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Abstract:    Consider the positive d-dimensional lattice d
+]  (d≥2) with partial ordering ≤, let {XK; }dK +∈]  be i.i.d. random vari-

ables taking values in a real separable Hilbert space (H, ||⋅||) with mean zero and covariance operator ∑, and set partial sums SN 
=∑K≤NXK, , .dK N +∈]  Under some moment conditions, we obtain the precise asymptotics of a kind of weighted infinite series for 
partial sums SN  as ε20 by using the truncation and approximation methods. The results are related to the convergence rates of the 
law of the logarithm in Hilbert space, and they also extend the results of (Gut and Spǎtaru, 2003). 
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INTRODUCTION 
 

Let {X, Xn; n≥1} be a sequence of i.i.d. random 

variables and 
1

,n
n kk

S X
=

= ∑  for n≥1. We have the 

famous following result, for 0<p<2 and r≥p, 
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if and only if E|X|r<∞ and when r≥1, EX=0. For r=2, 
p=1, the sufficiency was proved by Hsu and Robbins 
(1947), and the necessity by Erdös (1949; 1950). For 
the case r=p=1, we refer to (Spitzer, 1956); and for 
the general result to (Baum and Katz, 1965). 

The sums obviously tend to infinity as ε20. It is 

interesting to find the exact rate at which this occurs. 
The first result following to this end was given by 
Heyde (1975): 
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if and only if EX=0 and EX2<∞. Later, Chen (1978) 
and Gut and Spǎtaru (2000a) both studied the precise 
asymptotics of the infinite sums as ε20. Moreover, 
Gut and Spǎtaru (2000b; 2003) studied the precise 
asymptotics of the law of the iterated logarithm and 
the precise asymptotics for multidimensionally in-
dexed random variables. Lanzinger and Stadtmüller 
(2004), Spǎtaru (2004a; 2004b) and Huang and Zhang 
(2005) established the precise rates in some different 
cases. The purpose of this paper is to establish the 
precise asymptotics for random fields in Hilbert space, 
which extend the results of (Gut and Spǎtaru, 2003) 
and (Huang and Zhang, 2005). 

In this context, let d
+] (d≥2) denote the positive 

d-dimensional lattice with partial ordering ≤. The 
notation M≤N, where M=(m1,m2,…,md) and N= 
(n1,n2,…,nd), thus means that mk≤nk, for k=1, 2, …, d. 

We also use |N| for 
1

.d
ii

n
=∏  Throughout the re-

mainder of this paper, we assume that X and {XK; 
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}dK +∈]  are i.i.d. random variables taking values in a 
real separable Hilbert space (H, ||⋅||) with mean zero 
and covariance ∑. Denote the largest eigenvalue of ∑ 
by σ2, i.e. 
 

2 2sup{ [( , ) ] :|| || 1},E X y yσ = ≤  
 
where (· , ·) denotes the scalar product in H. Let l be 
the dimension of the corresponding eigenspace, and 

2
iσ (1≤i≤l′) the positive eigenvalues of ∑ arranged in a 

nonincreasing order and take into account the multi-
plicities. Further, if l′<∞, put 2 0,iσ =  i≥l′. Note that 

we always have 2 2 ,iσ σ=  1≤i≤l, and 2 2 ,iσ σ<  i>l 
(Einmahl, 1991). Set SN=∑K≤NXK, and logx=ln(x∨e). 
The following theorems are our main results: 
Theorem 1    Let b>−d. Suppose that EX=0 and 

2 3[|| || (log || ||) ] .b dE X X + + < ∞  Then, we have 
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where Y is a Gaussian random variable taking value in 
a real separable Hilbert space with mean zero and 
covariance operator ∑. 

Now, let {Xn; n≥1} be a sequence of i.i.d. ran-
dom variables taking values in a real separable Hilbert 
space (H, ||⋅||) with mean zero and covariance ∑. The 
following theorem is much more interesting, which 
reflects the convergence rate of the law of the loga-
rithm more directly. 
Theorem 2    Suppose that EX=0 and 

2 4[|| || (log || ||) ] .bE X X + < ∞  For −1<b<0, we have 
that 
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where ( ) { :|| || log }.nN n S n nε σε= ≥  
Conjecture    We believe that Theorem 2 has a 
similar form for the random field case. To get such a 
result, we think a different approach is necessary. 

The plan of this paper is as follows. Section 2 
contains some preliminaries for random fields. The 
proofs of Theorem 1 and Theorem 2 are listed in 
Section 3 and Section 4, respectively. Let C, C', Ci 
and A etc. denote positive constants whose values 
possibly vary from place to place. The notation of 
an~bn means an/bn→1 as n→∞. 

 
 
PRELIMINARIES 

 
A first important observation is that inequalities 

which do not depend on the (partial) order of the 
index set ,d

+]  such as the triangle inequality, moment 
inequalities for sums, and so on, remain valid. 
Namely, such relations only depend on that, if {XK, 

}dK +∈]  are random variables and { ; }d
NS N +∈]  their 

partial sums, then SN is simply a sum of |N| random 
variables. 

The following quantities and their asymptotic 
behavior turn out to be crucial. Let 

 
d(m)=Card{K:|K|=m} and M(m)=Card{K:|K|≤m}. 

 
The following asymptotics hold (Hardy and Wright, 
1954): 
 

 
1(log )( ) ~

( 1)!

dm mM m
d

−

−
  as  m→∞.            (1) 

 
Another important observation is that, since all 

terms in the sums we consider are nonnegative, we 
may change the order of summation, in particular as 
follows 

 

        
1 | |

...  ...
N m N m≥ =

=∑ ∑ ∑                        (2) 

 
More important, whenever the functions in-

volving N only depend on the value of |N|, the second 
summation can be simplified further. For example, 
for the sum in Theorem 1, we have 
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First we list a lemma useful in the proofs of our 

main results. 

Lemma 1    Let an, bn, cn>0, 
1

n
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1
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→∞ as n→∞. Further, suppose one of the following 
conditions is satisfied: 

(1) The sequence {cn} is eventually non-        
increasing; 

(2) The sequence {cn} is eventually non-       

decreasing, and 11
.n

k k n nk
b c B c +=

≈∑  

 Then we have 
1 1

~n n
k k k kk k

a c b c
= =∑ ∑  as n→∞. 

Proof    It follows from Lemma 2.3 in (Huang and 
Zhang, 2005). 

 
 

PROOF OF THEOREM 1 
 
In this section, we will first prove Theorem 1 in 

the case {XK; }dK +∈]  are Gaussian random variables. 
And then, by using the truncation and approximation 
methods, we show that it still holds for the general 
case. 

Now, let Y be a nondegenerate Gaussian random 
variable with mean zero and covariance operator ∑. 
The following is our result: 
Proposition 1    For b>−d, we have 
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Proof    Since (log )bm
m

 is eventually non-increasing 

and 1
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2.7 in (Gut and Spǎtaru, 2003)], it follows from 
Lemma 1 that, as k→∞ 
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It also means that for any 0<δ<1, there exists k0=k0(δ) 
such that for k≥k0 
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Hence, we have that 
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Thus, we have 
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Similarly, we have that 
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By the arbitrariness of δ, we have proved the 

proposition. 
Without loss of generality, we assume that σ=1 

in the sequel. For each m≥1, and 1≤j≤m, we define  
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Under the moment assumption 
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Lemma 2 (Einmahl, 1991)    Let ξ1, ξ2, …, ξn be in-
dependent H-valued random variables with Eξi=0, 
E[||ξi||3]<∞, and let Y1, Y2, …, Yn be independent 
Gaussian mean zero random variables with Cov(ξi)= 
Cov(Yi), i=1, 2, …, n. Here Cov(ξi) denotes the co-
variance operator of H-valued random variables. 
Then we have that, for any s, t>0, 
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where C is a universal constant. 
Lemma 3    Let b>−d. Suppose that EX=0 and 

2 3[|| || (log || ||) ] .b dE X X + + < ∞  Then we have 
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Lemma 1 that 
 

0

0

1

1
1

53/ 2
1

3
2 2

1

3
1 2

1

( )(log ) 1 (log )
( 1)!

1 (log )
( 1)!

1
    || || || ||

(log( 1)) (log )

11 || || < || ||
( 1)! (log( 1))

b b d

m m
m m k

b d

m k

m

j

j

d m m mp C p
m d m

C m m
d

j j
E X I X

j j

j
C E X I X

d j

δ

δ

δ

+ −

≥ ≥

+ +−

≥

=

∞

=

+
< +

−

+
≤ +

−

  −
⋅ < ≤   −   

  −+
≤ +  − − 

∑ ∑

∑

∑

3/ 2 5
2

3
1 2 2

1

1/ 2 5
2

2 3

       (log )
(log )

11 || || < || ||
( 1)! (log( 1))

       (log )
(log )

[|| || (log || ||) ] .

b d

m j

j

b d

b d

j
m m

j

j
C C E X I X

d j

j
j j

j

CE X X

δ

− + +

≥

∞

=

− + +

+ +


≤ 

  −+
≤ +  − − 


≤ 

≤ < ∞

∑

∑

∑



Fu et al. / J Zhejiang Univ Sci A   2007 8(4):651-659 655

Lemma 4    Let b>−d. Suppose that EX=0 and 
2 3[|| || (log || ||) ] .b dE X X + + < ∞  Then we have 
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Proof    For m≥1, let  
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By taking the same way as above and Lemma 1, 

we can get the following two results.  
For I1, 
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For I2, 
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Thus we have proved the lemma. 

Now we turn to the proof of Theorem 1.  
Proof    Let { }mjY ′  be a sequence of independent 

H-valued Gaussian mean zero random variables with 

( ) ( ),m mj mjCov Y Cov X′ ′∑ = = 1≤j≤m. Set 
1

,
m

m mj
j

T Y
=

′ ′= ∑  

m≥1 and ∑=Cov(X). Since ∑−∑m is positive semi- 
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definitive, thus by applying Corollary 3 of (Anderson, 
1955), we have that for any x∈\  and ,m∈`  
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which together with Eq.(4) yields that 
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 by Eq.(4) 
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by Eq.(6) 

1(|| || log ) ,m mP Y m Cp qε≤ ≥ + +  
 
where ε1=ε−2(logm)−5/2~ε as m/∞. 

Thus, we have the upper bound below, via 
Proposition 1, Lemma 3 and Lemma 4,  
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Now we consider the lower bound of Eq.(3). 

First we consider the finite dimensional case, i.e. l′<∞. 
Without loss of generality, we assume that the di-
mension of the space is l′, for otherwise we can con-
sider the projected space corresponding to the posi-
tive eigenvalues σi, i=1, 2, …, l′. Note that ∑−1 exists 
since its eigenvalues are positive, and also ∑m→∑, as 
m/∞. Thus, we assume that 1

m
−∑  exists for all m≥1. 

Also define that 
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and for any x>0,  
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Noting Eq.(7), we also have that 1,mϒ →  as 
.m ∞/  Thus, by Eq.(5) we can get 
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by Eq.(5) 
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we have the following by Proposition 1, Lemma 3 and 
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Now, we consider the infinite dimensional case. 
Assume l′=∞. For any l''≥l, let Q: H→H be the map-
ping onto the l''-dimensional eigenspace of 2 ,iσ  i= 

1, …, l'', i.e.
1

( ) ( , ) ,l
i ii

Q y y e e
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=
= ∑  y∈H. Since ||Q(y)|| 

≤||y||, y∈H, from the special case above, it follows that 
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By letting l″→∞, we complete the proof of 

Theorem 1. 
 
 

PROOF OF THEOREM 2 
 
In this section, we set B(ε)=exp[1/(Mε2)]. 

Lemma 5    For any M≥4, we have 
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Lemma 6    Let {Xn; n≥1} be a sequence of i.i.d. 
H-valued random variables with EX=0 and E||X||2<∞. 
Suppose that f is a real function such that |f(x)|≤A and 
|f'(x)|≤A. Then there exists a constant C>0 such that 
for any b<0, 0<ε<1/4 and exp(1/ε2)≤m≤l, we have 
 

2 2
2 2

2

|| ||(log )
log

(log )     (log ) .

bl
n

n m

b
b

SnVar f
n n n

m ACA C m
m

ε

ε

=

   
      

≤ +

∑
 

 

Proof    For exp(1/ε2)≤i<j, we have that 

|| |||| ||
,

log log
ji SS

Cov f f
i i j jε ε

     
            

 

|| |||| ||
,

log log
j i ii S SS

Cov f f
i i j jε ε

+
    − 

            
=

|| || || |||| ||
,

log log log
j j i ii S S SS

Cov f f f
i i j j j jε ε ε

+
      − −                  

+

2
|| || || |||| ||

log log log
j j i ii S S SS

Var f E f f
i i j j j jε ε ε

+
      − ≤ −                  

22
2

2 2

|| |||| ||
2

log log
j i j ii E S S SE S

A
i i j jε ε

+ − −
≤  

2 22
2

2 2

|| || || |||| ||
2

log log
j i j ii E S S E SE S

A
i i j jε ε

+ − +
≤  

2
2

.
log log

iCA
i j jε

≤  

 

Note that 
1

(log ) 1
log

bl

j i

j
j j j= +

∑  is of the order 

(2 1) / 2(log ) .bi i−  Hence, for b<0, we obtain that 
 

2

2

1

|| ||(log )
log

|| ||(log )
log

(log ) (log )      2

|| |||| ||
,

log log

bl
n

n m

bl
n

n m

b bll

i m j i

ji

SnVar f
n n n

Sn Var f
n n n

i j
i j

SS
Cov f f

i i j j

ε

ε

ε ε

=

=

= = +

   
      
   =       


+ 



    
⋅        

   

∑

∑

∑ ∑

               

2

2
1

2
2

2 2 2 1
2

2

2 2
2 2

(log ) (log )
log log

(log )         

(log ) (log )

(log ) (log ) .

b bll

i m j i

b

b bl

i m

b
b

A i j iC
i j i j j

mCA
m

m A iCA C
m i
m ACA C m

m

ε

ε

ε

= = +

−

=

 


  

≤

+

≤ +

≤ +

∑ ∑

∑

 

 



Fu et al. / J Zhejiang Univ Sci A   2007 8(4):651-659 658

Now we turn to the proof of Theorem 2. 
Proof    Fix M>4 and 0<η<1/2. Let f  be a real function 
such that I{|x|≥1}≤f(x)≤I{|x|≥1−η} and supx|f'(x)|<∞. 
Define εk=1/k, k≥4M. From Lemma 6, it follows that 
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Hence, for −1<b<0, by the Borel-Cantelli 

Lemma, we have that 
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Then, from Theorem 1 (by taking d=1), we get 

that 
 

( )2( 1)

0 ( )

(log )limsup || || log
b

b
n

n B

n I S n n
nε ε

ε ε+

>

≥∑
2

( )
1

2( 1)
1

( )

(log )limsup || || log
k

b
b

k n k
k n B

n I S n n
nε

ε ε
−

+
−

→∞ >

≤ ≥∑

1

2( 1)

( )

|| ||(log )limsup
logk

b
b n

k
k n B k

Sn f
n n nε

ε
ε−

+

→∞ >

 
≤   

 
∑

1

2( 1)

( )

|| ||(log )limsup
logk

b
b n

k
k n B k

Sn Ef
n n nε

ε
ε−

+

→∞ >

 
≤   

 
∑   

L2  and a.s.  

( )
1

2( 1)

( )

(log )limsup

                   || || (1 ) log

k

b
b

k
k n B

n k

n
n

P S n n

ε

ε

η ε

−

+

→∞ >


≤ ⋅


≥ − 

∑

( )2( 1)

1

(log )limsup || || (1 ) log
b

b
k n k

k n

n P S n n
n

ε η ε
∞

+

→∞ =

 
≤ ≥ − 

 
∑

2( 1) 2( 1)1(1 ) [|| ||] .
1

b bE Y
b

η − + +≤ −
+

 

 

Also by Lemma 5 and the arbitrariness of η, we have 
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Thus the proof is complete. 
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