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Abstract:    The construction of the biproduct of Hopf algebras, which consists of smash product and the dual notion of smash 
coproduct, was first formulated by Radford. In this paper we study the quasitriangular structures over biproduct Hopf algebras 
B*H. We show the necessary and sufficient conditions for biproduct Hopf algebras to be quasitriangular. For the case when they 
are, we determine completely the unique formula of the quasitriangular structures. And so we find a way to construct solutions of 
the Yang-Baxter equation over biproduct Hopf algebras in the sense of (Majid, 1990). 
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PRELIMINARIES 
 

The smash product and the smash coproduct are 
well known in the context of Hopf algebra (Molnar, 
1979; Montgomery, 1993) and remain an active area 
of study (Zhao et al., 2000; Delvaux, 2004; Zhao and 
Wang, 2005). Let H be a Hopf algebra over a field k 
and suppose B is a left H-module algebra and is also a 
left H-comodule coalgebra. Radford (1985) found 
necessary and sufficient conditions for the smash 
product and the smash coproduct on B⊗H to make it a 
Hopf algebra, which is called a biproduct Hopf alge-
bra and denoted by B*H. 

Majid (1994) found a sufficient condition for a 
biproduct to become quasitriangular. In this paper, we 
discuss quasitriangular structures of B*H. In Section 
2, we show that the formulas of the quasitriangular 
structures R over B*H if it is a quasitriangular Hopf 
algebra. In Section 3, we find the necessary and suf-
ficient conditions such that it becomes a quasitrian-
gular Hopf algebra. 

Throughout this paper, k denotes an arbitrary 
field, and (H, m, ∆, ε, S) is a Hopf algebra over the 
field k. We follow the notation in (Montgomery, 1993; 
Sweedler, 1969), but we will write the comultiplica-

tion in H, ∆:H→H⊗H, ∆(h)=∑h1⊗h2. Denote by 
HMod the category of left H-modules and by HMod the 
category of left H-comodules. For (V, ρ) in HMod 
write: ρ(v)=∑v−1⊗v0∈H⊗V.  

We first review some basic facts about algebras 
and coalgeras in the category HMod and in the cate-
gory HMod.  

An algebra A in HMod is a left H-module algebra 
if the following conditions hold: 

(1) (A, ) is a left H-module structure; 

(2) h (ab)=∑(h1 a)(h2 b) and h 1A= 
ε(h)1A. 

A coalgebra C in HMod is a left H-module 
coalgebra if the following conditions hold: 

(1) (C, ) is a left H-module structure; 

(2) ∑(h c)1⊗(h c)2=∑h1 c1⊗h2 c2 and 

ε(h c)=ε(h)ε(c). 
An algebra A in HMod is a left H-comodule al-

gebra if the following conditions hold: 
(1) (A, ρ) is a left H-comodule structure; 
(2) ∑(ab)−1⊗(ab)0=∑a−1b−1⊗a0b0 and ρ(1A)=1H 

⊗1A. 
A coalgebra C in HMod is a left H-comodule 
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coalgebra if the following conditions hold: 
(1) (C, ρ) is a left H-comodule structure; 
(2) ∑(c1)−1(c2)−1⊗(c1)0⊗(c2)0=∑c−1⊗(c0)1⊗(c0)2 

and ∑c−1⊗ε(c0)=ε(c). 
Now we recall the definitions of a biproduct bi-

algebra and a quasitriangular Hopf algebra. 
Proposition 1 (Radford, 1985)    Let H be a bialgebra, 
B be a left H-module algebra and a left H-comodule 
coalgebra. The tensor product B⊗H bears a bialgebra 
structure, if and only if the following conditions hold: 

(1) ∆B(1B)=1B ⊗1B and εB(ab)=εB(a)εB(b); 
(2) B is a left H-module coalgebra; 
(3) B is a left H-comodule algebra; 
(i) ∆B(ab)=∑a1((a2)−1 b1)⊗(a2)0b2; 

(ii) ∑h1b−1⊗h2 b0=∑(h1 b)−1h2⊗(h1 b)0. 
In this case, it is called a biproduct bialgebra and 

denoted by B*H, via the smash product and smash 
coproduct: 

 
mB*H: (B⊗H)⊗(B⊗H)→(B⊗H), 
(a⊗h)(b⊗g)=∑a(h1 b)⊗h2g; 

∆B*H: B⊗H→(B⊗H)⊗(B⊗H), 
∆(b⊗h)=∑b1⊗(b2)−1h1⊗(b2)0⊗h2; 
εB*H: B⊗H→k,  ε(b⊗h)=εB(b)εH(h). 

 
Radford defined such B and H satisfying these 

conditions as the admissible pair and write it as (B, 
H). 
Proposition 2 (Radford, 1985)    Suppose (B, H) is an 
admissible pair, B*H becomes Hopf algebra if and 
only if: 

(1) H is a Hopf algebra; 
(2) The identity IB has an inverse in the convo-

lution algebra Homk(B, B). 
Definition 1 (Kassel, 1995; Radford, 1992)    A qua-
sitriangular Hopf algebra is a pair (H, R), where H is a 
Hopf algebra, and R=∑R(1)⊗R(2)∈H⊗H, satisfying 
the following conditions (r=R): 

 
(QT1) ∑ε(R(1))R(2)=∑R(1)ε(R(2))=1, 
(QT2) (∆⊗id)(R)=∑R(1)⊗r(1)⊗R(2)r(2), 
(QT3) (id⊗∆)(R)=∑R(1)r(1)⊗r(2)⊗R(2), 
(QT4) ∆cop(h)R=R∆(h), 

i.e. ∑R(1)h1⊗R(2)h2=∑h2R(1)⊗h1R(2). 
 

In this case, R is called a quasitriangular structure 
over H. 

We next introduce three new definitions as fol-
lows: 
Definition 2    Let H be a Hopf algebra, B be a left 
H-module algebra with a coalgebra structure. Sup-
pose V=∑V(1)⊗V(2)∈B⊗H, T=∑T(1)⊗T(2)∈H⊗H, (B, 
H) is called a compatible pair associated to (T, V) if 
the following conditions hold (v=V): 

 
(DC1) ∑εB(V(1))V(2)=1H, ∑V(1)εH(V(2))=1B, 
(DC2) (∆B⊗id)(V)=∑V(1)⊗v(1)⊗V(2)v2), 
(DC3) (id⊗∆H)(V)=∑V(1)(T(1) v(1))⊗v(2) ⊗V(2)T(2). 

 
If the identity IB has an inverse SB in the convo-

lution algebra Homk(B, B), then V−1=∑SB(V(1)) ⊗V(2). 
Definition 3   Let H be a Hopf algebra, B be a left 
H-module algebra with a coalgebra structure. U= 
∑U(1)⊗U(2)∈H⊗B, T=∑T(1)⊗T(2)∈H⊗H, (B, H) is 
called a skew compatible pair associated to (T, U) if 
the following conditions hold (u=U): 

 
(SC1) ∑εH(U(1))U(2)=1B, ∑U(1)εB(U(2))=1H, 
(SC2) (∆H⊗id)(U)=∑T(1)U(1)⊗u(1)⊗U(2)(T(2) u(2)), 

(SC3) (id⊗∆B)(U)=∑U(1)u(1)⊗u(2)⊗U(2).  
  

Definition 4    Let H be a Hopf algebra, B a left 
H-module algebra with a coalgebra structure and a 
left H-comodule structure. Assume that T=∑T(1)⊗T(2) 
∈H⊗H, V=∑V(1)⊗V(2)∈B⊗H, U=∑U(1)⊗U(2)∈H⊗B 
and Q=∑Q(1)⊗Q(2)∈B⊗B, (B, Q) is called a weak 
quasitrianglar pair associated to (T, V, U) if the fol-
lowing conditions hold (Q=q, V V= ): 

 
(WQT1) ∑ε(Q(1))Q(2)=∑Q(1)ε(Q(2))=1B, 
(WQT2) (∆⊗id)(R)=∑ (1) (1)

0Q V ⊗q(1) 

⊗Q(2) (1) (2)
1(Q V− q(2)),  

(WQT3) (id⊗∆)(Q)=∑Q0
(1)V(1)(U(1) q(1))⊗q(2) 

⊗Q(2)( (1)
1Q− V(2) U(2)), 

(WQT4) ∑
(1)(1) (1)

0 0Q V V (T(1)U(1) b1) (2) (1) (2)
2(Q Q V−⊗  

(2)(2) (1) (1)
1 1)(U Q V V− − T(2) b2)=∑(b2)0Q(1) 

⊗b1((b2)−1 Q(2)). 
 

Example 1    Let (B, Q) be a quasitriangular Hopf 
algebra, and (H, T) be an arbitrary quasitriangular 
bialgebra. B is an algebra in HMod with a trivial 
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module action h b=ε(h)b. B is also an object in 
HMod(ρ(b)=∑T(2)⊗T(1) b=1H⊗b). Assume V=1B⊗1H, 

U=1H⊗1B, then it is easy to see (B, H) is a compatible 
pair associated to (T, V), (B, H) is a skew compatible 
pair associated to (T, U), and (B, Q) is a weak quasi-
triangular pair associated to (T, V, U). 
Remark 1    Example 1 shows Definition 4 is a gen-
eralization of the usual quasitriangular Hopf algebra. 
Example 2    Let (H, T) be a triangular Hopf algebra, 
and (B, Q ) be a quasitriangular Hopf algebra in HMod. 

Suppose that Q=∑T(1) (1)Q ⊗T(2) (2) ,Q  U=1⊗1, 

V=1⊗1, then (B, Q) is a weak quasitriangular pair 
associated to (T, V, U). 

 
 

QUASITRIANGULAR STRUCTURES OVER B*H 
 
In this section we will describe the quasitrian-

gular structure over biproduct Hopf algebra B*H. 
The following lemma is obvious: 

Lemma 1    Let B*H be a biproduct Hopf algebra. 
Define maps as follows: 

 
q: B*H→B,        q(a⊗h)=ε(h)a  
p: B*H→H,        p(a⊗h)=ε(a)h  
j: B→B*H,          j(b)=b⊗1H  
i: H→B*H,         i(h)= 1B⊗h  

Then  
(1) q is a coalgebra map and q((a⊗h)(b⊗g))=a(h 

b)ε(g); 

(2) j is an algebra map and ∆j(b)=∑b1⊗(b2)−1⊗ 
(b2)0⊗1H; 

(3) p, i are bialgebra maps. 
Let B*H be a biproduct Hopf algebra and R 

=∑R(1)⊗R(2)⊗R(3)⊗R(4)∈B*H⊗B*H. Define: 
 

(1) (2) (3) (4)

(1) (2)

( )( ) ( ) ( )

                        ,

T p p R R R R R

T T H H

ε ε= ⊗ = ⊗

= ⊗ ∈ ⊗

∑
∑

 

(1) (2) (3) (4)

(1) (2)

( )( ) ( ) ( )

                        ,

Q q q R R R R R

Q Q B B

ε ε= ⊗ = ⊗

= ⊗ ∈ ⊗

∑
∑

 

(1) (2) (3) (4)

(1) (2)

( )( ) ( ) ( )

                       ,

V q p R R R R R

V V B H

ε ε= ⊗ = ⊗

= ⊗ ∈ ⊗

∑
∑

 

(1) (2) (3) (4)

(1) (2)

( )( ) ( ) ( )

                       .

U p q R R R R R

U U H B

ε ε= ⊗ = ⊗

= ⊗ ∈ ⊗

∑
∑

 

 

Then the following Lemma 2 is obvious:  
Lemma 2    With the notions above, let B*H be a 
biproduct Hopf algebra. If R satisfies condition (QT1), 
then: 
 

(1) (1) (2) (1) (2)( ) ( ) 1 ,HT T T Tε ε= =∑ ∑  

(2) (1) (2) (1) (2)( ) ( ) 1 ,BQ Q Q Qε ε= =∑ ∑   

(3) (1) (2)( ) 1 ,HV Vε =∑ (1) (2)( ) 1 ,BV Vε =∑  

(4) (1) (2)( ) 1 ,BU Uε =∑ (1) (2)( ) 1 .HU Uε =∑  
 

Lemma 3    Let B*H be a biproduct Hopf algebra and 
R=∑R(1)⊗R(2)⊗R(3)⊗R(4)∈B*H⊗B*H. If (B*H, R) is a 
quasitriangular, then we have: 
 

(1) (1) (2) (3) (4) (1) (1) (2) (2)( ) ,R R R R T U U Tε ⊗ ⊗ = ⊗ ⊗∑ ∑  

(2) (1) (2) (3) (4)( )R R R Rε⊗ ⊗∑  
(1) (1) (1) (2) (2) (2)= ( ) ,V T Q Q V T⊗ ⊗∑  

(3) (1) (2) (3) (4) (1) (1) (2) (2)( ) ,R R R R V T V Tε⊗ ⊗ = ⊗ ⊗∑ ∑  

(4) (1) (2) (3) (4)( )R R R Rε⊗ ⊗∑  
(1) (1) (1) (1) (2) (2) (2) (2)( ) ( ),V T Q U Q V T U= ⊗ ⊗∑  

(5) 
(1) (1)(1) (1) (1) (1) (1)( ( ))R V T V t Q T U= ⊗∑  

(2) (2)(2) (2) (2) (2) (2)( ) ,Q V t U V T T⊗ ⊗  
 

where ,V V=  t=T =T. 
Proof    By (QT2) and (QT3), we have: 
 

(1) (1) (2) (1) (2) (3)
1 2 1 1 2 0 2 1( ) ( )R R R R R R−⊗ ⊗ ⊗ ⊗∑  

(3) (4) (3) (4)
2 1 1 2 0 2( ) ( )R R R R−⊗ ⊗ ⊗  

    
(1) (2) (1) (2)(1) (2) (2) (1)

11 2( ) ( )R R r R r R R r= ⊗ ⊗∑         
(2) (3) (4) (4)(2) (3) (4)
2 1 2( )R r r r r r r⊗ ⊗ ⊗  

    
(3) (4)(3) (4) (4)

1 2( ) ,R R R R R⊗ ⊗                   (1) 
 

where .r r R R= = =  
By applying p⊗p⊗q⊗p, q⊗p⊗p⊗p, q⊗q⊗q⊗p 

and q⊗p⊗q⊗q to both sides of Eq.(1) respectively, 
we can obtain (1), (3), (2) and (4); applying  
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q⊗p⊗q⊗p to both sides of Eq.(1) and by (2), (3), we 
can obtain (5). 
Proposition 3    Let B*H be a biproduct Hopf algebra 
and R=∑R(1)⊗R(2)⊗R(3)⊗R(4)∈B*H⊗B*H. If (B*H, R) 
is a quasitriangular Hopf algebra, then we have: 
 

(1) (1) (2) (3) (4)( ) ( )R R b R Rε⊗∑  
(1) (2) (3) (4)

0 1( ) ( ) ,b R R R b Rε ε −= ⊗∑  

(2) 
(1)(1) (1) (1) (1) (2) (1) (2)

0 0 2(R Q V V T U Q Q V−= ⊗ ⊗∑   
(2) (1) (1) (2) (2)

1 1) ,U Q V V T− −⊗  
 

where ,  .b B v V∈ =  
Proof    Firstly, let h=1 in (QT4), then we obtain (1). 
Secondly, applying q⊗p⊗q⊗p to both sides of Eq.(1) 
and using (1), we can obtain (2). 
 
 
BIPRODUCT BECOMES QUASITRIANGULAR 
 
Proposition 4      Let B*H be a biproduct Hopf alge-

bra. Assume that 
(1)(1) (1) (1) (1)

0 0R Q V V T U= ⊗ ⊗∑  

(2) (1) (2)
2(Q Q V−

(2)(2) (1) (1) (2)
1 1)U Q V V T− −⊗  is a quasitri-

angular structure over B*H, where T=∑T(1)⊗T(2)∈ 
H⊗H, Q=∑Q(1)⊗Q(2)∈B⊗B, V=∑V(1)⊗V(2)∈B⊗H, 
U=∑U(1)⊗U(2)∈H⊗B. Then we have the following 
identities (v=V): 
 

(1) (1)(C1) (V T∑ (2) (2) (1) (2)
0 1) ,b V T b V b V−⊗ = ⊗∑  

(1) (1) (2) (2)
1(C2) (T U b U T− ⊗∑ (1) (2)

0 ) ,b U bU= ⊗∑  
(1) (2)

2(C3) V V h h⊗ =∑ ∑ (1) (2)
1 ,V hV⊗  

(1) (2) (1)
2 1(C4) U h U h U h⊗ = ⊗∑ ∑ (2) ,U  

(1) (2)
2(C5) ( )Q Q h hε⊗ =∑ ∑ (1)

1Q h⊗ (2) ,Q  
(1) (1) (1) (2) (2) (1) (1) (2) (2)
1 0(C6) ,V T V V T T V T V− ⊗ ⊗ = ⊗ ⊗∑ ∑

(1) (1) (2) (2) (2) (1) (1) (2) (2)
1 0(C7) ,T U U T U U T T U−⊗ ⊗ = ⊗ ⊗∑ ∑

(1) (1) (2) (1) (2) (2) (1) (1) (1)
0 1 1 0 0(C8) (Q V Q Q V Q Q V U− −⊗ ⊗ =∑ ∑

            (1) (2) (2) (1) (2)
1) (v v Q Q V−⊗ ⊗ (2) ),U  

(1) (1) (1) (1) (1) (2) (1) (2)
0 1 0 0 1(C9) ( ) ( ) (Q V U Q V Q Q V− −⊗ ⊗∑  

(2) (1) (1) (1) (2) (2) (2)) ( ).U T U Q U T Q= ⊗ ⊗∑  
 
Proof     (1) By (QT4), for any b∈B, h∈H we have: 

(1)(1)(1) (1) (1)
0 10

(( )Q V V T U∑ 1)b ⊗  
(1) (1) (2) (1) (2)

2 2 1 1 2( ) ( ) (T U b h Q Q V− −⊗ (2) )U              
(2)(1) (1) (2)

1 1 1(( )Q V V T− −

(2)(1) (1) (2)
2 0 1 1 2 2( ) ) ( )b Q V V T h− −⊗  

= 2 0 2( ) (b h∑
(1)(1) (1)

0 0 )Q V V ⊗  
(1) (1)

3 1 2 1 1 1((( ) )h T U b b h−⊗ (2) (1) (2)
2(Q Q V−

(2) ))U
(2)(1) (1) (2)

2 1 1 2 1 1(( ) ) .b h Q V V T− − −⊗                              (2) 
 

Let h=1 in Eq.(2), we obtain (C1); By applying 
p⊗q to both sides of Eq.(2), we obtain (C2). Let b=1 
in Eq.(2) and using p, q, we obtain (C3), (C4) and 
(C5).  

(2) By (QT2), we have 
 

(1) (1)(1) (1) (1) (1) (1) (1)
0 0 1 0 0 2 1 1( ) (( ) ) ( )Q V V Q V V T U−⊗∑  

(1)(1) (1)
0 0 2 0(( ) )Q V V⊗ (1) (1)

2( )T U⊗ ⊗  
(2) (1) 2

2(Q Q V−

(2)(2) (1) (1) (2)
1 1)U Q V V T− −⊗  

(1)(1) (1) (1) (1)
0 0Q V V T U= ⊗ (1)(1) (1)

0 0q v v⊗ ⊗  
(1) (1) (2) (1) (2)

2(t u Q Q V−⊗ (2) )U  
(2)(1) (1) (2)

1 1 1(( )Q V V T− −
(2) (1) (2)

2(q q v−
(2) ))u ⊗  

 (2) (2)(1) (1) (2) (1) (1) (2)
1 1 2 1 1( ) .Q V V T q v v t− − − −                     (3) 

 
By applying p⊗q⊗q and p⊗q⊗p to both sides of 

Eq.(3), we can obtain (C9) and (C6).  
(3) By (QT3), we have: 
 

(1)(1) (1) (1) (1) (2) (1) (2)
0 0 2( (Q V V T U Q Q V−⊗ ⊗∑ (2)

1))U  

   (2)((Q⊗ (1) (2)
2(Q V−

(2)(2) (1) (1) (2)
2 1 1 1 1)) ) ( )U Q V V T− − −  

      (2) (1) (2)
2(( (Q Q V−⊗

(2)(2) (1) (1) (2)
2 0 1 1 2)) ) ( )U Q V V T− −⊗  

=
(1)(1) (1) (1) (1)

0 0 1( )(( )Q V V T U∑ (1)(1) (1)
0 0 )q v v  

(1) (1) (1) (1) (2) (1) (2)
2 2( ) (T U t u q q v−⊗ ⊗ (2) )u  

(1) (1) (2) (2) (2) (1) (2)
1 1 2(q v v t Q Q V− − −⊗ ⊗ (2) )U  

 
(2)(1) (1) (2)

1 1 ,Q V V T− −⊗                                             (4) 
 

where ,V V v v= = =  q=Q, T=t and u=U. 
By applying q⊗p⊗q and p⊗p⊗q to both sides of 

Eq.(4), we can obtain (C8) and (C7). The proof is 
complete. 
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Remark 2    If B*H is a quasitriangular Hopf algebra, 
applying (C1), we see that the formulas of quasitri-
angular structures R in Lemma 3 and Proposition 3 
are equivalent. 
Remark 3    The condition (C1) says if B*H is a 
quasitriangular Hopf algebra, then the comodule 
structure over B depends on its module structure. 
Remark 4    If the condition (C1) holds then (DC3), 
(WQT2), (WQT3) and (WQT4) can be also expressed 
as follows: 
 

(1) (2) (2) (1) (1) (2) (1) (2)
1 2 0 1(DC3)  ,V V V v V v v V−′ ⊗ ⊗ = ⊗ ⊗∑ ∑

(1) (1) (2) (1) (1)
1 2(WQT2)  (Q Q Q V T′ ⊗ ⊗ =∑ ∑ (1) )Q  

(1) (2) (2) (2)(q Q V T⊗ ⊗ (2) ),q  
(1) (2) (2) (1) (1)

1 2(WQT3)  (Q Q Q V T′ ⊗ ⊗ =∑ ∑ (1) )Q  

(U(1) (1) (1) (2) (2) (2)) ( ),q Q V T U⊗  
(1) (1)(WQT4)  (V T′ ∑ (1) (1)(v t (1) (1)

1)( ))Q U b  
(2) (2) (2)(Q v t⊗ (2) (2) (2))(U V T 2 )b  

(1) (2)
2 1 2 10

( ) (( ) ).b Q b b Q−= ⊗∑  

 
Proposition 5    Let B*H be a biproduct Hopf algebra. 

Assume that 
(1)(1)(1) (1) (1) (2)

0 0
R Q V V T U Q= ⊗ ⊗∑  

(1) (2)
2(Q V−

(2)(2) (1) (1) (2)
1 1)U Q V V T− −⊗ is a quasitriangu-

lar structure over B*H, where T =∑T(1)⊗T(2)∈H⊗H, 
Q=∑Q(1)⊗Q(2)∈B⊗B, V=∑V(1)⊗V(2)∈B⊗H, U= 
∑U(1)⊗U(2)∈H⊗B, then we have: 

(1) (H, T) is a quasitriangular Hopf algebra; 
(2) (B, H) is a compatible pair associated to (T, 

V); 
(3) (B, H) is a skew compatible pair associated to 

(T, U); 
(4) (B, Q) is a weak quasitriangular pair associ-

ated to (T, V, U). 
Proof    (1) By Lemma 1, p is a bialgebra map. Thus, 
T=(p⊗p)(R)=∑T(1)⊗T(2) is a quasitriangular structure 
over H. 

(2) Applying p⊗p⊗q to both sides of Eq.(3), we 
can get (DC2); applying q⊗p⊗p to both sides of 
Eq.(4), we can get (DC3). Thus, (B, H) is a compati-
ble pair associated to (T, V) by Lemma 2. 

(3) Applying p⊗p⊗q to both sides of Eq.(3), we 
can get (SC2); applying p⊗q⊗q to both sides of  
 

Eq.(4), we can get (SC3). Thus, (B, H) is a skew 
compatible pair associated to (T, U) by Lemma 2. 

(4) Applying q⊗q⊗q to both sides of Eq.(3), we 
can get (WQT2); applying q⊗q⊗q to both sides of 
Eq.(4), we can get (WQT3); applying q⊗q to both 
sides of Eq.(2), we can obtain (WQT4). Thus (B, Q) is 
a weak quasitriangular pair associated to (T, V, U) by 
Lemma 2. 

These complete the proof. 
Proposition 6    Let B*H be a biproduct Hopf algebra. 
If there exist elements T=∑T(1)⊗T(2)∈H⊗H, Q= 
∑Q(1)⊗Q(2)∈B⊗B, V=∑V(1)⊗V(2)∈B⊗H, U=∑U(1)⊗ 
U(2)∈H⊗B, such that the following conditions hold: 

(1) (H, T) is a quasitriangular Hopf algebra; 
(2) (B, H) is a compatible pair associated to (T, 

V ); 
(3) (B, H) is a skew compatible pair associated to 

(T, U); 
(4) (B, Q) is a weak quasitriangular pair associ-

ated to (V, U); 
(5) T, V, U, Q satisfy the conditions (C1)~(C9) in 

Proposition 4. 
Then (B*H, R) is a quasitriangular Hopf algebra 

with a quasitriangular structure given by ( ):V V=  
 

(1)(1) (1) (1) (1) (2) (1) (2) (2)
0 0 2( )R Q V V T U Q Q V U−= ⊗ ⊗∑    

(2)(1) (1) (2)
1 1 .Q V V T− −⊗  

 
Proof    By the definition of R, denote R=∑R(1)⊗R(2), 

where
(1)(1)(1) (1) (1) (1)

0 0
,R Q V V T U= ⊗∑  R(2)=∑Q(2) 

(1) (2)
2(Q V−

(2)(2) (1) (1) (2)
1 1) ,U Q V V T− −⊗  then by Lemma 2, 

we have: 
 

(1)(1)(1) (2) (1) (1) (1) (2)
0 0

( ) ( ) ( )R R Q V V T U Qε ε ε=∑ ∑  

(1) (2)
2(Q V−

(2)(2) (1) (1) (2)
1 1) 1 1 ,B HU Q V V T− −⊗ = ⊗  

(1)(1)(1) (2) (1) (1) (1) (2) (1) (2)
0 20

( ) ( (R R Q V V T U Q Q Vε ε −= ⊗∑ ∑
      

(2)(2) (1) (1) (2)
1 1)) ( ) 1 1 .B HU Q V V Tε − − = ⊗  

 
So (QT1) is checked. 

In what follows, we first check that (QT2) holds:  
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( )( )id R∆⊗  
(1) (1)(1) (1) (1) (1)

0 0 1 0 0 2 1( ) (( ) )Q V V Q V V −= ⊗∑  
(1)(1) (1) (1) (1) (1) (1) (2)

1 0 0 2 0 2( ) (( ) ) ( )T U Q V V T U Q⊗ ⊗ ⊗  
(1) (2)
2(Q V−

(2)(2) (1) (1) (2)
1 1)U Q V V T− −⊗  

(1) (1) (1) (1)
0 0 1 0 0 2 1( ) ((( ) )Q V Q V −= ∑

(1)
1 )V  

(1) (1)(1) (1) (1) (1)
20 0 2 0 1((( ) ) )Q V V T T U−⊗  
(1)(1) (1) (1) (1) (2) (1) (2)
20 0 2 0 0 2((( ) ) ) (Q V V t u Q Q V−⊗ ⊗ ⊗  

(2) (2)(2) (2) (1) (1) (2) (2)
1 1( ))U T u Q V V T t− −⊗  

by (QT2), (SC2), (i) 
(1) (1) (1) (1)
0 0 1 0 0 2 2( ) ((( ) )Q V Q V −= ∑

(1)
)V  

(1)(1) (1) (1) (1) (1) (1) (1)
0 0 2 1 0 0 2 0(( ) ) (( ) )Q V T T U Q V v−⊗ ⊗     

(2)(1) (1) (2) (1) (2) (2) (2)
2( ( ))t u Q Q V U T u−⊗ ⊗  

(2)(1) (1) (2) (2) (2)
1 1Q V V T v t− −⊗     by (DC2), (C6) 

(1) (1)
0 1 0 2 1( ) ((( ) )Q Q −= ∑ (1)(1) (1)

00 0 2 0 2)(((( ) ) )V Q v −  
(1) (1) (1)(1) (1) (1)

00 2 0 1) ((( ) ) )V Q v T T U−⊗  
(1) (2)(1) (1) (1) (1) (2) (1) (2)
00 2 0 0 2((( ) ) ) (Q v v t u Q Q V v−⊗ ⊗ ⊗  

(2)(2) (U T (1) (2)(2) (1) (1) (2) (2) (2)
11 1))u Q V v V T v t−− −⊗  

 

by (i), (DC2) 
(1) (1)
1 2 30

( ) (( )Q Q −= ∑ (1)(1) (1)
20 2 2)(( )V Q v−−

(1)
)V  

(1) (1) (1)(1) (1) (1) (1) (1) (1) (1)
1 02 1 2 0( ) ( )Q v T T U Q v v t u−−⊗ ⊗ ⊗  

(2)(2) (1) (1) (2)
1 2 2 5(( ) ( )Q Q Q V v− −⊗

(2)(2) (U T  
(1) (2)(2) (1) (1) (1) (2) (2) (2)

31 1 2 4 1)) ( ) ( )u Q Q V v V T v t−− − −⊗  
 

by comodule coalgebra 
(1) (1)
1 0 2 4( ) (( )Q Q −= ∑ (1)(1) (1)

20 2 2) (( )V Q v−−

(1)
)V  

(1) (1) (1)(1) (1) (1) (1) (1) (1) (1)
1 02 1 2 0( ) ( )Q v T T U Q v v t u−−⊗ ⊗ ⊗  

(2)(2) (1) (1) (2)
1 2 2 5(( ) ( )Q Q Q V v− −⊗

(2)(2) (U T (2) ))u  
(1) (1)
1 1 2 4( ) (( )Q Q− −⊗ (1) (2)(1) (1) (2) (2) (2)

31 2 3) ( )V Q v V T v t−− −   
by (ii) 

(1) (1) (1)(1) (1) (1) (1) (1)
11 0 0 2 1 1( ) (( ) )Q V V T Q v T U−−= ⊗∑  

(1)(1) (1) (1) (1)
02 0( )Q v v t u⊗ ⊗  

(2)(2) (1) (2) (1)
1 2 2 2(( ) ( )Q Q V Q v− −⊗

(2)(2) (U T  
(2) (1)(2) (1) (1) (2) (1) (2) (2)

11 1 1 2 1 2)) ( ) (( ) )u Q V V T Q v v t−− − −⊗  

by (C3) (QT4) 
(1) (1) (1)(1) (1) (1) (1) (1)

21 0 0 2 2( ) ( )Q V V T Q v T U−−= ⊗∑  
(1)(1) (1) (1) (1)
02 0( )Q v v t u⊗ ⊗  

(2)(2) (1) (2) (1)
1 2 2 3 1((( ) ( ) )Q Q V Q v− −⊗ (2) )U  

(2) (2)(1) (2) (1)
1 2 2 3 2((( ) ( ) )Q V Q v T− −

(2) )u  
(2) (1)(1) (1) (2) (1) (2) (2)

11 1 1 2 1( ) ( )Q V V T Q v v t−− − −⊗  
by module algebra 

(1)(1) (1) (1)(1) (1) (1) (1) (1)
01 0 0 2 2 2( ) ( ) ( )Q V V T Q v V T U− −= ⊗∑  

(1)(1)(1) (1) (1) (1)
02 0 0( ) ( )Q v V v t u⊗ ⊗  

(2)(2) (1) (2) (1)
1 2 1 1 2 3 1((( ) ) (( ) )Q Q V Q v− −⊗  

(2)(1) (2)(2) (1) (2) (1)
11 2 2 2 2 3 2)((( ) ) (( ) )U Q V Q v V T−− −

(2) )u  
(1)(2) (1)(1) (1) (2) (1) (2) (2)

01 1 1 2 1 1( ) ( ) ( )Q V V T Q v V v t− − − −⊗  
by (DC3)′ 

(1)(1) (1) (1)(1) (1) (1) (1) (1)
2 21 0 0 2 2( ) ( )Q V V T Q v V T U− −−= ⊗∑  

(1)(1)(1) (1) (1) (1)
0 02 0( )Q v V v t u⊗ ⊗  

(2)(2) (1) (2) (1)
1 2 1 1 2 3 1((( ) ) (( ) )Q Q V Q v− −⊗ (2) )U  

(2)(1) (2)(1) (2) (1)
31 2 2 2 2 3 2((( ) ) (( ) )Q V Q v V T−− −

(2) )u  
(1)(2) (1)(1) (1) (2) (1) (2) (2)

1 11 1 1 2 1( ) ( )Q V V T Q v V v t− −− − −⊗  
by comodule algebra 

(1) (1) (1)(1) (1) (1) (1) (1)
31 0 0 2 3( ) ( )Q V V T T Q v U−−= ⊗∑  

(1)(1)(1) (1) (1) (1)
0 02 0( )Q v V v t u⊗ ⊗  

(2)(2) (1) (2) (1)
1 2 1 1 2 4((( ) ) ( )Q Q V Q v− −⊗ (2) )U  

(2)(2) (1)(1) (2) (1)
21 2 2 2 2 2((( ) ) ( )Q V T Q v V−− −

(2) )u  
(1)(2) (1)(1) (1) (2) (1) (2) (2)

1 11 1 1 2 1( ) ( )Q V V T Q v V v t− −− − −⊗  
by (C6), (QT4)  

(1)(1) (1) (1) (1)(1) (1) (1) (1) (1) (1) (1)
3 0 00 0 3 0Q V V T T q v U q v V v−−= ⊗ ⊗∑  

(1) (1) (2) (1) (2)
3 1(t u Q Q V−⊗ ⊗ (2) )q  

(2)(1) (2) (1)
2 1 2 4(( )Q V q v− −

(2) )U  
(2)(2) (1)(1) (2) (1)

22 2 3 2(( )Q V T q v V−− −
(2) )u  

(1)(2) (1)(1) (1) (2) (1) (2) (2)
1 11 1 1Q V V T q v V v t− −− − −⊗    

by (WQT2), (DC3)′ 
(1)(1) (1) (1) (1)(1) (1) (1) (1) (1) (1) (1)

3 0 00 0 3 0Q V V T T q v U q v V v−−= ⊗ ⊗∑  
(1) (1) (2) (1) (2)

3 1(t u Q Q V−⊗ ⊗ (2)(2) (1)
4(q q v−

(2) ))U  
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(2)(2) (1)(1) (2) (1)
22 2 2(Q V T q v V−− −

(2) )u  
(1)(2) (1)(1) (1) (2) (1) (2) (2)

1 11 1 1Q V V T q v V v t− −− − −⊗  
 

by module algebra 
(1)(1) (1)(1) (1) (1) (1) (1) (1) (1) (1)
00 0 0Q V V T T U q V v t u= ⊗ ⊗ ⊗∑  

(2) (1) (2)
3 1 1(( )Q Q V−⊗

(2)(2) (1) (2)
13 2 2)(( )U Q V T−  

(2)(2)(2) (1) (2) (1)
22 3 2)(q Q V T q V− −

(2) )u  
(1)(2)(1) (1) (2) (1) (2) (2)

11 1 1Q V V T q V v t−− − −⊗     by (C9), (QT3) 
(1)(1) (1)(1) (1) (1) (1) (1) (1) (1)
00 0 0 0( )Q v V V T T U q V v= ⊗ ⊗∑  

 

(2)(1) (1) (2) (1)
3(t u Q Q v−⊗ ⊗ (1) (2)(2) (1) (2)

12)(U Q v V T−−  
(2)(2) (1)

2(q q V−
(2) ))u  

(1)(1) (2)(1) (1) (2) (1) (2) (2)
0 11 1 1( )Q v V V T q V v t−− − −⊗   by (DC3)′ 

(1)(1) (1) (1)(1) (1) (1) (1) (1) (1)
0 00 0 0Q v V V T T U q V v= ⊗ ⊗∑  

(2)(1) (1) (2) (1)
3(t u Q Q v−⊗ ⊗ (1) (2)(2) (1) (2)

22)(U Q v V T−−  
(2)(2) (1)

2(q q V−
(2) ))u  

(1)(1) (2)(1) (1) (2) (1) (2) (2)
1 11 1 1Q v V V T q V v t− −− − −⊗  

 

by comodule algebra 
(1)(1)(1) (1) (1) (1) (1) (1) (1) (1)

0 00 0Q v V T U q V v t u= ⊗ ⊗ ⊗∑  
(2)(2) (1)

3(Q Q v−⊗ (1)(2) (1) (2) (2)
22 1 1)(U Q v V T−−  

(2)(2) (1)
2(q q V−

(2) ))u  
(1)(1)(1) (2) (2) (1) (2) (2)

1 11 2 2 1Q v V T q V v t− −− −⊗    by (DC3)′, (QT3) 
( )( ),id R= ⊗∆  

 

where u=U, q=Q, ,V V V V v v= = = = =  .t T T= =  
So (QT2) is proved. 
Similarly, we can prove (QT3) for R. 
For any b⊗h∈B⊗H, we will check the condition 

(QT4) as follows: 
 

( )R b h∆ ⊗  
(1)(1)(1) (1) (1)

0 1 10
(Q V V T U=∑ 1)b  

 

(1) (1) (2) (1) (2)
2 2 2 1 1 2( ) (T U b h Q Q V− −⊗ ⊗ (2) )U  

(2)(1) (1) (2)
1 1 1(( )Q V V T− −

(2)(1) (1) (2)
2 0 1 1 2 2( ) ) ( )b Q V V T h− −⊗  

(1)(1)(1) (1) (1)
0 10

(Q V V T U=∑ (1) (1)
1 2 2 1 1) ( )b t U b h−⊗  

(2) (1) (2)
2(Q Q V−⊗

(2)(2) (1) (1) (2) (2)
1 1 1)(( )U Q V V T t− − (b2)0)  

(2)(1) (1) (2) (2)
1 1 2 2( )Q V V T t h− −⊗     by (QT2) 

(1)(1)(1) (1) (1)
0 0

(Q V V T U=∑ 1)b  
(1) (1) (2) (1) (2)

2 1 1 2( ) (t u b h Q Q V− −⊗ ⊗ (2) (2)
1(U T  

(2)(2) (1) (1) (2) (2)
1 1 2 1))(( )u Q V V T t− − 2 0( ) )b  

(2)(1) (1) (2) (2)
1 1 2 2 2( )Q V V T t h− −⊗      by (SC2), (QT3) 

(1)(1) (1) (1)
0 (Q V T U=∑ (1) (1)

1 2 1 1) ( )b t u b h−⊗  
(2) (1) (2)

2 1(Q Q V−⊗ (2) (2)
1(U T (2) ))u  

(1) (2) (2) (2)
1 2 2 1(( )Q V T t− 2 0( ) )b  
(1) (2) (2) (2)
1 2 2 2 2( )Q V T t h−⊗             by (DC3)′ 

(1)(1) (1) (1)
0 (Q V T U=∑ 1)b  

(1) (1) (2) (1) (2)
2 1 1 1 1 1( ) (( )t u b h Q Q V− −⊗ ⊗ (2)U  

(2)
1(T (2) (2)

1(u t 2 0( ) )))b  
(1) (2) (2) (2)
1 2 2 2 2 2( )Q V T t h−⊗              by module algebra 

(1)(1) (1) (1)
0 (Q V T U=∑ 1)b  

(1) (1) (2) (1) (2)
1 1 1(( )T u h Q Q V−⊗ ⊗ U(2) (2)

1(T b2u(2)))  
(2)(1) (2) (2)

1 2 2 2 2( )Q V T T h−⊗             by (QT3), (C2) 
(1) (1)(V t=∑ (1) (1) (1))(Q T U

(1) (1)
1 1)b T u h⊗  

(2) (2) (2)
1(( )Q V t⊗ (2) (2)

1(U T (2)
2 ))b u  

(2)(2) (2) (2)
2 2 2( )V t T T h⊗               by (C1) 

(1)(1) (V T=∑ (1) (1) (1))(v t t Q(1))
(1)(1) (1)(T t U  b1)  

(1) (1) (2) (2) (2)
1 (( )T u h Q v t⊗ ⊗

(2)(2) (U t (2)
2 ))b u  

(2) (2)(2)(2) (2)
2V T t T T h⊗              by (DC3), (QT3) 

(1)(1) (V T=∑
(1)(1)

(V T
(1)(1) (1)))(v t t (1) )Q  

(1)(1) (1)(T t U
(1) (1) (2) (2) (2)

1 1 1) (b T u h Q v t⊗ ⊗   
(2)(2) (2)(2) (2)

2)(U V T t t (2)
2 )b u  

(2) (2)(2)(2) (2)
2V T t T T h⊗               by (DC3) 

(1)(1) (V T=∑
(1)(1)
1(V T

(1)(1)(1) (1)
2))(v t T t Q(1))  

(1)(1) (1)
3(T T U

(1) (1) (2) (2) (2)
1 1) (b T u h Q v t⊗ ⊗  

(2)(2)(2) )(U V T
(2) (2)(2)(2) (2) (2)

2 2)b u V T t T T h⊗  
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by (QT3), (QT2) 
(1)(1) (V T=∑

(1) (1)
(V t

(1)(1)
1)(v T (1) ))v  

(1)(1) (1)
2(t T t

(1)(1) (1) (1)
3)(Q T T U

(1) (1)
1 1)b T u h⊗  

(2) (2) (2)(Q v t⊗
(2)(2) (2)
1)(U v T 2 )b   

(2)(2) (2)
2(V t T

(2)(2)(2) (2) (2) (2)
2)u V T t T T h⊗   

by (DC3) 
(1) (1)

1(V T=∑
(1) (1)(V t

(1)(1) (1)
1

ˆ)(( )v T t (1) ))v  
(1)(1) (1)

2 2
ˆ( ( )T T t (1)(t (1) (1))(Q U 1))b  

(1) (1) (2) (2) (2)
1 (T u h Q v t⊗ ⊗ (2) (2) (2)ˆ)(U v t 2 )b  
(2)(2) (2)(V t T

(2)(2) (2) (2)
2)u V T T h⊗   

by (QT3), (QT2) 
(1) (1)(V T=∑

(1)(1)
(V T (1)

2 0( ) ))b Q  
(1) (1)

1 1 2 1(( )T u h b b −⊗ ⊗
(2)(2)(2) )(Q V T (2) )u  

(2)(2) (2)
2V T T h⊗      by (QT2), (WQT4)′ 

(1) (1)(1) (1) (1)
2 0 0 0 1 1 2 1((( ) ) ) (( )b Q V V T u h b b −= ⊗ ⊗∑

(2)(2) (1)
2 0 1)((( ) )Q b Q V−

(2) )u  
(1) (2)(1) (2)

2 0 0 1 2((( ) ) )b Q V V T h−⊗   by (C1)  
(1) (1)(1) (1) (1)
02 0 3 1 2 30

( ) (( )b Q V V h T u b b −= ⊗ ⊗∑ Q(2))  
(2)(1)

2 2 2 1(( )b Q V h− −

(1) (2)(2) (1) (2)
12 1 1 2) ( )u b Q V V h T−− −⊗  

by (C4), (QT4) 
(1)

2 0 20
( ) (b Q h=∑

(1)

0 4) (V h (1) )V  
(1) (1)

5 1 2 3(( )h T u b b −⊗ ⊗
(2)(2) (1)

2 2 2 1)(( )Q b Q h V− −  

(2) (1)
2 1 1 2) ( ) (u b Q h− −⊗

(1) (2)(2)
1 3)V h V T−   by (C3) 

2 0 2( ) (b h=∑ (1)
0 5) (Q h

(1) (1)(1) (1)
0 6)V V h T u⊗  

(2)(2) (1)
1 2 3 1 2 2 2 2 3(( ) ( ))(( ) ( )b b h Q b h Q h V− − −⊗

     
(1) (2)(2) (1) (2)

12 1 2 1 4) ( ) ( )u b h Q h V V T−− −⊗  
by (ii), (C5)  

2 0 3( ) (b h=∑ (1)
0 4)(Q h

(1) (1)(1) (1)
0 5)V V h T u⊗  

1 2 3(( )b b −⊗ 1(h
(2)(2) (1)

2 2 2 1 1))(( ) ( )Q b h Q V− −  
(1) (2)(2) (1) (2)

12 1 2 1 2) ( ) ( )u b h Q V V T−− −⊗       by (ii) 
cop ( ) .b h R= ∆ ⊗  

 

So (QT4) is proved. Thus, (B*H, R) is a quasi-
triagular Hopf algebra. 

These complete the proof of Proposition 6. 
Thus it follows from Propositions 4~6 we have: 

Theorem 1    The biproduct Hopf algebra B*H is 
quasitriangular if and only if there exist elements 
T=∑T(1)⊗T(2)∈H⊗H, Q=∑Q(1)⊗Q(2)∈B⊗B, V=∑V(1) 

⊗V(2)∈B⊗H, U=∑U(1)⊗U(2)∈H⊗B, such that (H, T) 
is a quasitriangular Hopf algebra, (B, H) is a com-
patible pair associated to (T, V ), (B, H) is a skew 
compatible pair associated to (T, U), (B, Q) is a weak 
quasitriangular pair associated to (T, V, U) and the 
conditions C1~C9 are satisfied. Moreover, the quasi-
triangular structure R has a unique decomposition: 
 

(1)(1)(1) (1) (1) (2) (1) (2)
0 20

(R Q V V T U Q Q V−= ⊗ ⊗∑ (2) )U  
(2)(1) (1) (2)

1 1 .Q V V T− −⊗  
 

Remark 5    Let H be a Hopf algebra, and B be an 
arbitrary H-module algebra, H-comodule coalgebra. 
Theorem 1 shows that if H is not a quasitriangular 
Hopf algebra then the B*H is not a quasitriangular 
Hopf algebra either. 
Corollary 1    Let B*H be a biproduct Hopf algebra 
and (H, T) be a quasitriangular Hopf algebra, then 
B*H is quasitriangular if there exists Q=∑Q(1)⊗ 
Q(2)∈B⊗B such that the following conditions hold: 
 

(1)(1) (2) (2)(WQT1)  ( ) ( ) 1,Q Q Q Qε ε′′ = =∑ ∑  
(1) (1) (2) (1) (2)
0 1(WQT2)  ( )( ) ( ),id Q Q q Q Q q−′′ ∆⊗ = ⊗ ⊗∑

(1) (1) (2) (2)(WQT3)  ( )( ) ,id Q Q q q Q′′ ⊗ ∆ = ⊗ ⊗∑  
(1) (1)
0(WQT4)  (Q T′′ ∑ (2) (1) (2)

1 1) (b Q Q T−⊗ 2 )b  
(1) (2)

2 1 2 10
( ) (( ) ),b Q b b Q−= ⊗∑  

(1)(C1)  T′ ∑ (2)
0 1,b T b b−⊗ = ⊗∑  

(1) (2)
1(C2)  (T b T−′ ⊗∑ 0 ) 1 ,Hb b= ⊗  

(1) (2)
2(C3)  ( )Q Q h hε′ ⊗ =∑ ∑ (1)

1Q h⊗ (2) ,Q  
(1) (2) (1) (2) (1) (2)
0 1 1 0(C4)  1 ,HQ Q Q Q Q Q− −′ ⊗ ⊗ = ⊗ ⊗∑ ∑  
(1) (1) (2) (1) (1) (2)
1 0(C5)  Q Q Q T Q T−′ ⊗ ⊗ = ⊗ ⊗∑ ∑ (2) .Q  

 
In this case, the quasitriangular structure of B*H 

is  R= (1) (1) (2) (1) (2)
0 1 .Q T Q Q T−⊗ ⊗ ⊗∑  
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Proof    Letting V=1B⊗1H∈B⊗H, U=1H⊗1B∈H⊗B in 
Theorem 1, we obtain this corollary. 
Example 3    Let (H, T) be a triangular Hopf algebra 
and (B, Q ) be a quasitriangular Hopf algebra in HMod, 
then B*H is quasitriangular. 
Proof    Let Q =∑T 

(1)  (1)Q ⊗T 
(2) (2) .Q  Then the 

conditions in Corollary 1 are easily checked. 
Corollary 2    Let B*H be a biproduct Hopf algebra 
and (B, Q) be a quasitriangular Hopf algebra. Assume 
that H is cocommutative, then R=∑Q(1)⊗1H⊗Q(2)⊗1H 
is a quasitriangular structure over B*H if and only if: 
 

0 1(C1)   1 ,Hb b b−′′ ⊗ = ⊗∑  
(1) (2)

2(C2)   ( )Q Q h hε′′ ⊗ =∑ ∑  Q(2)⊗h1 Q(2). 
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