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Abstract: A new algorithm is presented that generates developable Bézier surfaces through a Bézier curve called a directrix. The
algorithm is based on differential geometry theory on necessary and sufficient conditions for a surface which is developable, and
on degree evaluation formula for parameter curves and linear independence for Bernstein basis. No nonlinear characteristic
equations have to be solved. Moreover the vertex for a cone and the edge of regression for a tangent surface can be obtained easily.
Aumann’s algorithm for developable surfaces is a special case of this paper.
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INTRODUCTION

A ruled surface is a curved surface which can be
generated by the continuous motion of a straight line
in space along a space curve called a directrix (Chen
et al., 2001; Zheng and Sederberg, 2001). This
straight line is called a generator, or ruling, of the
surface. A developable surface is a special ruled sur-
face which has the same tangent plane at all points
along a generator, or to which the tangent planes
along a ruling coincide. A developable surface is also
the envelope of a single family of planes. There is
only one developable surface that can isometrically
map onto a plane. Therefore developable surfaces are
particularly interesting and appealing, owing to the
simplicity of the manufacturing process required to
fabricate them. It can be formed by bending or rolling
a planar surface without any stretching or contraction.
For these reasons, developable surfaces are widely
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used in manufacturing items from materials that are
not amenable to stretching, such as ship hulls, ducts,
shoes, clothing, and automobiles parts (Tang et al.,
1997). Thereby developable surfaces have been
widely used in CAD/CAM systems. Many papers
give the applications of developable surfaces in in-
dustry (Mancewicz and Frey, 1992; Frey and Bind-
schadler, 1993; Pottmann and Wallner, 2001; Chu
and Séquin, 2002).

Many authors constructed developable free form
surfaces by nonlinear characteristic equations
(Aumann, 1991; Lang and Réschel, 1992; Chalfant
and Maekawa, 1998; Mackawa, 1998). A different
approach to designing developable surfaces is a direct
surface representation in terms of geometric duality
between points and planes in 3D projective space
(Bodduluri and Ravani, 1993; Pottmann and Farin,
1995). Aumann (2003) presented a simple algorithm
for computing a developable Bézier surface based on
de Casteljau algorithm and affine transformation.
Most of the known algorithms have one or more of
the following restrictions: (1) The characteristic
equations cannot be solved easily, except for the case
in which the surfaces boundaries are made of low
degree curves; (2) Only planar boundary curves are
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permitted for designing developable surfaces; (3) It is
difficult to determine the vertex for a cone and the
edge of regression for a tangent surface. To get rid of
these disadvantages, this paper does an in-depth re-
search on the geometric essence of developable Bé-
zier surfaces. According to the differential geometry
theory on the necessary and sufficient conditions for a
surface which is developable, the degree evaluation
formula for parameter curves and the linear inde-
pendence for Bernstein basis, we present a new
method for constructing a developable Bézier surface
passing through a given space boundary Bézier curve
which is as a directrix. Also we can directly determine
the vertex for a cone and the edge of regression for a
tangent surface. This method covers the consequence
in (Aumann, 2003) as a special case.

The next section gives the representation of
ruled nx1 Bézier surfaces and developability con-
straints in Bézier surfaces. In Section 3, the three
types of developable Bézier surfaces are discussed in
detail, and some corresponding examples are given.
The final section compares the results of this study
with those of previous work and concludes this paper.

RULED BEZIER SURFACES AND DEVELOPA-
BILITY CONDITIONS

Given two space Bézier curves of degree n as
follows:

aw =Y B@p, wuelol, (1
4w =Y B W, uelol, @)

then we define an nx1 parametric ruled Bézier surface
by using the expression:

r(u,v)=1-v)a)+vqu) = a(u)+vr(u),

(u,v) €[0,1]1®[0,1] )

to blend them, where the curves a(u) and
Tw)= B'u)(g,-p), uel0l] (4
i=0

are called a directrix (or base curve) and a generator
(or director curve) respectively.

According to differential geometry theory
(Spivak, 1975), a ruled surface r(u,v) is developable if
and only if for any u€[0,1], three vectors a'=a'(u),
=n(u), 7=7(u) are linearly dependent; in other words,
there exist three scalar functions A=A (), u=p (1) and
7=y (u) that are not all zeros simultaneously such that

Aa'+ur+yr'=0. 5)

Spivak (1975) proved that there exist only three
types of developable surfaces: cylinders (including
planes), cones and tangent surfaces formed by the
tangents of a space curve. When Eq.(5) is satisfied,
different function system {A(u), (u), Au)} corre-
sponds to one of the above three types. Next we will
study these three types of Bézier surfaces in detail.

ANALYTIC CONDITIONS FOR THREE TYPES
OF DEVELOPABLE BEZIER SURFACES

Casel A(u)=0.

In this case, wp(u), (u) are not zeroes simulta-
neously such that uz+y7'=0. It demonstrates that two
vectors 7, 7 are linearly dependent. Let e(u) be a unit
vector parallel to 7(u). Hence there exist a scalar
function @(u), such that 7(u)=a(u)e(u). Thus we have
7=w'et+we’. Applying cross product to both sides of
the former equation with the vector 7, we can obtain
< 7=wex we'=w’exe'=0. Therefore exe'=0. ||e|*=1
implies that e-e’=0. From the Lagrange identity

(e-e)(e"e)~(e-e')'=(exe'),

it follows that e'-¢'=0, i.e., ¢'=0. This indicates that the
direction of the unit vector e does not change and so
does the ruling 7(x). Consequently the developable
Bézier surface is a cylinder.

In order to construct a cylinder concretely, using

9 — Dy .

Eq.(4), we get 7(0)=qo—po, hence e = ; on
H 9, — Py H
the other hand,
dr(u) do(u) .
du du
dz(0 dw(0
L = nA(qo - Po) = Le,
du du
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where A is the forward difference operator, A(go—
PO=@1~p)~(qopo): A (g po)=A"(qi=p)-A" (g0~
Po), k=2, 3, .... Itis easy to conclude that (q,—p;)||e. In
like manner, from the expression

d'z(0) n! ; d'w(0)
—_—=—A - =—)e,
o Y@=
we obtain
(qi_pi)He’ i=1, 27 wees N (6)

Let gi-1—pini=0o(qi—p;), i=0,1,...,n—1, where ois a
constant. Then the expression of the developable
Bézier cylinder in (Aumann, 2003) can be obtained.
Fig.1 shows two different 3x1 Bézier cylinders.

(b)

Fig.1 3x1 Bézier cylinders with ¢;.,—p;.,=0(q;p), i=0,
1, ...,n—1. (a) c=1.0; (b) c=0.8

Case2  A(u)#0.
In this case, there exist two functions a=a(u)=
_ H(u)
Au)’
developable surfaces r(u,v) can be expressed as

b=b(u)= —M, such that a’=ar+b7’. Thus
A(u)

r(u,v)=a,(u)+ (v +b)r, (7
aWm)=a-br, ®)

where the derivative vector of the vector a;(u) is

a'=a' -br-br'=(a-b)r. 9)

Case 2.1 a=b'.
In this case, @ =0, which means that a; is a

constant vector. We can make a parameter transfor-
mation

v=v+b(u),

(10)

so that developable surface r(u,v) can be represented
by

r(u,v)=a, +vr(u),

(11)

where v € [b(u),b(u) +1]; this denotes that the surface

r(u,v) is a cone with its vertex a;.

Assume that the Bézier curve a(u) in Eq.(1) is
known, the Bézier curve ¢g(u) in Eq.(2) must be de-
termined such that Bézier ruled surface r(u,v), ex-
pressed as Eq.(3), with the Bézier curve au) in Eq.(1)
as its directrix, is developable. In this case, the ruled
surface r(u,v) is a cone.

Let us observe some special examples as fol-
lows.

(1) Let a=0, b=1/(p—1) where p#1 is a constant.

In this case, &=7/(p—1). According to Eq.(1)
and Eq.(4), we have

1

n—1 n-l
nZB,'H ()Ap, =n ZO:B;H (w)A(g, - p)),

i=0 p—1i

and based on the linear independence of Bernstein
basis (Piegl and Tiller, 1997) we obtain

(=D —P)=4, — P)— (4, — D),
i=0,1, .., n—1
that is,
4, =4, + PP, — Po)s

i=1,2, ., n (12)

The expression of the developable Bézier cone
in (Aumann, 2003) can be yielded. Fig.2 shows two
different 3x1 Bézier cones.

(2) Let a=0, b=0ou, where o0 is a constant.

In this case, according to &'=ar+b7’, we have

n-1

ny B u)hp,

i=0

n n—1
= o'; B! (u)(q, — p,) + no*uZO: B (u)A(q, — p,).
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(a) (b)

Fig.2 3x1 Bézier cones with ¢g=qotp(p;/—po), i=1, 2, ...,
n. (a) p=0.4; (b) p=0.0

Elevating the degree of Bézier curves on the two
sides of the above equation respectively, the follow-
ing expressions

3B (n-DAp, +itp,.)

= B @l - p)+ B @NioAG, , - p,.),
Ap—l =Apn = 0’

can be derived. Again, based on the linear inde-
pendence of the Bernstein basis, we obtain

nAp, =o(q, — py);

(l’l - i)Api + iApi—l = O-(qi - pi) + io—A(qi—l — P )»
i=1L 2, .., n-1

nAp, ,=o(q,—p,)+noA(q,.,—p,.,).

It follows that
n
4, =Py +—Apy;
o
io(lg._,—p. )+ n—0)Ap. +iAp.
lI,- :pi + (qlfl pl*l). ( ) pz P,,l ,
(i+)o
i=1,2,..,n-1
no(q, ,—p,.,)+nip,
g, = p, + 1 P)tAp,,
(n+)o
that is,

(i + l)o-(qi - pi) - io—(qi—l - pi—l) = (}’l - i)Api + iApi—I’
i=1 2, .., n-1.

Using the above recursion formula, we obtain

n
4y = Py +—Apy;
o
q, :p.+(’1_")1"z'+1 +(i+D)p, —(n+1)p,
Y i+o T (13)
i=12,..,n-1
g,=p,+ 220
o

Fig.3 shows two different 3x1 Bézier cones.

Fig.3 3x1 Bézier cones with a=o, b=ou. (a) 0=3.0; (b)
o=0.8

Case 2.2 a#b'.

In this case, we have 7 =¢, /(a—5"). Introduc-

ing a new parameter

v+b(u)
a(u)-b'(u)’

V=

(14)

the equation of the developable surface r(u,v) can be
written as

r(u,v)=a,(u)+ ﬁal,(u)a

(15)

where @, (1) = a(u) — b(u)r(u) and v = v+ b(u). r(u,v)
is the tangent surface of the curve a=a;(u), here a;(u)
is the edge of regression.

As computed in Case 2.1, the Bézier curve ¢(u)
in Eq.(2) must be determined such that the Bézier
ruled surface r(u,v), expressed by Eq.(3), with the
Bézier curve afu) in Eq.(1) as its directrix, is a tan-
gent surface. Then we also can determine its edge of
regression.

In the following, we discuss some typical and
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important cases.

(1) a=2, b=u.

Here, according to a’=ar+bt’ and the degree
elevation formula for a Bézier curve, we get

Y B G)(n- ), +idp, )

i=0

= Bl W2g, ~ P+ Y Bl w)iA, ~ P, )
Ap ,=Ap,=Ap q,=0,

and further according to the linear independence for
Bernstein basis, we obtain

(n=0DAp, +iAp,_, =2(q, — p,) +iA(g,, — P,
i=0,1, .., n

Ap,=Ap,=Aq,~p,)=0.

Therefore,

nAp,
90 =Dy + > °;

(n_i)Api +iApi— +i(qi— —Pi )
q,=p+ X 1 : : >

i+2
i=12,..,n-1

n n— +n n— B n— )

q,,=pn+Ap1 (‘I1p1_
n+2

Again, using the above recursion formula, it is
easy to know that

q, = P, +nAy;
q=p+(m—-DA +id, i=1,2, .., n-1;
qn :pn+nAn—l; (16)
1 i+l
A=— iAp. ., i=0,1, ... n
’ (i+1)(i+2);1] AP

Fig.4 shows a 3x1 Bézier tangent surface where
ay(u) is the edge of regression.

(2) a=1, b=0.

In this case, a’=7. From the degree elevation
formula for a Bézier curve, we get

> B @)= 0)0p, +idp, )= Y B @)a, - )

Ap—l =Apn =0
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Fig.4 A 3x1 Bézier tangent surface with a=2, b=u

Then according to the linear independence for
Bernstein basis, there exist

(n=0)Ap, +iAp, ., =(q,— p,), i=0, 1, ..., n;
Ap_, =Ap, =0.
Hence
4o = Py + 1Apy;

q9,=p+ (n _i)Api + Z'ApH,
i=1,2,..,n-1

qn = pn +nApn—l‘

(17

Fig.5 shows a 3x1 Bézier tangent surface where
o (u) is the edge of regression.

Fig.5 A 3x1 Bézier tangent surface with ¢=1.0, 5=0.0

(3) a=1/u, b=1.
From a/=att+b7, we have

n—1
nYy B (u)Ap,

i=0

1<, <,
=;ZBI' (u)(q, — p;) +I’lZBl. l(u)A(qi -P)s
i=0 i=0



Zhang et al. / J Zhejiang Univ SCIENCE A 2006 7(12):2050-2056 2055

or
n-l1

nuZ:Bl.”'1 (u)Ap,

i=0

= Zn:Bin (u)g, - p)+ nui BiW1 (u)A(g, — p,)

and elevate the degree of Bézier curves on the two
sides of the above equation, then

Zn: Bfn (W)(iAp,.,)
= iB{’ (u)(g, —p)+ iBi” w)(iA(q,_, — p,)))

can be obtained. According to the linear independ-
ence of the Bernstein basis, it follows that

9y = Py

i . (18)
2.=p +m(1’i +q.,-2p.), i=12, .., n

Fig.6 shows a 3x1 Bézier tangent surface where
a(u)=a(u)—(u) is the edge of regression.

Fig.6 A 3x1 Bézier tangent surface with a=1/u, b=1.0

@) g="129)
p—1 p—1

From a/=art+b7, we get

_1—u+au

,ozl, p#1.

n(l-o)
p—1
+n(l—u+<m)

p—1

ny By, ==Y B, - p)
> B WA, - )

From the degree elevation formula for a Bézier

curve, the following equation

(p~DY. Bl @)(n~0)Ap, +iAp,.)
—n(l-0)Y B/ (g, - )

+ zn:Bin (u)(n—0)A(g, — p,)+0iA(g,, — p,)),

i=0
Ap,=Ap,=Aq.,—-p,)=Ag,-p,)=0,

can be obtained. Similarly, then we have

(p=D((n—0D)Ap, +iAp, ) =n(1-0)(q, — p,)
+(n—=0DA(q, — p)+0oiAg,, - p, ), =0, ..., m
Ap,=Ap,=Aq ,-p,)=Aq,-p,)=0.

After rearranging it, we obtain

(,0 - 1)((” - i)APi + iApH) = (}’l - i)((‘]m - Pi+1) - O—(qi
- D )) + l((q, - PL) - U(ql;] —DPia )): i=0,1,..,n

After simplifying it, we obtain

(n=i)((p=DAp, = (¢, — Pi1) —0(q; = P,)))
= l((P - I)Ap,‘_l - ((ql - P,) - O'(‘I;_l — D ))):

i=0,1,..,n

(19)

In particular, taking the integer i as zero in the
above equation, and letting

n(p -DAp, —n((q, — p,)—o(q, — p,)) =0,
we get

(p-DaAp, -(q,., —p.1)—0(q,—p))=0,
i=0,1, .., n-1
or
4 =P+ PP —P)+0(g—p), i=0,1, ... n—1,
(20)

which is the expression of developable Bézier tangent
surfaces in (Aumann, 2003). Fig.7 shows two dif-
ferent 3x1 Bézier tangent surfaces where the pa-
rameters p and o are distinct.
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Fig.7 3x1 Bézier tangent surfaces. (a) p=0.9, 0=1.1; (b)
/3, o=1.1

CONCLUSION

This paper investigates the geometric design of
developable Bézier surfaces through a space Bézier
curve a(u) as its directrix. The straight line #(u)
known as a ruling is easily determined by the differ-
ential geometry theory on the necessary and sufficient
conditions for a developable surface, the degree ele-
vation formula for parameter curves and the linear
independence for Bernstein basis. This method gen-
eralizes Aumann’s design method. It can further
generate more general and more widely-used devel-
opable Bézier surfaces than Aumann’s method.
Moreover, no nonlinear characteristic equations have
to be solved and the vertex of a cone and the edge of
regression of a tangent surface are directly deter-
mined. Therefore, it provides practical and effective
tools for designing developable Bézier surfaces and is
useful in practical applications in engineering shape
design.
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