 2004) because the modelling
and linearization of the system bring about uncer-
tainties. Let the sampling time 75=0.2 s, here the
continuous fuzzy models are discrete, we obtain:
Rule 1 IF the temperature is low [i.e. x,(k) is about
0.8862], THEN

2(k+1)= A x(k)+ A, %(k—d)+ Ba(k)+ f[2(K)].

Rule 2 [F the temperature is medium [i.e. x,(k) is
about 2.752], THEN

R(k+1)=A,R(k)+ Ay, %(k—d )+ B,a(k)+ f,[%(k)].

Rule 3 [F the temperature is high [i.e., x,(k) is about
4.7052], THEN
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x(k+1)=A,x(k)+ A, x(k—d)+B,u(k)+ f,[x(k)].

The model parameters A4;, Aq;, B; (i=1, 2, 3) can
be calculated by the following formulas

(" -DNA"'B,
(37)

A=I+AT,A,=(""-NA"'4

where x(k)=x(k)—x,, x(k—d)=x(k—-d)-x,, a(k)=
u(k)-u,. A, A,, B, are parameters of the con-

tinuous fuzzy models (Cao and Frank, 2000). Using
Eq.(37), we can obtain

{0.7145 0.0151}
| = , A=

10.2838 —0.1888

0.0994 0.0633
A3: > dl

0.5895 00792
> 1 -0.2813 0.2234

-5.2454 1.1967

0.05 005 O
Ay, = , A=
1.7404 —-0.5461 0 0.05]

B = 0 B = B.— 0
103454 T | —0.6554 " 10.06]

The time delay d=7/T¢=5, the perturbation

0.05
-0.3358 0.2875 |

A E)sinG (6 +7/2)
Slx®]= { 13, (k)sin(E, (k) + 1/ 2)}

with £<0.4352, 11,<0.2672, 113<0.0660.
From the perturbation description, we can know

0.4
X1

03r N —o-e- x2/10
2 N
s 02t AN
17} N

T

0 1 1 1
0 5 10 15 20
Time (s)
(a)
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VAKCIVACIETA By

The membership functions are shown in Fig.1.

20
The weight matrices are Q:{O 2} and R=0.02,

Unax=2. We assume that x4,=(0.4472, 2.7520) is the
expected operating point. Under different initial con-
dition x(0) and 6(¢)=x(0) for <0, the simulation re-
sults of the open-loop system are shown in Fig.2.
From Fig.2, we find that the open-loop state responses
may converge to two different steady states. It is
shown that the middle steady state of the system is
unstable. Figs.3 and 4 give the simulation results of
the closed-loop system using robust fuzzy control
(RFC) and the proposed robust fuzzy predictive con-
trol (RFPC), respectively. The simulation results
showed that under different initial conditions the
closed-loop state responses can converge to the ex-
pected operating point x4;,=(0.4472, 2.7520) by two
control approaches. But the response speed of the
closed-loop system based on RFPC is evidently faster
than RFC. Fig.5 is the comparison results of errors
performance index using RFC (solid line) and RFPC
(dashed line).

Grade of membership functions
1 Rule 3

\ ]

4.7052

2.7520

0.8862

Fig.1 Membership function of CSTR fuzzy model

0.8
X1

o6r x,/10
L
< -~<
% // ———————————————————

/
0.4 | s/
//
0.2 ! L L
0 5 10 15 20
Time (s)
(b)

Fig.2 Open-loop responses x;=(0.4472, 2.7520). (a) Initial state x,=(0.4, 2.5); (b) Initial state x,=(0.5, 3.0)
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To further show the control performance of the
proposed RFPC, we assume that the temperature is
the process output, i.e. y(k)=[0 1]x(k). Fig.6 gives the
control results of tracking the set point changes using

a quite satisfactory control result is obtained based on
the proposed RFPC.

From these figures, we can see that the control
performance of the closed-loop system based on
RFPC is obviously better than classical PID and RFC.

classical PID, RFC and RFPC respectively. Obviously

0.5 0.5

0.4 ’/ X x
° . o 04T !
s 1 ===-- x2/10 s 0 ====- x,/10
wn wn

03

| - T 03 h\\\
0.2 1 | | | | |
0 5 10 15 20 0 5 10 15 20
Time (s) Time (s)
(a) (b)
Fig.3 Closed-loop responses via RFC. (a) Initial state x,=(0.4, 2.5); (b) Initial state x(=(0.5, 3.0)
0.5 0.5 L
o X1 o 04r X1
L x,/10 s 0 —eee- x/10
03F
/) _____________________________ 0.3 -
\\ _____________________________
0.2 1 1 1 1 1 1
0 5 10 15 20 0 5 10 15 20
Time (s) Time (s)
(b)

(a)
Fig.4 Closed-loop responses via RFPC. (a) Initial state xy=(0.4, 2.5); (b) Initial state x,=(0.5, 3.0)

0.8

IAE X1
IAE x,

5 10 15 20
Time (s)
(b)

Time (s)

(@

Fig.5 Comparison of error performance index. (a) Initial state x;,=0.5; (b) Initial state x,;=3.0
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RFPC

0 50 100 150
Time (s)

@

IAE y

0 50 100 150
Time (s)

(b)

Fig.6 Comparison results of tracking performance. (a) Output responses; (b) Error performance index

CONCLUSION

This paper has presented an extended robust
predictive control approach for input constrained
discrete uncertain nonlinear systems with time-delay
based on a class of uncertain T-S fuzzy models which
satisfy sector bound condition. This approach will
convert the min-max optimization problem in robust
model predictive control into linear objective mini-
mization problem with LMIs constrains. The state
feedback control law is obtained by solving convex
optimization of a set of LMIs. A sufficient condition
for the robust stability of the system is given. CSTR
example shows that the proposed approach is an ef-
fective control strategy with excellent tracking per-
formance and strong robustness. The results can also
easily be extended to the uncertain nonlinear systems
with input time-delay and state multiple time-delays.
Possible future research work is how to realize robust
predictive control when the time delay and uncertain
bound of the system are unknown.
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