
Fu et al. / J Zhejiang Univ Sci A   2007 8(6):946-948 946

 
 
 
 

Congruences for finite triple harmonic sums* 
 

FU Xu-dan†1,2, ZHOU Xia1, CAI Tian-xin1 

(1Department of Mathematics, Zhejiang University, Hangzhou 310028, China) 
(2Hangzhou Foreign Language School, Hangzhou 310023, China) 

†E-mail: fuxudan@126.com 
Received Sept. 19, 2006;  revision accepted Jan. 18, 2007 

 

Abstract:    Zhao (2003a) first established a congruence for any odd prime p>3, S(1,1,1;p)≡−2Bp−3  (mod  p), which holds when 
p=3 evidently. In this paper, we consider finite triple harmonic sum S(α,β,γ;p) (mod p) is considered for all positive integers α,β,γ. 
We refer to w=α+β+γ as the weight of the sum, and show that if w is even, S(α,β,γ;p)≡0 (mod p) for p≥w+3; if w is odd, 
S(α,β,γ;p)≡rBp−w (mod p) for p≥w, here r is an explicit rational number independent of p. A congruence of Catalan number is 
obtained as a special case. 
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INTRODUCTION 
 

The Bernoulli numbers Bk are defined by the 
recursive relation (Graham et al., 1994): 
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It is well known that B2k+1=0 for k≥1, and B0=1, 
B1=−1/2, B2=1/6, B4=−1/30, etc. Several researchers 
studied the congruences of Bernoulli numbers. Using 
partial sum of multiple zeta value series, Zhao (2003a) 
first established the congruence for any odd prime 
p>3, 
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which holds when p=3 evidently, and remarked that it 
would be very interesting to find a direct proof of it. 
An elementary proof of this congruence was given by 
Ji (2005). Naturally, we define and study the fol-
lowing finite triple harmonic sum  

, , 0

1( , , ; )
i j k n
i j k

S n
i j kα β γα β γ

+ + =
>

= ∑ , 

 
where n≥3 and α,β,γ∈ù*. In this paper, we consider 
n=p to be prime, and assume α≤β≤γ since they are 
symmetric. Unfortunately, we could not use Ji’s 
method directly. By dealing with finite triple har-
monic sums with some elementary techniques, i.e., 
the properties of Bernoulli numbers and the recursive 
method, we get the main theorem as follows: 
Theorem 1    Let p be prime. 

(1) If w is even and p≥w+3, then 
 

S(α,β,γ;p)≡0 (mod p). 
 

(2) If w is odd and p≥w, then 
 

S(α,β,γ;p)≡rBp−w (mod p),               (2) 
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Corollary    Let n be any positive integer, then 
 

S(2n−1,2n,2n;p)≡0 (mod p)  for prime p≥6n−1, 
 

and for prime p≥6n+1, 
 

S(2n,2n,2n+1;p) ≡C2nBp−6n−1 (mod p), 
 

where 
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 is the kth Catalan number. 

 
 

AUXILIARY  LEMMAS 
 

Lemma 1 (Zhao, 2003b; Hoffman, 2004)    Let s, t be 
positive integers, p be odd prime and p≥s+t, then 
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Lemma 2    Let p be prime, α,β,γ be positive integers, 
then  
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Proof    Noting that k≡−(i+j) (mod  p) and multiplying 
the numerator and divisor of the summand by i+j, we 
have 
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Replacing i+j with p−i−j=k, then 
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Similarly, we have 
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Combining Eq.(3) with Eq.(4) we derive Lemma 2. 
 
 
PROOF OF THEOREM 1 
 

We prove it by induction. 
(1) If α=1, using the technique in the proof of 

Lemma 2, we have 
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Substituting i+j by k, we have 
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By Lemma 1, if p≥β+γ+4 (here β+γ+1 is even), we 
have   
 

H(β,γ+1;p−1)≡0 (mod p). 
 

Since Bp−β −γ−1=0, then Eq.(5) becomes 
 

(1, , ; ) (1, 1, 1; )S p S pβ γ β γ≡ − − +  (mod p). 
 

Repeating the steps, one has 
 

(1, , ; ) (1, 1, 1; )S p S pβ γ β γ≡ − − +  
(1, 2, 2; ) ...S pβ γ≡ − + ≡  

1( 1) (1,1, 1; )S pβ β γ−≡ − + −  
2 22( 1) (1, ; 1)H pβ γ β γ+ −≡ − + −  

≡ 0 (mod p). 
 

This indicates that (1) is true when α=1. Now we 
assume (1) holds for smaller α, then by Lemma 2 we 
derive 
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By the inductive assumption, one has  
 

( , , ; ) ( , 1, 1; ) ...S p S pα β γ α β γ≡ − − + ≡  
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2 22( 1) ( , ; 1)H pβ γ α β γ+ −≡ − + −  
≡ 0 (mod p). 

 
This completes the proof of (1).  

(2) If α=β=1, γ≥1 is odd, by the recursive rela-
tion of Lemma 2, we have 
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22 pB γ− −= −  (mod p), 
 

which shows Eq.(2) is true for α=β=1. Now we as-
sume Eq.(2) holds for smaller weight w. By the 
well-known result 
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 Eq.(6) is equivalent to 

 
1 1 2

0 0 0

1
1i i i

w w w
 .

i i i i i i

α α αβ β β
α α α

− − −

= = =

− − + −        
= −        − − − −        

∑ ∑ ∑
 

Similarly, we could obtain 
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Hence, 
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By the inductive assumption and the recursive rela-
tion of Lemma 2, we get 
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This completes the proof of Theorem 1. 

As for the proof of the corollary, we only need 
the following identity: 
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for any integers x, y and q≥0. 
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