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Abstract:

Consider the positive d-dimensional lattice Z¢ (¢>2) with partial ordering <, let {Xx; K €Z?} be i.i.d. random vari-

ables taking values in a real separable Hilbert space (H, ||-||) with mean zero and covariance operator ), and set partial sums Sy

=Y knXx, K,N eZ‘i. Under some moment conditions, we obtain the precise asymptotics of a kind of weighted infinite series for

partial sums Sy as & \J0 by using the truncation and approximation methods. The results are related to the convergence rates of the

law of the logarithm in Hilbert space, and they also extend the results of (Gut and Spataru, 2003).
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INTRODUCTION

Let {X, X,; n>1} be a sequence of i.i.d. random
variables and S, :Z::1 X,, for n>1. We have the

famous following result, for 0<p<2 and r>p,

dAP(S, [2en'' ") <o, £>0,

n=1

if and only if E|X|'<oo and when r>1, EX=0. For =2,
p=1, the sufficiency was proved by Hsu and Robbins
(1947), and the necessity by Erdos (1949; 1950). For
the case =p=1, we refer to (Spitzer, 1956); and for
the general result to (Baum and Katz, 1965).

The sums obviously tend to infinity as & \J0. It is
interesting to find the exact rate at which this occurs.

The first result following to this end was given by
Heyde (1975):
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: 2 C _ 2
lime D P(S, [>en) = EX?,

n=1

if and only if EX=0 and EX°<co. Later, Chen (1978)
and Gut and Spétaru (2000a) both studied the precise
asymptotics of the infinite sums as & \u0. Moreover,
Gut and Spataru (2000b; 2003) studied the precise
asymptotics of the law of the iterated logarithm and
the precise asymptotics for multidimensionally in-
dexed random variables. Lanzinger and Stadtmiiller
(2004), Spataru (2004a; 2004b) and Huang and Zhang
(2005) established the precise rates in some different
cases. The purpose of this paper is to establish the
precise asymptotics for random fields in Hilbert space
which extend the results of (Gut and Spéataru, 2003)
and (Huang and Zhang, 2005).

In this context, let Z? (d>2) denote the positive

d-dimensional lattice with partial ordering <. The
notation M<N, where M=(mmy,...,m;) and N=
(n1,n2,...,n4), thus means that m;<n, for k=1, 2, ..., d.

We also use |N] for Hilni. Throughout the re-

mainder of this paper, we assume that X and {Xg;

B
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KeZ'} arei.i.d. random variables taking values in a
real separable Hilbert space (H, ||||) with mean zero
and covariance Y. Denote the largest eigenvalue of ),
by &, i.e.

o’ =sup{E[(X,»)' Il y £ 1},

where (-, -) denotes the scalar product in H. Let [ be
the dimension of the corresponding eigenspace, and

o} (1<i<I) the positive eigenvalues of ¥ arranged in a
nonincreasing order and take into account the multi-
plicities. Further, if /'<co, put aiz =0, >/'. Note that

2 2 . 2 2 ..
we always have o, =0, 1<i</, and o] <o, >/

(Einmahl, 1991). Set Sy=> x<vXk, and logx=In(xve).

The following theorems are our main results:
Theorem 1 Let b>—d. Suppose that EX=0 and

E[| X | (log|| X |))"*“**] < o0. Then, we have

limgz(b+d)z(loz‘|%]|v]\|7 |)

P(ISy II2 oz Nllog | N )
1 -2(b+d)

o R
QY ([P,

T d-1)! b+d

where Y is a Gaussian random variable taking value in
a real separable Hilbert space with mean zero and
covariance operator Y.

Now, let {X,; n>1} be a sequence of i.i.d. ran-
dom variables taking values in a real separable Hilbert
space (H, ||-||) with mean zero and covariance ). The
following theorem is much more interesting, which
reflects the convergence rate of the law of the loga-
rithm more directly.
Theorem 2

Suppose that EX=0 and

E[| X | (log|| X |)"**] <. For —1<b<0, we have
that

i 3P 115, 12 o o)

—2(b+1)

= E[| Y (I, L, and a.s.
—ElI Y] ,
i.e.
b ~2(b+1)
li{,I;)ISZ(b”) (logn) _o E|lY ||]2(b+1)’ L and as.,
¢ neN(g) n b+1

where N(g)={n:|| S, ||z oe/nlogn}.
Conjecture We believe that Theorem 2 has a
similar form for the random field case. To get such a
result, we think a different approach is necessary.
The plan of this paper is as follows. Section 2
contains some preliminaries for random fields. The
proofs of Theorem 1 and Theorem 2 are listed in
Section 3 and Section 4, respectively. Let C, C', C;
and A etc. denote positive constants whose values
possibly vary from place to place. The notation of
a,~b, means a,/b,—1 as n—oo.

PRELIMINARIES

A first important observation is that inequalities
which do not depend on the (partial) order of the

index set Z?, such as the triangle inequality, moment

+9
inequalities for sums, and so on, remain valid.
Namely, such relations only depend on that, if {Xk,

KeZ"} are random variables and {S,;NeZ’} their

partial sums, then Sy is simply a sum of |N] random
variables.

The following quantities and their asymptotic
behavior turn out to be crucial. Let

d(m)=Card{K:|K|=m} and M(m)=Card{K:|K|<m}.

The following asymptotics hold (Hardy and Wright,
1954):

M(m)~M as m—oo. (D)

(d—-1)!

Another important observation is that, since all
terms in the sums we consider are nonnegative, we
may change the order of summation, in particular as
follows

PITED I I @

N m=1 |N|=m

More important, whenever the functions in-
volving N only depend on the value of |V], the second
summation can be simplified further. For example,
for the sum in Theorem 1, we have
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1
;(OTJVZTD P(I1S, |12 o=y/[ N [log| N])
-3 3 QL p(ys, 2 o T TIog )
m=1|NJ=m

= > atm CE p(|5, > oz miogm).

m=1

First we list a lemma useful in the proofs of our
main results.

Lemma 1 Let a,, by, ¢,>0, A, :zzzlak and

B, :ZZ:Ibk. Suppose that 4, ~ B, and Z:=1bkck

—o0 as n—oo. Further, suppose one of the following
conditions is satisfied:

(1) The sequence {c,}
increasing;

(2) The sequence {c,}

. n
decreasing, and Zkilbkck Bc

is eventually non-

is eventually non-

n-n+l*®
n n
Then we have Z a.c, ~ Z b,c, as n—o.
k=1 k=1

Proof It follows from Lemma 2.3 in (Huang and
Zhang, 2005).

PROOF OF THEOREM 1

In this section, we will first prove Theorem 1 in

the case {Xx; Ke€Z} are Gaussian random variables.

And then, by using the truncation and approximation
methods, we show that it still holds for the general
case.

Now, let ¥ be a nondegenerate Gaussian random
variable with mean zero and covariance operator ).
The following is our result:

Proposition 1 For 5>—d, we have
(log | N|)’

5 P(||Y |2 oz flog | N )
~2(b+d) &)
E[|| Y1

lim g+
£N0 ;

1 o

-1 b+d

(10g m)’

Proof Since is eventually non-increasing

k
and Z}d(m) ~ 7 _1) Z}(logm)d 'as k—oo [Lemma

2.7 in (Gut and Spataru, 2003)],
Lemma 1 that, as k—o

it follows from

b+d-1

& d(m)(log m)” 1 (logm)
; (d 1! mz‘{ m

It also means that for any 0<d<1, there exists ky=ko(J)
such that for k>k

Z(loa‘%'ﬂ)m'1 _ - d(m)(logm)”
(d 1)‘ m=1 - m=1 m
< 1+6 Z:(logm)’””’1
(d 1)'m 1

Hence, we have that

(log| N ])’
ZN: | V|

P(||Y |2 ozyflog | n]
1 b
_y dmlogm). (’”)(nfl’g " p(|1Y |12 os+flogm

m>1

= ZM- ZP(U&/logk <|Y|I< oelog(k + 1))
m> m k2m
P02 flogh <| Y |[< o flog(k +1) |

1+6 (logm)’”d :

k>k0 m=1

P(o-a flogk <|| Y |< oeflog(k +1) )}

b+d-1

zzi%"g"ﬂb.

k=1 m=1

1+0 Z(logm)

(d 1)' m=1
: ZP(angogk < Y |I< oeflog(k + 1)
K>k

1+6 3 (logm)"**™!

(d 1)‘ m>k, m

> °P(oe\logk <Y |[< oz flog(k +1) )

k>m

b+d-1
<C'+ 1+0 z (logm) P(||Y|\2 08\/@)
da-n=
_ 1+6 w(lng)b*d"
¢ +(d—1)'-[k(, P(HYIIZ Gs\/@)dx
. 2(0+0 e .
=C'+ ( )( £) 2 d)j L2(b+d) 'P(| Y ||> z)dz.
(d 1)' o¢ logk

Thus, we have
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b
limsup gz(bm)z (log| N'|)

ns D P(| Y |2 oz\log | N )

_llmsupez(b+d)2d( )(logm) P(I1Y |12 oz\logm

2(1+5)
(d-1)!

—2(b+d)

<limsup< C'e*""" +
AN

. LM Eaakay (b= z)dz}
1+85 o2 N
T (d-1)! b+d IYIFE.

Similarly, we have that

. 2b+d) (10g|N|)b
lll’gn\%’lf & Z—

P(||Y |2 oeyflog | N1

v N
-5 o2+ X
@t pra I

By the arbitrariness of d, we have proved the
proposition.

Without loss of generality, we assume that o=1
in the sequel. For each m>1, and 1<j<m, we define

X =X1 ||X.||S—\/a2 ,
v J J (logm)

)?'.:X'.—E[X']

mj

Under the moment assumption
E[|X|P (log | X )" < o0, 6>,

it is easily seen that

E|S,, | (E|S;,m

Jmlogm mlogm

Also denote

(logm)*
\/_ om
and Pn _[(10 J Z [”

j=l1

j <C/\Jlogm - 0.

Lemma 2 (Einmahl, 1991) Let{&,, &, ..., &, be in-
dependent H-valued random variables with E&=0,
E[||éIP]<w, and let Yy, Ys, ..., Y, be independent
Gaussian mean zero random variables with Cov(&)=
Cov(Y)), i=1, 2, ..., n. Here Cov(&;) denotes the co-
variance operator of H-valued random variables.
Then we have that, for any s, £0,

p( [ Zsjgp(
i=1 i=1

and
> sj > PU DY
i=1

1

where C is a universal constant.
Lemma 3 Let b>—d. Suppose that EX=0 and

E[| X |* (log || X |[)"****] < co. Then we have

| zs—t}cr*iE[nm
@

n

28

i=1

2s+tj—Ct—3iE[| &1
©

d(m)(logm)® dt
%pm < CE[|| X |F (log|| X [)****] < o0,

m=1
Proof

eventually non-increasing. Thus it follows from
Lemma 1 that

It is easy to check that (logm)’p, /m is

b b+d—1
d(m)(logm) b <C + 1+0 (logm) .
m21 m (d - 1)' m>k, m
1+0 Z m73/2(10 b+d+5
m>ko

-ﬁE{anﬁ((lﬂqmw Vi H

oej -1y = (log iy
<+ 10 S plxp YT ok
ENT (log(j 1)

< \/7 J:|zm—3/2(logm)b+d+5

(log ]) m>j

V-1
(d_l),zf{u [(1]+2<”X

og(j—D)
\/7. 2}] 1/2(10gj)h+d+5

<C +C,

<
(log )
< CE[| X |* (og | X )] <.
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Lemma 4 Let b>—d. Suppose that EX=0 and
E[| X I (log|| X |[)"*“*] < oo. Then we have

d(m)(logm)”
Z m

m=1

<CE[| X | (log | X [)"* "] < 0.

m

Proof Form>1, let

T, :mE{||X||I(||X|> Jm ZH
(logm)

E(Z )

Then we have that

<T , for 1<5j<m.

Denote T'=ym:T, Sliz , and we have that
2 (logm)
A, > Am CU{X #X}, for meT.
(1 gm) Jj=1

Thus we can get that

d(m)(logm)’

-y d (M)(’l;)g m)’ Y d (m)(’ljg m)’

w =1+

By taking the same way as above and Lemma 1,
we can get the following two results.
For I,

1<2MZP(X¢ X))

meT

<> d(m)(logm)’P(X, # X],)

mel

1+5 b+d-1 \/;
<G+ g, 2, Goem P(||X||>—(logm)2]
1+5 b+d-1 \/;
1+(d—1) ;(log m) P(IIXII —(ogm)zj

1+0 bed-1
G+ - 1)'2( ogm)

m=1

\J
.zp _NJ X lI<
((logj)2 <Xl

Jjzm

(log(j +1))’

1+06 ZP[ \/7 < X |I<

N ANt
L d-)4 | (log ) ~ (log(j+1))?
A i(log m)b+d—l
<+ 1F0 z;{ ﬁ_ X "”IZJ
(d-D1"= | (log ) (log(j +1))

b+d-1

- j(log j)
<C +CE[| X |} Qog || X )" "] < 0.

For I,
d(m)(logm)’ . (logm)’
I <2 T
2(1+9) brd=1 172
<G T {(log ")
-E{||X||1[|X||> WH}
(logm)
2(1"‘5) b+d1 ~1/2
G (d- 1)';(1
TEIxi IR Vi
(log )" (log(j + 1))
SC2+2(1+5) { [ X
-5
(log(1+1) Z (logm)™m"
<c,+ 25 p { ||1[ X<
=

\/J+1 b+d+1 ]/2
toe(j 0y ) |18/

<G, +CE[|| X | (log || X [)"*“**] < o0,

Thus we have proved the lemma.
Now we turn to the proof of Theorem 1.

Proof Let {¥,.} be a sequence of independent

H-valued Gaussian mean zero random variables with

Y, =Cow(Y,)=Cov(X,), 15j<m. Set T, = Z g

m=>1 and Y=Cov(X). Since }—),, is positive semi-
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definitive, thus by applying Corollary 3 of (Anderson,
1955), we have that for any xeR and meN,

P(|T, 1<) 2 P(| Y |I< x/<m), (6)

which together with Eq.(4) yields that

P(||Sm > sxlmlogm)

:P(HSm |[> eJmlogm, A, Siz]
(logm)

+P(|S > efmlogm, A, > Jm j
(logm)®

SP(HSM I emlogm, 4, g&}qm

~ Jm
< P[ll Som |2 &Jmlogm " logm) +4q,

IN

P| || T |1> &yJmlogm _imz +(p, +q, by Eq.(4)
(logm)
<P(||Y |2 (¢ = 2(ogm) **)logm ) + Cp,, +4,
by Eq.(6)
<P(| Y|z &+logm)+Cp, +4q,,

—5/2

where ¢,=e—2(logm) ~*~¢ as m.” .

Thus, we have the upper bound below, via
Proposition 1, Lemma 3 and Lemma 4,

(ISy 1= o2\ Nlog| N1)

b
lim sup gz(md)z (log| N|) P

£\0 N |N|
b
= hrgosupgﬂw)zw ) p(” S |> s /mlogm)
€ m>1
1 o2+

< E[|Y |1,
(d-1)! b+d

Now we consider the lower bound of Eq.(3).
First we consider the finite dimensional case, i.e. ['<co.
Without loss of generality, we assume that the di-
mension of the space is /', for otherwise we can con-
sider the projected space corresponding to the posi-
tive eigenvalues o;, i=1, 2, ..., I'. Note that Z_l exists
since its eigenvalues are positive, and also ) ,,—>, as

m,/ 0. Thus, we assume that > ' exists for all m>1.

Also define that
1/2 -1/2
)/'m :H (Z]”iZ 271/2)71 ||: sup H (Zm ) y H (7)
»#0 | ¥l
Then, we have that
1Y =, X)) & 2"y |
YEEZHTNEEY =T, 122,

and for any x>0,

P(| T} iz x/m) = P(| ¥}, |12 x)
=P(|Z2E Y |2 x) 2 P(| Y 2 x7,). (8)

Noting Eq.(7), we also have that /", > 1, as
m /" o. Thus, by Eq.(5) we can get

(|| S |Ize mlogm)

2P|||S, ||z e\mlogm, A, Siz
(logm)
> P ||§,'nm||2€ﬂmlogm +(10i2,ﬁmg%
gm) (logm)
2PHSLJB5megm+—QEi7-—%
(logm)
> P|||T) ||z ey Jmlogm +Lm2 -Cp, —q,
(logm)
by Eq.(5)
> P[||Y |27, (s + 2(logm) ) flogm | - Cp,, -,
by Eq.(8)

P(I Y |2 &,\logm )~ Cp,, - g,

where £, =7, (¢+2(logm)~'*)~& as m,/ . Hence,

we have the following by Proposition 1, Lemma 3 and
Lemma 4,

ISy II> oz N log | N 1)

liminf 82(h+d)z (log| N DbP
£N0 N

| N|
= 1i1rgn\i(1)1f52“’“’)zM (|| S, |> a&/mlogm)
m=1
-2(b+d)
L2y peo).

> - -
d-1)! b+d
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Now, we consider the infinite dimensional case.
Assume ['=co. For any [">/, let Q: H—H be the map-

ping onto the /"-dimensional eigenspace of o, i=

Lo I 6.0 =Y (3.¢)e, yeH. Since [|O0)|

<, yeH, from the special case above, it follows that

L + d m 10 m
imint o205 LN 15 o v frtogm)
. " d(m)(logm
> llfgl\l(l;lfgz(b d)%w (|| oS,z O'&\/mlogm)
—2(b+d)
> LT gy ey,
d-1)! b+d

By letting /"—o, we complete the proof of
Theorem 1.

PROOF OF THEOREM 2

In this section, we set B(e)=exp[1/(Me?)].
Lemma 5 For any M>4, we have

1 1
llmsupé‘Q(bH) Z (Og”)
N0 n<B(¢) n b"rl

M (b+1)

Proof Obviously,

limsup&®*™ >’ (logn)” < limsup £ J‘B‘f) (log x)’

&£\0 n<B(&) n £\0 X
. 1 _
<limsup & ——[log B(e)]""' =——M "V,
£\0 +1 +1
Lemma 6 Let {X,; n>1} be a sequence of i.i.d.

H-valued random variables with EX=0 and E||.X||*<.
Suppose that f'is a real function such that |f{x)|<4 and
[f'(x)|<4. Then there exists a constant C>0 such that
for any <0, 0<e<1/4 and exp(1/&")<m<l, we have

= (logn)” IS, |l
Var{;’ n f{&/nlogn]}
< g (ogm)” (log my?.

m

Proof For exp(1/£)<i<j, we have that

657

o} i)

IS, |
Nﬂogf}

||Sj+i -9

_ 1S
Cov{f{g\/ilogi

)

I1S;

<

+C0v{f{ IS.]

eqJilogi

1S, =S|
i
51/jlogj] [gxljlogj]}

ISII ISl 1S5 =Sl
E\f -f
& zlogz &yjlogj &y jlogj
<oy |EISIEENS,. =S, =SIF
g'ilogi &’ jlog j
2 —
o [EUSEENS, =S I +EIS,IF
£ zlogz &’ jlogj
<cA’
quogl\/]log
b
Note that (log j)" is of the order

j=ivl ]

1
\Jjlogj

(log i)(Zb'”/Q/xﬁ. Hence, for 5<0, we obtain that

& (logn)’ 1S, 1l
Var{n_zm n f(&/nlogn]}

IS, |l

5 (logn)™
=Ny, L' |
r;n n’ ar{f{g«mlogn]}

+ 2211 Z[: {(IO% i)b

i=m j=i+l

(log )’

J
IS, |l

cov{f(g%]f h@ J}}

Ji

Z Z (logi)’ (log )’

i=m j=i+1 l

+ CA2 (lOg m)2b
m
2
<cplogm” o4
m
m

Jj \flogifjlog

2b-1

Z (logi)

i=m l

(log m)™.
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Now we turn to the proof of Theorem 2.
Proof Fix M>4 and 0<z<1/2. Let f be a real function
such that I{|x[>1}<Ax)<I{|x|>1—#} and sup,|/'(x)|<co.
Define ¢=1/k, k>4M. From Lemma 6, it follows that

2(b+1) z (logn)"f

Var |53 1S,
g.+/nlogn

+Ce!" Ve [log B(g, )"

n>B(&_;) n
< Ot [log B(e,_ 1)
fi B(e,))

<Cg’?llogB(e, )" <Cel, <Clk.

Hence, for —1<b<0, by the Borel-Cantelli
Lemma, we have that

g}f(}iﬂ) Z (log ”)b f IS, Il _
n>B(g_,) n &, \/n 1ogn
IS, |l

|

Then, from Theorem 1 (by taking d=1), we get

] —0 L, and a.s. as k—oo.

g,+/nlogn

that

limsup***" " (logn) (||Sn = &/nlogn)

N0 n>B(&)
logn
<limsupg ™ Z (logn)” )/ (||S ||>gkw/nlogn)
k> n>B(& ;) n

b
<limsup 82(b+1) Z (log ) f

1S, |
(ek«/nlogn

k—x n>B(&; ) n
logn S
<hmsup€2(b+1) z (log ) Ef IS, |
ke n>B(e) N gfnlogn
L, and a.s.
logn)”’
<limsup & """ z {—( gn)_
k—x n>B(&; ) n

P(H S 01— n)gk\/nlogn)}
< hmsupgz(b“)Z{(logn) (|| S, > (l—n)gk\/nlogn)}

k—o0

<(1—np)?0 —E 1Y (|77,
b+1

Also by Lemma 5 and the arbitrariness of 7, we have

1
llmsupgz(b”)z( ogn)’ 1(I1S, |12 e/nlogn
£N\0 n=1 n
< E[Y|F*" L,and a.s.

b+1

Similarly, we can easily get that

lim inf ez(b”)z (log ny’ (|| S = ealnlogn)

> ﬁE[H YIP®" L,and a.s.

Thus the proof is complete.

ACKNOWLEDGEMENTS

The authors thank the referees for their insightful
comments which led to a substantial improvement of
the paper.

References

Anderson, T.W., 1955. The integral of a symmetric unimodal
function over a symmetric convex set and some prob-
ability inequalities. Proc. Amer. Math. Soc., 6(2):170-176.
[doi:10.2307/2032333]

Baum, L.E., Katz, M., 1965. Convergence rates in the law of
large numbers. Trans. Amer. Math. Soc., 120(1):108-123.
[doi:10.2307/1994170]

Chen, R., 1978. A remark on the tail probability of a distribu-
tion. J. Multivariate Anal., 8(2):328-333. [doi:10.1016/
0047-259X(78)90084-2]

Einmahl, U., 1991. On the almost sure behavior of sums ofi.i.d.
random variables in Hilbert space. Ann. Probab., 19:
1227-1263.

Erdos, P., 1949. On a theorem of Hsu and Robbins. Ann. Math.
Statist., 20:286-291.

Erdos, P., 1950. Remark on my paper “On a theorem of Hsu
and Robbins”. Ann. Math. Statist., 21:138.

Gut, A., Spataru, A., 2000a. Precise asymptotics in the Baum-
Katz and Davis Law of large numbers. J. Math. Anal.
Appl., 248(1):233-246. [doi:10.1006/jmaa.2000.6892]

Gut, A., Spataru, A., 2000b. Precise asymptotics in the law of
the iterated logarithm. Ann. Probab., 28(4):1870-1883.
[d0i:10.1214/a0p/1019160511]

Gut, A., Spataru, A., 2003. Precise asymptotics in some strong
limit theorems for multidimensionally indexed random
variables. J. Multivariate Anal., 86(2):398-422. [doi:10.
1016/S0047-259X(03)00050-2]



Fu et al. / J Zhejiang Univ Sci A 2007 8(4):651-659

Hardy, G.M., Wright, EM., 1954. An Introduction to the
Theory of Numbers (3rd Ed.). Oxford University Press,
Oxford, p.252-255.

Heyde, C.C., 1975. A supplement to the strong law of large
numbers. J. Appl. Probab., 12(1):173-175. [d0i:10.2307/
3212424]

Hsu, P.L., Robbins, H., 1947. Complete convergence and the
law of large numbers. Proc. Nat. Acad. Sci. USA, 33(2):
25-31. [doi:10.1073/pnas.33.2.25]

Huang, W., Zhang, L.X., 2005. Precise rates in the law of the
logarithm in the Hilbert space. J. Math. Anal. Appl.,
304(2):734-758. [doi:10.1016/j.jmaa.2004.09.052]

659

Lanzinger, H., Stadtmiiller, U., 2004. Refined Baum-Katz
Laws for weighted sums of iid random variables. Statist.
Probab. Lett., 69(3):357-368. [doi:10.1016/j.spl.2004.06.
033]

Spataru, A., 2004a. Exact asymptotics in log log laws for
random fields. J. Theor. Probab., 17(4):943-965. [doi:10.
1007/s10959-004-0584-z]

Spataru, A., 2004b. Precise asymptotics for a series of T.L. Lai.
Proc. Amer. Math. Soc., 132(11):3387-3395. [doi:10.
1090/S0002-9939-04-07524-0]

Spitzer, F., 1956. A combinatorial lemma and its applications
to probability theory. Trans. Amer. Math. Soc., 82(2):
323-339. [doi:10.2307/1993051]

e, e e e e m

Editor-in-Chief: Wei YANG
ISSN 1673-565X (Print); ISSN 1862-1775 (Online), monthly

|

SCIENCE A

www.zju.edu.cn/jzus; www.springerlink.com

jzus@zju.edu.cn

JZUS-A focuses on “Applied Physics & Engineering”

» Welcome your contributions to JZUS-A

Journal of Zhejiang University SCIENCE A warmly and sincerely welcomes scientists all over
the world to contribute Reviews, Articles and Science Letters focused on Applied Physics & Engi-

detailed research articles can still be published in the professional journals in the future after Science

Letters is published by JZUS-A).

> JZUS is linked by (open access):
SpringerLink: http://www.springerlink.com;

CrossRef: http://www.crossref.org; (doi:10.1631/jzus.xXXX.XXXX)

HighWire: http://highwire.stanford.edu/top/journals.dtl;

Princeton University Library: http://libweb5.princeton.edu/ejournals/;

California State University Library: http:/frSje3se5g.search.serialssolutions.com;
PMC: http://www.pubmedcentral.nih.gov/tocrender.fcgi?journal=371&action=archive

Welcome your view or comment on any item in the journal, or related matters to:

Helen Zhang, Managing Editor of JZUS

i i
i i
i i
i i
| |
i i
i i
i i
i i
i i
i |
i i
i i
i i
i i
| |
i |
i i
E neering. Especially, Science Letters (3~4 pages) would be published as soon as about 30 days (Note: :
| i
i |
i i
| i
i i
i i
i i
i i
| |
| |
| |
| |
| |
| |
| i
i i
| i
i i

Email: jzus@zju.edu.cn, Tel/Fax: 86-571-87952276/87952331



