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Abstract:

The construction of the biproduct of Hopf algebras, which consists of smash product and the dual notion of smash

coproduct, was first formulated by Radford. In this paper we study the quasitriangular structures over biproduct Hopf algebras
B*H. We show the necessary and sufficient conditions for biproduct Hopf algebras to be quasitriangular. For the case when they
are, we determine completely the unique formula of the quasitriangular structures. And so we find a way to construct solutions of
the Yang-Baxter equation over biproduct Hopf algebras in the sense of (Majid, 1990).
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PRELIMINARIES

The smash product and the smash coproduct are
well known in the context of Hopf algebra (Molnar,
1979; Montgomery, 1993) and remain an active area
of study (Zhao et al., 2000; Delvaux, 2004; Zhao and
Wang, 2005). Let H be a Hopf algebra over a field £
and suppose B is a left H-module algebra and is also a
left H-comodule coalgebra. Radford (1985) found
necessary and sufficient conditions for the smash
product and the smash coproduct on B&H to make it a
Hopf algebra, which is called a biproduct Hopf alge-
bra and denoted by B*H.

Majid (1994) found a sufficient condition for a
biproduct to become quasitriangular. In this paper, we
discuss quasitriangular structures of B*H. In Section
2, we show that the formulas of the quasitriangular
structures R over B*H if it is a quasitriangular Hopf
algebra. In Section 3, we find the necessary and suf-
ficient conditions such that it becomes a quasitrian-
gular Hopf algebra.

Throughout this paper, £ denotes an arbitrary
field, and (H, m, A, ¢, S) is a Hopf algebra over the
field k. We follow the notation in (Montgomery, 1993;
Sweedler, 1969), but we will write the comultiplica-
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tion in H, A:H—H®H, A(h)=Yh ®h,. Denote by
1Mod the category of left H-modules and by “Mod the
category of left H-comodules. For (¥, p) in "Mod
write: p(v)=) v_|®voe HRV.

We first review some basic facts about algebras
and coalgeras in the category “Mod and in the cate-
gory gpMod.

An algebra 4 in yMod is a left H-module algebra
if the following conditions hold:

(1) (4, —) is a left H-module structure;
(2)  h—(ab)=2.(hm—a)(h,—b)

e(h)1y.
A coalgebra C in yMod is a left H-module
coalgebra if the following conditions hold:

(1) (C, —) is a left H-module structure;

2) S(h—ch®h—c)r=Yh—c,®hy—c;
e(h—c)=e(h)e(c).

An algebra 4 in "Mod is a left H-comodule al-

gebra if the following conditions hold:

(1) (4, p) is a left H-comodule structure;

(2) .(ab)-1®(ab)o=).a-1b-1®agby and p(1,)=1y
®1y.

A coalgebra C in "Mod is a left H-comodule

and h—1,~=

and
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coalgebra if the following conditions hold:

(1) (C, p) is a left H-comodule structure;

(2) 2(c)-1(c2)-1®(c1)o®(c2)0=2 c-1¥(c0)1®(co)2
and ) c_1®e(co)=¢(c).

Now we recall the definitions of a biproduct bi-
algebra and a quasitriangular Hopf algebra.
Proposition 1 (Radford, 1985) Let H be a bialgebra,
B be a left H-module algebra and a left H-comodule
coalgebra. The tensor product B&H bears a bialgebra
structure, if and only if the following conditions hold:

(1) Ap(15)=1®1p and eg(ab)=¢cp(a)ep(d);

(2) B is a left H-module coalgebra;

(3) B is a left H-comodule algebra;

(1) Ap(ab)=Y.a1((az2)-1—b1)®(a2)obs;
(11) Zhlbﬂ@thb():Z(hl—‘b)71h2®(h1—‘b)o.
In this case, it is called a biproduct bialgebra and

denoted by B*H, via the smash product and smash
coproduct:

My (BOH)R(BOH)—(BOH),
(a®h)(b®g)=>.a(hi—b)®h,g;

Ageir: BOH—(BOH)®(BOH),
A(D®h)=) b 1®(by)-1h 1 &(b2)o®hy;
eperr: BRH—k, e(b®h)=e5(b)en(h).

Radford defined such B and H satisfying these
conditions as the admissible pair and write it as (B,
H).

Proposition 2 (Radford, 1985) Suppose (B, H) is an
admissible pair, B*H becomes Hopf algebra if and
only if:

(1) H is a Hopf algebra;

(2) The identity /g has an inverse in the convo-

lution algebra Hom(B, B).
Definition 1 (Kassel, 1995; Radford, 1992) A qua-
sitriangular Hopf algebra is a pair (H, R), where H is a
Hopf algebra, and R=ZR(1)®R(2)GH®H, satisfying
the following conditions (r=R):

(QT1) Ye(RVRP=yRVe(R?)=1,
(QT2) (A®id)(R)=YR"@r @R r?,
(QT3) (id®A)R)=Y RV orY@R?,
(QT4) A*P(M)R=RA(h),

ie. YRYm®RPhy=Y h,RV"®h R?.

In this case, R is called a quasitriangular structure
over H.

We next introduce three new definitions as fol-
lows:
Definition 2  Let H be a Hopf algebra, B be a left
H-module algebra with a coalgebra structure. Sup-
pose V=Y '@ 1® e BoH, =Y T'"®T1¥ € HRH, (B,
H) is called a compatible pair associated to (7, V) if
the following conditions hold (v=VF):

(DC1) Tes(V V=1, YV Ver(VP)=14,
(DC2) (AsRid)(V)=Y V& V@),
(DC3) (id@A) M=y V(T —vD)@v® @ A7,

If the identity /5 has an inverse Sp in the convo-
lution algebra Homy(B, B), then V71=ZSB(V“)) M.
Definition 3 Let H be a Hopf algebra, B be a left
H-module algebra with a coalgebra structure. U=
SUYRUPeH®B, T=YT"®T®cH®H, (B, H) is
called a skew compatible pair associated to (7, U) if
the following conditions hold (u=U):

(SC1) Yen(U)\UP=15, YU ep(UP)=1p,
(SC2) (A®id)( U=y TV U @uV@U (TP —u?),
(SC3) (id®Az)(U)=Y UV @uPoU?.

Definition 4  Let H be a Hopf algebra, B a left
H-module algebra with a coalgebra structure and a
left H-comodule structure. Assume that 7=y 7@ 7
eHRH, V=Y 1"e1r?eBeH, U=y U""®U?cH®B
and 0=Y0""®0?PeB®B, (B, Q) is called a weak
quasitrianglar pair associated to (7, V, U) if the fol-

lowing conditions hold (O=q, v=v ):

(WQT1) Ye(0")0P=50"Ve(0*)=15,
(WQT2) (A®id)(R)=y, O)"V" ®¢"

®Q(2) (QEII)VQ) _\q(2))’

(WQT3) (id®A)Q)=3 00 V(U —¢")®¢?
®Q(2)( Q(ll) V(z)—\U(z))

—)

(WQT4) Y 0 v v (11U —b) @02 (WY ®

—
= U@ WY T TP —b)=3 (50"
®bi((b2)-1—0%).
Example 1  Let (B, Q) be a quasitriangular Hopf

algebra, and (H, T) be an arbitrary quasitriangular
bialgebra. B is an algebra in yMod with a trivial



Zhao et al. / J Zhejiang Univ Sci A 2007 8(1):149-157 151

module action h—b=¢(h)b. B is also an object in
Mod(p(b)=y TYRTV—b=1,@b). Assume V=1;®1y,

U=1,®13, then it is easy to see (B, H) is a compatible
pair associated to (7, V), (B, H) is a skew compatible
pair associated to (7, U), and (B, Q) is a weak quasi-
triangular pair associated to (7, V, U).

Remark 1 Example 1 shows Definition 4 is a gen-
eralization of the usual quasitriangular Hopf algebra.
Example 2 Let (H, T) be a triangular Hopf algebra,

and (B, Q) be a quasitriangular Hopf algebra in zMod.
Suppose that O=YT""— Q" ®T¥— 0@ U=1®]1,

F=1®1, then (B, Q) is a weak quasitriangular pair
associated to (7, V, U).

QUASITRIANGULAR STRUCTURES OVER B*H

In this section we will describe the quasitrian-
gular structure over biproduct Hopf algebra B*H.
The following lemma is obvious:
Lemma 1 Let B*H be a biproduct Hopf algebra.
Define maps as follows:

q: B*H—B, q(a®h)=&h)a
p: B*H—H, p(a®h)=ga)h
Jj: B—>B*H, J(b)=b®1y
it H>B*H, i(h)y=1;®h

Then

(1) g is a coalgebra map and g((a®h)(b®g))=a(h
—b)e(g);

(2) j is an algebra map and Aj(b)=)b®(b;)-1®
(D2)o®1p;

(3) p, i are bialgebra maps.

Let B*H be a biproduct Hopf algebra and R
=Y RYQRPQRPQRY e B*H®B*H. Define:

T=(p®p)(R) =Y e(R"R® ®&(RV)RY
=Y TV"®T?cH®H,

0=(g®q)R)=D RVe(R?)® RVe(RY)
=>0"®0%eB®B,

V=(g®p)R)=Y RV&(R?)®&(R*)R™
=Y VPer?eB®H,

U=(p®q)(R)=Y e(R"R® ® R &(R™)
=Y U"®U® eH®B.
Then the following Lemma 2 is obvious:
Lemma 2  With the notions above, let B*H be a

biproduct Hopf algebra. If R satisfies condition (QT1),
then:

1 < T(l) T(Z) — T(l)g T(Z) =1 ,
H

2) 2 (@M =3 0Ve(0) =1,,

() D e WD =1, D>V V() =1,

(4) D eUMU? =1, D UYeUP)=1,.
Lemma 3 Let B*H be a biproduct Hopf algebra and
R=YRVRRPORP®RY e B*H®B*H. If (B*H, R) is a
quasitriangular, then we have:

M\ p(2) (3) (4) _ My 7 (2) (2)
(1) Y e(RMRPORVQRY =" T"U U @I,
) ZR(I) ® g(R(Z))RG) ® RW
:Z V(l)(T(l) N Q(l)) ® Q(Z) ® V(Z)T(z),
@ (2) 3y pd) 1) 1) 2)7r(2)
3) D RV®RP®e(RV)RY =) VP erVerdr?®,
4) Y RV ®R® @RV e(R™)
— O @ _ HD ©) Q2 (772 __ 172
dYrOTY —o"eu® ®? AT U,
&) R=37V" @~y "~ ") eT U

®0? (V1 ~uHer T T,

where V = v, ~T=T.
Proof By (QT2) and (QT3), we have:

>RV ©(RY) R @ (RY), ® R @ R
R RY (R, O R
=S ROR? —r"y@ RO

—(2) —(3) —(4 4
QR r? @Y (Y — rO)y @ @

®R"R —r")

®RO(R® ~ RO RVR", (1)

where r =r=R=R.

By applying p®p®q®p, ¢Rp&p&p, ¢®qR®qSp
and ¢g®p®qg®q to both sides of Eq.(1) respectively,
we can obtain (1), (3), (2) and (4); applying
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q®p&®q®p to both sides of Eq.(1) and by (2), (3), we
can obtain (5).
Proposition 3 Let B*H be a biproduct Hopf algebra
and R=Y RV®RPQRPQRY e B* HRB*H. If (B*H, R)
is a quasitriangular Hopf algebra, then we have:
(1) ZR(I)(R@) —b)® g(R(3))R(4)
=Y bRV ® &(R*)e(RV)b R,
=)

(2) R= ZQSI)VO(I) Vo TVUY ® Q(Z) (Qilz)V(Z) N

U”e QEII)V,(ID;(Z)T(Z):

where be B, v= 72

Proof Firstly, let 2=1 in (QT4), then we obtain (1).
Secondly, applying ¢®p&®q&®p to both sides of Eq.(1)
and using (1), we can obtain (2).

BIPRODUCT BECOMES QUASITRIANGULAR

Proposition 4  Let B*H be a biproduct Hopf alge-

bra. Assume that R= ZQ&”VO(”;“) RTU" ®
02V —~ UMy ® QW IV'T? s a quasitri-
angular structure over B*H, where T=YT"®7¢c
H®H, 0=Y0"®0%eB®B, V=Y1'"®@1?ecB®H,
U=YU®U? e H®B. Then we have the following
identities (v=VF):
CnYVOTY —=p VAT =3 bV @b ¥,
(€)Y TYUYh , ®UI(T® —b)=)> U ®@bU?,
@D VOV Ph=>h, =V @nr?,
CHY UPh@UP => UV ®h—U",
(€520 ®0%e(h) =3 h, = 0" ®h— 0,
(C6)z V_(II)T(I) ®VE)(]) ®V(2)T(2) :ZT(I) ®V(l) ®T(2)V(2),
(C7)z TOy® ®Ug)T(2) ®U(()2) :Z UOTO r® U@ ,
(€8 0V @YV VP @ => 0 U
N v(l)) ® V(Z) ® Q(2) (QEII)V(Z) N U(Z)),
(COX(GV) U@V ), @0 (Y —
U(Z)) — ZT(I)U(I) ® Q(l) ® U(Z) (T(Z) N Q(2))'

Proof (1) By (QT4), for any beB, he H we have:

[ =0}
DOV ((TPUY), —b)®
(TOUD),(5,) 1y ® 0P QY —U™)
—(2) —(2)
QYT = (b,) )@V TP, b,

-

= 2 (b)) (h, = OV, "V H®
hsT(I)U(]) &b, (((b,)_ 1), — Q(Z) (Qflz)V(Z) —u? )

—=(2)
®((b2 )71 hl )2 Qfll)V,(ll) V T(Q). (2)

Let #=1 in Eq.(2), we obtain (C1); By applying
p®q to both sides of Eq.(2), we obtain (C2). Let b=1
in Eq.(2) and using p, ¢, we obtain (C3), (C4) and
(C5).

(2) By (QT2), we have

— —
2OV, @OV V), (TUY),

®((Q<§')Vom;(l))z)o RTUY), ®

02V —~U?)® Q£11>V_<11>V<2)T<z>
= 007" @TOUY @ ®

t(l)u(l) ® Q(Z) (QEIZ)V(Z) N U(2))
—2)
(@ VT), = g™ (g —u) ®

Oy OO r@)y 0,053 (2)
OV VT ), g viv e,

A3)

By applying p®¢®q and p&®¢®p to both sides of
Eq.(3), we can obtain (C9) and (C6).
(3) By (QT3), we have:

=0
ZQ(?)VO(I) V' ® T(l)U(l) ® (Q(2) (Qflz)V(Z) N U(Z)))l
—(2)
Q7 (O —U),) (@YY T?),
—(2)
BUQ™ QY™ —~U™)),), ® (@7 T,

—) —
=Y @IV @ Uy, — g ")
®(T(1)U(l))2 t(l)u(l) ® q(2) (CIEIZ)V(Z) N u(Z))
®q£11)vfll)v(2)t(2) ® Q(z)(QE]Z)V(z) N U(2))

=@
ROV VT, 4
where V=V =v=v, ¢=0, T=t and u=U.

By applying ¢®p®q and p&®p&gq to both sides of
Eq.(4), we can obtain (C8) and (C7). The proof is
complete.
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Remark 2 If B*H is a quasitriangular Hopf algebra,
applying (C1), we see that the formulas of quasitri-
angular structures R in Lemma 3 and Proposition 3
are equivalent.

Remark 3  The condition (C1) says if B*H is a
quasitriangular Hopf algebra, then the comodule
structure over B depends on its module structure.
Remark 4 If the condition (C1) holds then (DC3),
(WQT2), (WQT3) and (WQT4) can be also expressed
as follows:

(DC3)' Z V(l) ®Vl(2) ®V2(2) :Zv(()l)V(l) ®V(2) ®V£11)V(2),

(WQTZ)' ZQl(l) ® Q;l) ® Q(Z) — ZV(I) (T(l) N Q(l))
®q(1) ® Q(Z)(V(Z)T(Z) N q(2))’

(WQT?))' ZQ(I) ® Q1(2) ® QéZ) — Z o (T(l) N Q(l))
(U(l)—\ q(l))®Q(l)(V(2)T(2) _\Ua))’

(WQT4)/ ZV(I)(T(I) —‘V(l) (l‘(l) N Q(l))(U(l) N bl ))
®Q(2) (V(Z)I(Z) N U(2))(V(2)T(2) N bz)

=2.(6,),0" ®b,((b,)_, — 0?).

Proposition 5 Let B*H be a biproduct Hopf algebra.
D=0
Assume that R=) OV 'V ®T"U" @ Q%

OWV® U ® Qfll)V_(l”V(z)T(Q) is a quasitriangu-
lar structure over B*H, where T :ZZ—(I)@T(Z)EH(@H,
0-y0"00%eB®B, V=yI"'@V eBRH, U=
ZU(I)@)U(Z)EH@)B, then we have:

(1) (H, T) is a quasitriangular Hopf algebra;

(2) (B, H) is a compatible pair associated to (7,
)

(3) (B, H) is a skew compatible pair associated to
(T, U);

(4) (B, Q) is a weak quasitriangular pair associ-
ated to (7, V, U).

Proof (1) By Lemma 1, p is a bialgebra map. Thus,
T=(p®p)(R)=Y.T""®T1? is a quasitriangular structure
over H.

(2) Applying p®p®q to both sides of Eq.(3), we
can get (DC2); applying g®p®p to both sides of
Eq.(4), we can get (DC3). Thus, (B, H) is a compati-
ble pair associated to (7, V) by Lemma 2.

(3) Applying p®p®q to both sides of Eq.(3), we
can get (SC2); applying p®g®q to both sides of

Eq.(4), we can get (SC3). Thus, (B, H) is a skew
compatible pair associated to (7, U) by Lemma 2.

(4) Applying g®¢®q to both sides of Eq.(3), we
can get (WQT2); applying ¢®¢g®q to both sides of
Eq.(4), we can get (WQT?3); applying ¢g®q to both
sides of Eq.(2), we can obtain (WQT4). Thus (B, Q) is
a weak quasitriangular pair associated to (7, V, U) by
Lemma 2.

These complete the proof.

Proposition 6 Let B*H be a biproduct Hopf algebra.
If there exist elements 7=YT"®@T®eH®H, O=
Y0®0PeBeB, 1=y 'er?eBeH, U=YU"®
U? e H®B, such that the following conditions hold:

(1) (H, T) is a quasitriangular Hopf algebra;

(2) (B, H) is a compatible pair associated to (7,
V)

(3) (B, H) is a skew compatible pair associated to
(7, U);

(4) (B, Q) is a weak quasitriangular pair associ-
ated to (V, U);

(5) T, V, U, Q satisfy the conditions (C1)~(C9) in
Proposition 4.

Then (B*H, R) is a quasitriangular Hopf algebra

with a quasitriangular structure given by (V=V):

R:z QénVO(l)?(” RTOUM QD (VY ? —~U®?)

0VVIVITe,

Proof By the definition of R, denote R=Z}€(1)®R(2),
() O] 2 2
where RV =30V 'V ®@TrVU", R®=y0o?

©Vr® —~u*)yeY V_(11)17(2)T(2), then by Lemma 2,

we have:

ZE(R(”)R(” =Zg(Qé”VS)V“))g(T(”U“))Q(Z)

—(2)

@ —U OO 1, 1,

MM
ZR(I)g(R(Z)):ZQéI)V 4 ®T(1)U(1)5(Q(2)(Q£12)V(2)

0

. U(”))g(Qfll’ Vfll’VmT(z’) =1,®1,.

So (QT1) is checked.
In what follows, we first check that (QT2) holds:
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(A®id)(R) by (C3) (QT4)
_ Z(QSI)VO(DVU))] ® ((Q((]l)Vo(l)V(l))z),l _ Z(Q(l))OV(l)V(l) RTW (QS’),ZT/(Q T(I)U(l)
= (1 ), (1)
W77 070 W77 ) Q" )yvo v ®1u
U, @@V ), © (U™, © 0 o g g 5y
1 -2 1

(((Ql(l)),g y@ (Qzl)),3 V(Z))z T(Z) R M(Z))
®Q")_ VYTIT (O VI

—(2)
(Qflz)V(Z) N U(2)) ® Qfll) lel) Vo T®

=S OOV (V) — T

(0]

®(((Q<§I)Vm)z)oV ) ™t u? by module algebra
BQ V)V @ u @OV — =T 0T ®TV O, P LT U
U<2>(f(2> —u?) @ fo)V(z)T(z)t(z) (0", T )1 @ Oy

by (QT2), (SC2), (1) ®0? (O™, V2 (0. )1‘—,(2)

=0
=2 (O V" (V) =V )
—)
®((Q(()1)VO(I))2)71T“)T U(l)®((Q(§l)V0(l))2)Ov(l)

(OFACL - C) NN
UY(O) ) 2(OP) ) vV T —u®)
QM) Y ITIT ("), (6T v

" ® 02Uy — U(Z)@‘” — @) by (DC3Y
@0V IV TV by (DC2), (C6) =3O VOT" @ T () VAT LT U
DX BRI AR (VBRI ®(Q"), v Vo v ® 1y
(1) U] o _
174 )®(((Q(1))2)0 Vo ) TOTYyO® Q(Z)(((Q(l)),z)lVl(Z)((Q(l)) )IV(Z)—‘U(Z))
®(((Q(I))2 )O;E)l))ov(l)®t(l)u(l)®Q(2) (QEIZ)V(Z)\_/(D (((Q(l)) ) (2)((Q(1)) ) —(I)V(Z)T(Z) (2))
272 —3/)2 V3
U(Z)(T(Z) —u?)® Qfll)Vfl”foV(Z)T(”v(”t(z) O VITIT (o) ]\_/(_11)17(_11)v(2)t(2)
by (i), (DC2) by comodule algebra
=), (@) = F @) V2 =) =27 e (0 VU
"), FOTOTFOH0 @ O, L0 @ g, ®(0%), PO @ 0,0
®02((0")_,(0")_ VOV —~udT? — ®0 (O IO v —U®)
u?N @ Q) (O VPVEV TV (@) ). 2T @) W37 —u®)
by comodule coalgebra ®0"). 1I/}II)V(Z)TQ)(Q;l))fl\_/(—ll)ﬁ(—ll)v(z)t(z)
= 2O (@) =V ) (O) v —7") by (C6), (QT4)
®(Qm) ]T/QfT(')T(”U‘” ® (Q;n)o‘—)gl)vm ®1Vy " _ ZQ(()I)VO“)V(I) ® T“)T“)qg’ ;Q;Um ® q(gl);g‘) f/g",(l)
0 ((0")_,(0M)_ . VOV DT —u?y) Rt"u" @ QP (VYD — ¢
- -5
®0),(0)., — V) (@) WOTTed (@) VgV ~U®)
o 720 UNE =) (09, V@)T(Z)qg);g I?(Z) —u'?)
:Z(Q(l))oVo(l)V ®T(1)((Q(l)) ), T u ®Q(”V“) V(Z)T(”q(” <1>V YCIME)
(0", v @ 1V by (WQT2), (DC3)’
®02((0")., V<2>(Q2<1>)_2;(2> AUu)(f‘z) . _ ZQé')V(')V(I) ®TVT"g (1>—<1> U ®@q"y (”V(l) 0

(2)))®(Q“)) V(”V(Z)T‘z)((Q“)) 1;93)2 Y2 QtVy® ®Q(z)(Q“)V(Z)Aq(”(q(;)\_z(z)AU(”))
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2)

O@7F® osO @)
(szVz T q-, vV u’)

A~

®0Vy M V(Z)T(z)q“)_“]) V(fl)vmtm
by module algebra
=S ovov erhT

®0% (")), —
—(2) ~(2)
q(z))(Qfl)V(z)Tz qflz’V Qu(Z))

()] ~
U(l) ® q((,])Vo v(l) ®t(1)u(1)

—@
U, T —

(Z)qu(l) 17“1)‘,(2),(2)
_1 -

QWYY by (C9), (QT3)
_ ZQSU(VO(I)V(I))O;(” TV T UM @ qél)ﬁg‘)va)
" ® 02 (O PRONEN U<2>)(Q512>;§11>V<2>7<2>
PG pP @)
R0V GV TIT® 51)17(_‘1)‘}(2>t(2> by (DC3Y
ZQél) <1>V<1)V<1> QTOTVy® ®q\"Vo v

m,, (1 ) (HH P
&t u" ®O0V(0v

=M

— U(Z))(Qf‘; Yy@T®
~(2)
=47V —u?)
®OUVIV T IT OOy
by comodule algebra
=S 0T @TOUY @ P70 v @ u
®0V QW — UV —~
~(2)
4%V —u®)
_ ~()
ROV Vv by (DC3Y, (QT3)
=(id ® A)(R),

where u=U, ¢=Q, V =V =V =V =v=v, t=T=T.

So (QT2) is proved.

Similarly, we can prove (QT3) for R.

For any b®&h e B®H, we will check the condition

(QT4) as follows:

RA(b ® h)

=300V V" @OU — hy)
®T2(1)U§1)(b2 )71 hl ® Q(Z) (QE?VO) N U(Z))
@WOVIT®), — (b)) @ VIV T, b,

=S vV (UL b)) @ OUL(B,) Iy

At

155

®QY QD — U )@V TV ), ~(bo)o)
by (QT2)
=3 oV @O —p)

®t(l)u“)(b2 )71 hl ® Q(Z)(QEIZ)V(Z) N U(Z)(]I(Z) N

=2
ROV T,y

UYLV T, — (b))
ROV VYT, h, by (SC2), (QT3)
_ ZQél)V(l) (TOUD —5)® POMO; (b)), h,
®0 QU —~ U (T —u®))
@OV T21Y), — (b))
QAT 1), h,
_ 2 Q(‘)')V(l) TOU — b)
®t"u (b)) h ® 0P ((QM), V> —U®
(L7 —u® (1 — (b,),)))

by (DC3)

RO, VTt h, by module algebra
_ 2 Qé')Vm (TOUD — b))
r"” uPh ®0? (W2 U (1 — b))
®(O), LT h, by (QT3), (C2)
_ Z VOO — 0OYTOUY — b)) ® f“)umh1

®Q(2)((V(2)[(2))1 N U(2) (7'{(2) N bzu@)))
QW Xt 12T p, by (C1)
_ Z yo (f“) ERYUMNLMCIING ) (T“)E(I)U‘” —b)
®f“)u“)hl ®02 (V1) —~U® (;(2) —bu®))

Qr 7P

SO

iU

o7, by (DC3), (QT3)

—0")
=)

bYRT uh ® QP (WP —

77, o ~2)

=0 ~0 =(1)
—VT =)@

Uy —bu'?)

(2) (2)

VAT T(Z)T h by (DC3)

- A, ( )
(1)))(1‘ 5 1D AQU))

(T“)fmU(” —h)® f‘ ’umh] ® 0P (VI

vy T —buy@r O rOT
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by (QT3), (QT2)

S @ v = Oy T =)
@OTS O — 0TV U — )@ T uh,
®0P (1 U<2>)(7(2>ﬁ2) b))
VT i@y UTOre T

by (DC3)

=3 O a0 — 7 FO 7y )((f“);(n ), — "))
@@ 1), — @ — 0"V~ b))
®T(1)u“)hl ® 0P (V21O ~UD )T b))
VroT? @y draT )

by (QT3), (QT2)

=@ v @ —,),0")

T uh @b ((b,),— 0V T —u®)
by (QT2), (WQT4)

=3 (@), 0" 7 O ®T u i @by ((by)., —
O)((6,),0"). V" —u®)
&(((6,),0"), V" )V PT ', by (C1)

QVOTOT ],

—() —(1)
=X (5,0, Vo VO @ T u® ®by((b,), —0)

—2) — —o
(0,) 205V b —u®)8(b,) .0 V-V Ok, T

by (C4), (QT4)
- ® 7 M
= Z(bz)oQo (hy =V )o(hy— V)
—(1) —(2)
®hT u ®b,((b,)s— 0?)(b,),0mV
—() —(2)
—u®)® (b)), 0 (h,—V ) hVPT " by (C3)
=S (by)o (= 0y (hs— Vo VY@ BT u
—(2)
®b,((by)_5 — (h, — O))((b,)_,(h, — OV, bV
—() —(2)
U@ (b,) (h, — Q) b,V VT
by (ii), (C5)
=S (b,)o(hy— O Y, — Vo V)Y@ hT u®
—(2)
®b,((by)_5 — (Il — ON((b,) , (O V' —
u®)® (b)), (O, VAT by (i)
— A" (h® h)R.

So (QT4) is proved. Thus, (B*H, R) is a quasi-
triagular Hopf algebra.

These complete the proof of Proposition 6.

Thus it follows from Propositions 4~6 we have:
Theorem 1  The biproduct Hopf algebra B*H is
quasitriangular if and only if there exist elements
=y TY®1%e HRH, 0=y 0""®0¥ecB®B, =y "
@V eB®H, U=y UV®U? e H®B, such that (H, T)
is a quasitriangular Hopf algebra, (B, H) is a com-
patible pair associated to (7, V'), (B, H) is a skew
compatible pair associated to (7, U), (B, Q) is a weak
quasitriangular pair associated to (7, V, U) and the
conditions C1~C9 are satisfied. Moreover, the quasi-
triangular structure R has a unique decomposition:

R:Z QSI)VLI)V(” RTOU®0? (VY —U®?)

0VIVITe,

Remark 5 Let H be a Hopf algebra, and B be an
arbitrary H-module algebra, H-comodule coalgebra.
Theorem 1 shows that if H is not a quasitriangular
Hopf algebra then the B*H is not a quasitriangular
Hopf algebra either.

Corollary 1 Let B*H be a biproduct Hopf algebra
and (H, T) be a quasitriangular Hopf algebra, then
B*H is quasitriangular if there exists 0=Y0"®
0'” e B®B such that the following conditions hold:

(WQT)" Y £(0™)0” = 0"e(0™) =1,

(WQT2)" (A®id)(Q)=> .0 ®¢" ®0? (0 —¢?),

(WQT3)" (id ® A(Q) = >, 0V¢" ®¢* ® 07,

(WQT4)" > O (T —b)® 0% Q)T —b,)
=2.(6,),0" ®b,((b,) , — O,

C) YTV -b®T?Y =3, ®b.,,

(C2) Y. T, & (T® — b)) =1, ®b,

(C3) >0V ®0%e(h)=3 h, — Q" ®@h— 07,

(€4 0" @070 g =3 0" ®1, 07,

(CS)' ZQEII) ®Q(()l) ®Q(2) :Z T(l) ®Q(1) ®T(2) N Q(Z)‘

In this case, the quasitriangular structure of B*H
is R=) 0V eT" 0% ®0")T?.
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Proof Letting V=1;®15eB®H, U=1,®1;e H®B in
Theorem 1, we obtain this corollary.

Example 3 Let (H, 7) be a triangular Hopf algebra
and (B, é ) be a quasitriangular Hopf algebra in zMod,
then B*H is quasitriangular.

Proof Let 0=YT" — 0" ®T® —~0". Then the
conditions in Corollary 1 are easily checked.
Corollary 2 Let B*H be a biproduct Hopf algebra
and (B, Q) be a quasitriangular Hopf algebra. Assume

that A is cocommutative, then R=ZQ(1)®1 H@Q(2)® 1y
is a quasitriangular structure over B*H if and only if:

(C)" b®1, =Y b,®b.,
(€2 30"®0Ve(h)=3 h, — V@ —0%.
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