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Abstract:  Zhao (2003a) first established a congruence for any odd prime p>3, S(1,1,1;p)=-2B,_3 (mod p), which holds when
p=3 evidently. In this paper, we consider finite triple harmonic sum S(a,£,7;p) (mod p) is considered for all positive integers a,/3,.
We refer to w=a+f+y as the weight of the sum, and show that if w is even, S(a,5,;p)=0 (mod p) for p>w+3; if w is odd,
S(a.B,y:p)=rB,_,, (mod p) for p>w, here r is an explicit rational number independent of p. A congruence of Catalan number is

obtained as a special case.

Key words: Finite triple harmonic sums, Recursive relation, Bernoulli numbers, Catalan numbers

doi:10.1631/jzus.2007.A0946

INTRODUCTION

The Bernoulli numbers B are defined by the
recursive relation (Graham et al., 1994):

(n+1
Z( , )BI:O, n>1.
=0\ !

It is well known that By;+1=0 for k>1, and By=1,
B,=-1/2, B,=1/6, B4=—1/30, etc. Several researchers
studied the congruences of Bernoulli numbers. Using
partial sum of multiple zeta value series, Zhao (2003a)
first established the congruence for any odd prime
>3,

1

> ij_kE_zB”'3 (mod p), (1)
i+j+k=p

ij,k>0

which holds when p=3 evidently, and remarked that it
would be very interesting to find a direct proof of it.
An elementary proof of this congruence was given by
Ji (2005). Naturally, we define and study the fol-
lowing finite triple harmonic sum
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N a,p,yn)= “a By
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where n>3 and a,ﬁ‘,yeN*. In this paper, we consider
n=p to be prime, and assume a<f<y since they are
symmetric. Unfortunately, we could not use Ji’s
method directly. By dealing with finite triple har-
monic sums with some elementary techniques, i.e.,
the properties of Bernoulli numbers and the recursive
method, we get the main theorem as follows:
Theorem 1 Let p be prime.
(1) If w is even and p>w+3, then

(e, 7;p)=0 (mod p).

(2) If w is odd and p=w, then

S(owB,y,p)=rBp- (mod p), 2)

where

r=r(a.p.y)

o e 71)
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Corollary Let n be any positive integer, then
S(2n—1,2n,2n;p)=0 (mod p) for prime p>6n—1,
and for prime p>6n+1,

S(2n,2n,2n+1 ;P) ECZanf(mfl (mOd p)a

2k
where C, = ﬁ( i ) is the kth Catalan number.
+

AUXILIARY LEMMAS

Lemma 1 (Zhao, 2003b; Hoffman, 2004) Lets, ¢ be
positive integers, p be odd prime and p>s+, then

( 1) s+t
H(s,t;p—1)= B, ., (modp),
K
where
Heep-n= Y -
I<i<j<p-1 r J

Lemma 2 Let p be prime, a,f,ybe positive integers,
then

S(aﬂﬂay;p) E_S(a _Lﬂo?/+1§P)_S(057,B_1:7+1;P)
(mod p)

Proof Noting that &=—(i+j) (mod p) and multiplying
the numerator and divisor of the summand by i+j, we
have

1

S(a.pyp)=(=1 ), =

i+j<p ! ﬁ(l+])71
ij>0

+(=1) Z 1

.a .- 1( +j);/+1

i+j<p v
ij>0

(mod p).

Replacing i+j with p—i—j=k, then

1 1
(-1 Z WE_ Z W

1:+_j<p i+j+k=p
ij>0 ij,k>0

=S(a—1,B,y+1;p) (mod p). (3)

Similarly, we have

_I)Zaﬁl

R G N
ij>0

==S(ev,p-1,y+1;p) (mod p). )

Combining Eq.(3) with Eq.(4) we derive Lemma 2.

PROOF OF THEOREM 1

We prove it by induction.
(1) If o=1, using the technique in the proof of
Lemma 2, we have

S(LBy:p)=(— 1)72W

ij>0
=S(1,5-1,7+1;p) (mod p). (&)
Substituting i+j by k, we have

2 T ﬂ(zw)”‘ "2

l+/<p ] 1< j<k<p- 1
ij>0

1

= AP p=D),

By Lemma 1, if p>f+y+4 (here f+y+1 is even), we
have

H(B,y+1;p—1)=0 (mod p).

Since B,_3-,1=0, then Eq.(5) becomes

S(LB.y;p)=-S(LA~Ly+1Lp) (mod p).

Repeating the steps, one has

SWLB.yip)=-SLL—-Ly+1p)
=S1,5-2,y+2;p)=...
=(=1)""'SULA+y - 1Lp)
=2(-D)""?HQ1B+yp-1)
=0 (mod p).

This indicates that (1) is true when o=1. Now we
assume (1) holds for smaller ¢, then by Lemma 2 we
derive

S(a,ﬂ,}/;p) = —S(Ol _1’/8:7+ lap) - S(O(,ﬂ -1
(mod p)

vy +1p)
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By the inductive assumption, one has

S(a.p.yip)=-S(a.f—Ly +1p)=..
=(=D""'S(a,LB+y~1p)
=2(-D)""?H(a,f+y;p-1)
=0 (mod p).

This completes the proof of (1).

(2) If a=p=1, 21 is odd, by the recursive rela-
tion of Lemma 2, we have

SA,Ly:p)=(-1yY - 2H(Ly +1;p-1)

(=" (y+2
=(=1y -2 B
(=D y+2 L1 )77

= —2Bp7y72 (mod p),
which shows Eq.(2) is true for a=£=1. Now we as-

sume Eq.(2) holds for smaller weight w. By the
well-known result

A

2 Pl > ) Py

(6)
(-8 o
Since 0 l” 1, Eq.(6) is equivalent to

0 0 0> e il > PR

Similarly, we could obtain

20y PRS- Pl a0 PR

Hence,

—r(a=-Lpy+)-r(a,p-Ly+)=r(a.p.y).
By the inductive assumption and the recursive rela-
tion of Lemma 2, we get

S((Zaﬂa}’;]?) = —S(Ol - l’ﬂ’}/ + lap) - S(O[,ﬂ - 197/ + Lp)
= r(aﬂﬂ’y)Bpfw (mod p).

This completes the proof of Theorem 1.
As for the proof of the corollary, we only need
the following identity:

-7

for any integers x, y and ¢=>0.
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