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Abstract:
N<K and K/N is singular. Any extending module and any singular module are generalized extending. Any homomorphic image of
a generalized extending module is generalized extending. Any direct sum of a singular (uniform) module and a semi-simple
module is generalized extending. A ring R is a right Co-H-ring if and only if all right R modules are generalized extending modules.

A module M is called generalized extending if for any submodule N of M, there is a direct summand K of M such that
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INTRODUCTION

In recent years theory of extending modules and
rings has come to play an important role in the theory
of rings and modules. A module M is called extending
module (or CS module) if every submodule is essential
in a direct summand, or equivalently, every closed
submodule is a direct summand. Although this gen-
eralization of injectivity is extremely useful, it does
not satisfy some important properties. For example,
direct sums of extending modules need not be ex-
tending; also, the homomorphic image of an extend-
ing module need not be extending; yet also, a sub-

module of an extending module need not be extending.

Much work has been done on finding necessary and
sufficient conditions to ensure that the extending
property is preserved under various extensions.

In this paper, let M be a module, we replace the
condition “every submodule is essential in a direct
summand” of an extending module by “for every
submodule N of M there is a direct summand K of M
such that K/N is singular”. Thus we generalize both
extending modules and singular modules.
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In Section 2, we give the definition of general-
ized extending modules and show that any direct
summand of a generalized extending module and any
homomorphic image of a generalized extending
module are all generalized extending modules.

In Section 3, we discuss when a direct sum of
generalized extending modules is a generalized ex-
tending module. We show that a direct sum of a sin-
gular module and a semi-simple module is general-
ized extending.

In Section 4, we characterize co-H-rings by
generalized extending modules.

Throughout this paper, unless otherwise stated,
all rings are associative rings with identity and all
modules are unitary right R-modules.

A submodule N of M is called an essential
submodule, denoted by N<.M, if for any nonzero
submodule L of M, LNN#0. A closed submodule N of
M, denoted by N< M, is a submodule which has no
proper essential extension in M. If L<.N and N<M,
then L<.M (Goodearl, 1976).

In (Goodearl, 1976) a module M is called singular
if Z(M)=M, where Z(M)={meM|mI=0 for some es-
sential right ideal / of R} and called nonsingular if
Z(M)=0. A ring R is called right nonsingular if Ry is
nonsingular. It is well known that if N is essential in
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M then M/N is singular. The converse holds if M is
nonsingular.

Let M be an R-module, we use Rad(M) to denote
the Jacobson radical of M and r(m)={reR|mr=0} the
right annihilator of meM. First we collect some
well-known facts.

Lemma 1 Let R be a ring, then we have the fol-
lowing:

(1) The class of all singular modules is closed
under submodules, factor modules, and direct sums.

(2) Suppose that R is right nonsingular. Then the
class of all singular modules is closed under module
extension and essential extension.

(3) Let M be a nonsingular module and N<M.
Then M/N is singular if and only if N<M.

(4) If A<B<C, then A<.C if and only if A<.B and
B<.C.

Proof See Propositions 1.22, 1.23 and 1.21, 1.1 in
(Goodearl, 1976).

GENERALIZED EXTENDING MODULES

Now we give the definition of generalized ex-

tending module, which generalizes extending mod-
ules, as follows:
Definition 1 A module M is called generalized ex-
tending if for any submodule N of M, there is a direct
summand K of M such that N<K and that K/N is sin-
gular.

As was mentioned, any extending module is
generalized extending and any singular module is
generalized extending. But in general, generalized
extending module need not be extending.

Example 1 Let M be a (singular) R-module with a
unique composition Mo>U>V>50. From (Dung et al.,
1994), M®U/V is not extending but is a generalized
extending module.

Proof Let S=U/V, S is simple. Let N be any
submodule of M@®U/V, then N+M=MS[(N+M)NS].
Since S is simple, so N+M is a direct summand of
M®U/V. Because (N+M)/N=M/(NNM), (N+M)/N is
singular, since M is uniform. Thus, M@®U/V is gener-
alized extending.

Also, generalized extending modules need not
be singular.

Example 2 Let Z be the ring of all integers. Then Z
is extending and thus is generalized extending as a

right Z-module. But Z is nonsingular.

The closed submodule of an extending module is
a direct summand. But for generalized extending
modules, the closed submodule may not be a direct

summand. For example, let M =7 , @Zp3 be a Z-

module, where p is a prime integer. Obviously, M is
generalized extending, but N=Z(1+Z,; p+ Zp;) is

closed and is not a direct summand.

The following proposition is an easy conse-
quence of Definition 1:

Proposition 1  The following are equivalent for a
module M:

(1) M is generalized extending;

(2) For any submodule N of M, M has a de-
composition M=K®K' such that N<K and that
M/(K'+N) is singular;

(3) For any submodule N of M, M/N has a de-
composition M/N=K/N®K'/N such that K is a direct
summand of M and that M/K’ is singular;

(4) For any submodule N of M, there is a direct
summand K of M such that for any xeK there is an
essential right ideal 7 of R such that x/cN.

If M is projective and N is a submodule of M,
then M/N is singular if and only if N<.M. So, we have:
Proposition 2  Let M be a nonsingular module or
projective. Then M is extending if and only if M is
generalized extending.

Any submodule of a singular module is singular,
while a submodule of an extending module need not
be extending. Submodule of a generalized extending
module may not be generalized extending.

7 7
Example 3  Let R=[O ZJ' By (Chatters and

Hajarnavis, 1977), R is not right extending, hence it is
not a generalized extending module, since R is right
nonsingular. But Ry is a submodule of its injective
hull Sk, while Sk is an extending module (hence a
generalized extending module).

But some special submodules of a generalized
extending module may be generalized extending
modules.

A submodule N of M is called a fully invariant
submodule if for every feS, we have fAN)cN, where
S=Endp(M). If M=K®L and N is a fully invariant
submodule of M, we have N=(NNK)®(NNL) and
MIN=K/(NNK)®L/(NNL).
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Proposition 3  Let M be a generalized extending
module. Then any fully invariant submodule is gen-
eralized extending.

Proof Let N be a fully invariant submodule of M and
L be a submodule of N. Then, since M is generalized
extending, there are direct summands K, K’ of M such
that L<K and K/L is singular. Since N is fully invariant,
then N=(NNK)®(NNK'). Obviously, L<NNK and
(NNK)/L<K/L 1is singular. So N is generalized ex-
tending.

A module M is called distributive if the lattice of
submodules of M is distributive.

Corollary 1  Let M be a distributive generalized
extending module. Then any submodule is general-
ized extending.

Proposition 4 Let R be any ring and M an R-module
and N a submodule of M.

(1) If M is generalized extending and the inter-
section of N with any direct summand of M is a direct
summand of N, then N is generalized extending;

(2) If N is generalized extending and D a direct
summand of M such that (D+N)/D is nonsingular,
then DNN is a direct summand of V;

(3) If M is generalized extending and (D+N)/D is
nonsingular for any direct summand D of M, then N is
generalized extending if and only if DN is a direct
summand of N for any direct summand D of M.
Proof

(1) It is similar to the proof of Proposition 3.

(2) Let Y=DNN. Since N is generalized extend-
ing, there is a direct summand K of N such that K/Y is
singular. If K#Y, then D#D+K. For any d+ke D+K
such that d+k¢ D, then k#0. There is an essential right
ideal I of R such that kIcY. So (d+k)IcD and
(D+K)/D 1is singular. Since (D+N)/D is nonsingular,
we have that D+K=D, which is a contradiction. So
K=Y is a direct summand of N.

(3) It is a consequence of (1) and (2).

The following proposition shows the equivalent
condition of a cyclic submodule of a module to be
generalized extending over a right generalized ex-
tending ring.

Proposition 5 Let R be a right generalized extend-
ing ring and M a cyclic right R-module. Then the
following are equivalent:

(1) M is nonsingular;

(2) Every cyclic submodule of M is projective
and generalized extending;

(3) Every cyclic submodule of M is projective.
Proof (1)=(2) Suppose that M is nonsingular and N
a cyclic submodule of M. Then there is a right ideal /
of R such that N=R/I. Since R is generalized extending
and N is nonsingular, / is a ¢-closed submodule of Rg;
hence [ is a direct summand of Ri. Thus N is iso-
morphic to a direct summand of Rg, hence is projec-
tive and generalized extending.

(2)=(3) It is obvious.

(3)=(1) For any me Z(M), then mR is projective
and is isomorphic to R/r(m), where r(m) is the right
annihilator of m. Since R is right generalized ex-
tending, then r(m) is a direct summand of R. But
meZ(M) implies that there is an essential right ideal /
of R such that m/=0, hence /<r(m) and r(m)<.R. Thus
r(m)=R and m=0, hence Z(M)=0.

Example 4 (Chatters and Khuri, 1980, Example 2.3)

Let S be the ring of all 3x3 upper triangular ma-
trices over the field of complex numbers and R the
subring of S consisting of all elements of S with a real
number in the (2; 2)-position. Then R is a right ex-
tending ring. Let e be the element of R with 1 in the (3;
3)-position and 0 elsewhere, and set /=Re, then / is an
ideal of R. But R/I is not a right extending ring.

This example shows that the image of right ex-
tending ring need not be right extending ring. But any
factor module of singular module is singular and we
will show that any image of a generalized extending
module is generalized extending.

The direct summand of a extending module is
extending (Dung et al., 1994). For generalized ex-
tending modules, we first show the following propo-
sition and then show that any direct summand of a
generalized extending module is generalized extend-
ing.

Proposition 6 Let M be a generalized extending
module. Then any homomorphic image is generalized
extending.

Proof  Let iM—N be an epimorphism and L a
submodule of N. Then there is a submodule H of M
such that L=H/Kerf. Since M is generalized extending,
there are direct summands K, K’ of M such that M=
K®K', H<K and that K/H is singular. So N=M/Kerf=
(K/Ker)®(K'+Kerf)/Kerf'and L=H/Kerf<K/Kerf. Since
(K/Kerf)/(H/Kerf)=K/H 1is singular, N is generalized
extending.

Corollary 2 (1) Let M be a generalized extending
module. Then any direct summand is generalized
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extending.

(2) Let M be an extending module. Then any
nonsingular homomorphic image is extending.

Proof (1) Let N be a direct summand of M and =:
M—N the canonical projection. Then it follows from
Proposition 6 that NV is generalized extending.

(2) It is trivial.

Since any module is a homomorphic image of
some projective module, we have:
Corollary 3 The following are equivalent:

(1) Every (resp., finitely generated) module is
generalized extending;

(2) Every (resp., finitely generated) projective
module is generalized extending.

Proposition 7 Let R be a right nonsingular ring and
f:M—M' an epimorphism. Suppose that M’ is gener-
alized extending and Kerfis singular injective, then M
is generalized extending.

Proof Let N be a submodule of M. First, we assume
that KerfcN<M, then fiN)<M'. Since M’ is general-
ized extending, there is a decomposition of M,
M'=K®H such that K/A{N) is singular. So M=f""(K)+
/7\(H). Since Kerf<f'(H) and Kerf is injective, then
/7 (H)=T®Kerf for some submodule 7 of /' (H). Thus
M=f (KT, Since f(K)NTf ™ (K)NS ™ (H)=Kerf
and /' (K)NTcKerfNT=0, we have M=f""(K)®T and
N<f(K).

For any xef” I(K), then fix)eK and there is an
essential right ideal 7 of R such that fix)IcA(N). It is
easy to see that x/cN and that /™ l(I(')/N is singular.

Now we assume that N does not contain Kerf. Set
L=N+Kerf, then f (L)=f(N). As the case above, there is
a decomposition of M=f""(K)®T such that /' (K)/L is
singular. Since Kerf is singular, we have that
(N+Kerf)/N=KerfI(NNKerf) is singular. Since R is
right nonsingular, we have that /' (K)/N is singular.

In either case, M is generalized extending.
Proposition 8 Let R be a right nonsingular ring and
M a generalized extending module. Then M=Z(M)®T
for some extending submodule 7 of M and T is
Z(M)-injective.

Proof If Z(M)=0 or Z(M)=M, it is trivial.

Suppose that 0<Z(M)<M. Since M is general-
ized extending, there are direct summands K, T of M
such that M=K®T, Z(M)<K and that K/Z(M) is sin-
gular. So K is singular. Since Z(M)=Z(K)®Z(T)=
K®Z(T), so Z(M)=K and T is nonsingular. By Propo-

sition 6, T is extending.

Since for any submodule N of Z(M), Homg(N,T)
=0, so T'is Z(M)-injective, as required.

Combining with this proposition above, we get
the following well-known result about injective
modules:

Corollary 4 Let R be aright nonsingular ring and M
an injective module. Then Z(M) is injective.
Corollary 5 Let R be a right nonsingular ring and M
an indecomposable generalized extending module.
Then M is either a singular module or a nonsingular
uniform module.

Proposition 9  Let M be a generalized extending
module which has maximal submodules. Then for any
maximal submodule N of M, either M/N is singular or
M=N®S for some simple submodule S of M.

Proof Let N be a maximal submodule of M and
suppose that M/N is not singular. Then N is a direct
summand of M, i.e., M=N®S for some S of M. Since
S=M/N, so S is simple.

A module M is called local if it has a largest
submodule, i.e., a proper submodule which contains
all other proper submodules. For a local module M,
Rad(M), the Jacobson radical of M is small in M. So
we have:

Corollary 6 Let M be a local generalized extending
module. Then M/Rad(M) is singular.

Proposition 10  Let R be a right hereditary ring and
M an injective module. Then any factor module of M
is a direct sum of an injective module and a singular
injective module.

Proof Let L be any factor module of M, then there is
a submodule N of M such that L=M/N. Since any
injective module is generalized extending, there are
direct summands K, K’ of M such that M=K®K', N<K
and that K/N is singular. So L=M/N=K/N®(K'+N)/N.
Since R is hereditary and M is injective, so M/N is
injective. Thus K/N is a singular injective module and
(K'+N)/N is injective.

DIRECT SUM OF GENERALIZED EXTENDING
MODULES

A direct sum of singular modules is also singular.
But a direct sum of extending modules may not be
extending. Also a direct sum of generalized extending
modules need not be generalized extending.
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Example 5 (Chatters and Khuri, 1980, Example 2.4)

Let R=7Z][x], where x is an indeterminate and Z is
the ring of integers. The ring R has no proper closed
ideals and is extending, hence it is generalized ex-
tending. Let F=R®R and set C={(xr,2r)|reR}. Then
C is a closed submodule and not a direct summand of
F. Therefore F is not extending. Since Z is nonsin-
gular, then R is nonsingular and hence F' is nonsin-
gular. So F'is not generalized extending.

It may be interesting to see when a direct sum of
generalized extending modules is generalized ex-
tending.

Proposition 11 Let M=M,®M, with each M, i=1,2
generalized extending. If M is distributive, then M is
generalized extending.

Proof  Let N be any submodule of M, then N=
(NNM)D(NNM,). Since M; is generalized extending,
there are direct summands H,, H,' and H,, H,' of M;,
M,, respectively, such that M=H;®H, and NNM;<H;
and that H/(NNM;) is singular for i=1,2. Hence
M=(H\®H,))®(H,'®H,") and N=(NNM;)D(NNM,)<
(H,®H,). Since

(H\©H,)/N=(H®H,)/[(NNM)D(NNM>)]
=[H\/(NNM1)|S[Ho/(NNM,)]

is singular, so M is generalized extending.
Corollary 7  Let M be a distributive module and

M= @7:1 M;. Then M is generalized extending if and

only if M; is generalized extending for all i.

In Example 1, we have shown that M®U/V is
generalized extending where M is singular and U/V is
simple. In fact, we can generalize this result to the
following case:

Theorem 1 Let M=M,®M, with M, being singular
(uniform) and M, semi-simple. Then M is generalized
extending.

Proof Let N be any submodule of M. Then
N+M\=M,®[(N+M,)NM,]. Since M, is semi-simple,
then (NV+M;)NM; is a direct summand of M, and
therefore N+M, is a direct summand of M. Note that
(N+M1)/N=M/(NNM,) is singular, since M| is sin-
gular (uniform). So M is generalized extending.
Proposition 12 Let M=M,®M, with M, being
generalized extending and M, semi-simple. Suppose
that for any submodule N of M, NNM,; is a direct

summand of N. Then M is generalized extending.
Proof Let N be any submodule of M. As in Theorem
1, N+M; is a direct summand of M. By the hypothesis,
N=(NNM)®K for some submodule K of N. Since M,
is generalized extending, there is a direct summand 7
of M; such that T/(NNM,) is singular. But N+M,=
(NNM)+K+M =M @K, so

(TO®K)/N=(TOK)/[(NNM,)DK]=T/(NNM)DK/K

is singular. Since 7@K is a direct summand of N+M,
and hence a direct summand of M, M is generalized
extending.

Proposition 13 Let M=M,®M, with M, being
generalized extending and M, injective. Suppose that
for any submodule N of M, NN\M, is a direct sum-
mand of &, then M is generalized extending.

Proof Let N be any submodule of M, by the hy-
pothesis, there is a submodule N of N such that
N=(NNM,)®N'. Note that N'NM,=0 and hence
(My+N")/N'=M, an injective module, so there is a
submodule M’ of M containing N' such that M/N'=
[(MAN")/N'T®(M'/N'). Thus it is easy to see that
M=M,®M' and that M'=M/M,=M,. Hence M’ is gen-
eralized extending.

There are direct summands K, K’ of M" such that
M'=K®K' and that K/N' is singular. Since NNM, is a
submodule of an injective module M,, so there is a
direct summand H of M, such that H=(NNM,) is
singular. Following from the fact that

(HOK)/[(NNM>)®N' [ H/I(NNM>)|®(K/N')

and that H®K is a direct summand of M, M is gener-
alized extending.

Proposition 14 Let M=M,®M, such that M, is
generalized extending and M, is an injective module.
Then M is generalized extending if and only if for
every submodule N of M such that NNM,#0, there is a
direct summand K of M such that K/N is singular.
Proof  Suppose that for every submodule N of M
such that NNM,#0, there is a direct summand K of M
such that K/N is singular. Let N be a submodule of M
such that NNM,=0. Then, since (M,+N)/N=M, is an
injective module, there is a submodule M’ of M con-
taining N such that M/N=(M'/N)®M,. It is easy to see
that M=M'®M,. Since M'=M/M,=M, is generalized
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extending, there is a direct summand K of M’, hence
of M, such that K/N is singular. So M is generalized
extending. The converse is obvious.

CO-H-RINGS

In (Oshiro, 1984), a ring R is called a right

co-H-ring if every projective right R-module is ex-
tending. It is known that a ring R is a right co-H-ring if
and only if R is right > -extending (i.e., any direct sum
of Ry is extending). In this section we characterize
co-H-rings by generalized extending modules.
Lemma 2 Let R be aring. A projective R-module M
is generalized extending if and only if every factor
module of M is a direct sum of a singular module and
a projective module.
Proof Suppose that M is generalized extending. Let
M’ be any factor module of M, then there is a sub-
module N of M such that M/N=M'. Since M is gener-
alized extending, then there are direct summands K,
K' of M such that M=K®K' and K/N is singular. Thus
MIN=(K/N)®K'. As M is projective, K' is projective.

Conversely, let N be any submodule of M, then
MIN is a direct sum of a singular module and a pro-
jective module. We may assume that M/N=S/N®T/N,
where S/N is singular and 7/N is projective. Then
M=S§+T and as M/S=T/N is projective, S is a direct
summand of M. Thus M is generalized extending.
Lemma 3 Let R be any right nonsingular ring. Then
the following are equivalent:

(1) All modules are generalized extending;

(2) All projective modules are generalized ex-
tending;

(3) All nonsingular modules are extending.
Proof (1)<(2) This is Corollary 3.

(1)<>(3) This is a consequence of Propositions 2,
6, since in a right nonsingular ring R all projective
modules are nonsingular.

As an immediate consequence of Lemmas 2, 3
above and of Proposition 2, we have:

Theorem 2 Let R be any ring, then the following are
equivalent:

(1) R is aright co-H-ring;

(2) All right R-modules are generalized extend-
ing;

(3) All projective right R-modules are extending;

(4) All projective right R-modules are general-

ized extending;

(5) Every factor module of any projective mod-
ule is a direct sum of a singular module and a projec-
tive module.

Theorem 3 Let R be a right nonsingular ring, then
the following are equivalent:

(1) R is a right co-H-ring;

(2) Every nonsingular module is projective;

(3) Every module is generalized extending;

(4) Every nonsingular module is extending;

(5) R is right (and left) Artinian, right (and left)
hereditary, right (and left) serial;

(6) Endg(P) is a right nonsingular right extend-

ing for each projective module P.
Proof (1)=(2) Suppose that R is a right co-H-ring
and M a nonsingular module. Then there is a projec-
tive module P and an epimorphism f:P—M. Set K
=Kerf, then K is a closed submodule of P. Since P is
extending, then K is a direct summand of P and hence
M is isomorphic to a direct summand of P. Thus M is
projective.

(2)=(4) Let M be a nonsingular module and N a
closed submodule of M. Then M/N is nonsingular and,
by (2), is projective. So N is a direct summand of M
and hence M is extending.

(4)=(1) Since a ring R is right nonsingular if and
only if all projective modules are nonsingular; by (4),
all projective modules are extending and R is a right
co-H-ring.

(1)<(3) By Theorem 2.

(2)<(5)<(6) See Theorem 4.2 in (Chatters and
Khuri, 1980).

Combining with Theorem 5.23 in (Goodearl,
1976) and Theorem 3 above, we have:

Corollary 8 Let R be any ring, then the following
are equivalent:

(1) R is a right nonsingular right co-H-ring;

(2) R is a left nonsingular left co-H-ring;

(3) R is right (and left) hereditary, right (and left)
Artinian, and the maximal right and left quotient rings
of R coincide.

From (Zeng and Shi, 2006), a module M is called
closed weak supplemented if for any closed sub-
module N of M there is a submodule K of M such that
M=K+N and KNN<<M. A ring R is called a right
V-ring if every simple module is injective. Combining
with Theorem 3 in (Zeng and Shi, 2006) and Theorem
3 above, we have:
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Corollary 9  Let R be a right nonsingular right
V-ring, then the following are equivalent:

(1) Every nonsingular module M is closed weak
supplemented;

(2) Every nonsingular module M is extending;

(3) Every nonsingular module M is projective;

(4) Every nonsingular module M is a generalized
extending module;

(5) R is a right co-H-ring.

Corollary 10 Let R be a ring such that all singular
modules are projective, then R is a right co-H-ring if
and only if R is semi-simple.

Proof Suppose that R is a right co-H-ring. Let M be
any module and N any submodule of M, then by
Theorem 2 M is generalized extending, i.e., there is a
direct summand K of M such that N<K and K/N is
singular. By hypothesis K/N is projective, so N is a
direct summand of K and hence a direct summand of
M. Thus M is semi-simple and R is semi-simple.

The converse is obvious.

A ring R is called a QF-ring if R is left (and right)
Artinian and left (and right) self-injective. It is known
from Theorem 24.20 in (Faith, 1976) that aring R is a
QF-ring if and only if all projective modules are in-
jective if and only if all injective modules are

projective. Obviously every QF-ring R is a left and
right co-H-ring. As an immediate consequence of
Theorem 3, we have:

Corollary 11 Let R be a right nonsingular ring such
that all injective modules are nonsingular. Then R is a
right co-H-ring if and only if R is a QF-ring.
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