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INTRODUCTION

Let £2=R"™ be an open set and 0<7<c. We con-
sider the solutions u=(u1, s, u3):£2x(0,7)—>S* of the
inhomogeneous Landau-Lifshitz equation (Landau
and Lifshitz, 1935; Daniel et al., 1994; Tang, 2001; Li
and Wang, 2006)

Ou=—aunlun(fAu+Vf-Vu)] )
— Pun(fAu+Vf-Vu),

where >0 and SeR are given constants and f1is a real
coupling function on £2. Here S* is the unit 2-sphere,
and ‘A’ (resp. *-’) denotes the exterior (resp. inner)
product in R® (resp. R™). Throughout this paper, we
assume that m=3, a2+ﬂ2=1, and that f'is smooth and
positive on the closure of 2. We also introduce a
convenient abbreviation as follows: For peS®, denote
by R,:T,S’>T,S" the rotation Ry=av+/fpav. Tt is
easy to see that, for classical solutions, Eq.(1) is
equivalent to
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Ruafu:fAu+f|Vu\2u+Vf-Vu. 2)

In this paper, we are interested in the weak so-
lutions to Eq.(2) (Alouges and Soyeur, 1992). Define

W' (02x(0,T),S?)
={ueH, (2x(0,T),R):0uel’(2x(0,T)),

loc

Vue L’ (2x(0,T)) and ju |=1a.e.}.

We say a map ue W' (£2x(0,7),5%) is a weak solution of
Eq.(2), if the following hold:

(1) Forany ¢ e C;(2x(0,T),R?),
IOTIQ<Ruar” - fIVuf u»¢> +(f0,u,0,¢)dxdt =0

holds, where (-,-) denotes the standard inner product
in R® w.r.t. the target space indices. In this paper we
sum over repeated Greek indices from 1 to m.

(2) For any £>0, the global energy inequality
holds,

1 2 ! 2 1 2
Ejmmfwm de+af [ |oul dzsgjgxmf\vm dx.
3)
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Now, we will present some symbols: C is used to
denote some “irrelevant” positive constant, and c(X)
to denote “relevant” positive constant only depending
on X. We denote by z=(x,f) a point in R"xR. For
zo=(x0,%), >0, let

B (x)={xeR":|x-x,|<r},
P(z)={z=(x0):|x—x,|<r|t—t, < P,

P (z))={z=(x,0):|x—x, |<r,0<t—1, <r’},

and, for simplicity, X,=X,(0). We also denote the
f-energy at time ¢ by

_ 1 2
Ef(u,t)—zjgx{t}f|Vu| dx.

For B,(xg)c€2and P,(z9)—(2x(0,T), we introduce
Ewrn=rf o fIVuf dr,
Elwry=r"[ [1Vul dz,
fo: (u,t,r)= r4'mI

B, (o )xit

Touf d
P _ 2-m 2
Z"(u,r)=r jmzo)|a,u| dz,
_ 2-m 2
I (utr)=r J.B,(x(,)x{t}| Oul dx,

E, (wr)=r"] vl dz.

One of our main results, generalizing that of
(Moser, 2002), is the following:
Theorem 1  For m=3, let ue W'(«2x(0,7),5%) be a
weak solution of Eq.(2) satisfying the stationary
condition (Definition 1). There exists a universal
constant £y>0, such that, if we write
& = {z, :liminf|

r—0

R=X(0,1)\S,

Z ! (u,r)z¢,},and

then S is a relatively closed subset with vanishing

m-dimensional parabolic Hausdorff measure, and
ueC”(R,S), that is, R=regu.

For certain sequence of weakly converging
proper stationary weak solutions, we have the fol-
lowing result, which is related to the “H'-norm”
compactness problem. The set W cW'(£2x(0,7),5%)
for A>0 is defined in Section 3.

Theorem 2 (Weak closure of W) For m=3 and A>0,
suppose {u,}-, < W, is a sequence of weak solutions

of Eq.(2). Then there exist a subsequence u, and a

map ue W' (£2(0,T),5%) such that
(1) u, — o0 weakly in '(42x(0,7),5%) as i—>
(Such a weak convergence is defined in Section 3).
(2) u solves Eq.(2) in the classical sense on a
dense open set Roc(2x(0,7) whose complement, the

energy concentration set 2 defined by Eq.(10), has
locally finite m-dimensional parabolic Hausdorff

measure. Moreover, u is smooth on R,.

(3) The t-slice set 3" of X'is a closed subset of (2,
with finite (m—2)-dimensional Hausdorff measure.
Moreover, 7" (2") < c(A) for all 0<t<T.

Statement (3) in Theorem 2 suggests that the
energy concentration set has a better measurable
property on spatial direction than on time direction.

For the subsequence (still denoted by {u;}) in
Theorem 2, we introduce the Radon measures
u=~Vu*dz, v=ou’dz on x(0,7), and u' =
fIVu*(£)dx on £2x{t}. The next theorem describes the
asymptotic limits of these measures.
Theorem 3 (Structure of Radon measures) Suppose
i, viand g are defined as above. Then there exist a
subsequence #; of i and nonnegative Radon measures
4, v, 1, v+ on £2x(0,7) and the time slices £/, 7' on
x{t} such that

(1) p, = p, v, >vand g — u', forall £>0,

weakly in the sense of Radon measures as iyz—0.
(2) The limits of measures have the following
structures:

,u:f|vu |2 dZ+779
v=[oul dz+w.,
M= fIVul () dxe+n',
where u is the limit obtained in Theorem 2. Exactly,
1=u'dt and n=n'dz.
(3) The energy concentration set 2 has the fol-
lowing properties:

T = Az :r"u(P(2)) 2 &} =sing uUsupp 7,

X' csinguUsupp v, < X,

where 2’ is defined in Proposition 1. Moreover, for
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the #-slice set 2", singu(-,f)Usupp ' 2",
For certain weakly converging sequence of
strong stationary weak solutions, we have a rectifi-

ability result as following, where the set 7”(¢) is

defined in Section 4.

Theorem 4  Suppose / is a subset of (0,7) with
nonzero 1D Lebesgue measure, {u;} is a sequence in
W, satisfying the strong stationary condition, and
u—u weakly in W'(£2x(0,T),5) as i—, as in Theo-
rem 2 and Theorem 3. If for almost all ¢ € I,
7" (T (1))=0, then both 712" and X' are H" *-

rectifiable for almost all ze/.

The paper is organized as follows. In Section 2
we gather various notions and facts concerning sta-
tionary weak solutions. In addition, we establish
several key lemmas concerning the generalized
monotonicity inequalities and also prove Theorem 1.
Theorem 2 and Theorem 3 are proved in Section 3.
Finally, in Section 4, for a sequence of weak solutions
in W, satisfying the strong stationary condition we
explore some subtle properties of the energy concen-
tration set and the Radon measures, and then Theorem
4 is obtained by applying Theorem 7.

STATIONARY WEAK SOLUTIONS

In this section, we collect some basic facts on
(proper, strong) stationary weak solutions and related
notions. For a more detailed discussion, we refer the
reader to various articles cited below.

First of all, we impose a stationarity condition on
weak solutions [cf. (Moser, 2002; Appendix A)].
Definition 1  Let ue ' (.Qx(O,T),Sz) be a weak so-
lution of Eq.(2). Consider for &eC;(2x(0,T),R’)
and 7 € C; (£2x(0,7),[0,0)), the variation

u_(x,t) =u(x +oé(x,t),t + or(x,t)),

which consists of maps in W'(£2x(0,7),5%) for small
|ol. We say that u is a stationary weak solution, if for
all such £ and 7, the inequality

J-Or J.g <Ruﬁtu, (Gug /GG)LZO > dxdr

L (7
+(a(,j0 E, (u,.1) dt)|a:0 <0

holds, where 0, denotes the right hand derivative

w.r.t. o.
Remark 1 A simple integration by parts implies
that if a solution u is smooth enough, precisely, if
ue {ve W' ((x(0,1),5%):Vve L*({2x(0,T))}, then u is
stationary.

From the stationary condition, we may derive the
following lemma easily:
Lemma 1 Let u be a stationary weak solution of
Eq.(2). Let ¢ € C; (£2,R’) and OeC (2x(0,7),[0,00)).
Then, for almost all te(0,7),

.[gx{r;[<R"afu’aiu>¢i_ | Vu |2 div(f¢)/2

(4)
+f(0u,0,u)0,4, |dx =0,

and for almost all 0<t;<t,<T,
2 2
IQX{tz}fg |Vul dx_.[gx{tl}fe [Vul dx
<[; JLroo1vul 2a010uf -2/00(0u0u)]d=
(5)

We emphasize here that Eq.(5) contains a clue to
a proper stationarity condition and a strong stationar-
ity condition on weak solutions.
Definition 2 Let u be a stationary weak solution. We
say that u is properly stationary, if for all fe

C(2%(0,1),[0,00)) with O(,1)e C(£2), what fol-

lows holds

d
ij}fawu ? dx
< L}[ f8,0|Vul -2a0|8,uf ~2£0,0(0,u,0,u)]dx.
(6)

Let u be a stationary weak solution. u is called strong
stationary, if the equality in Eq.(5) [or Eq.(6)] holds.
From Eq.(4), we can prove three types of gen-
eralized monotonicity inequalities. The first one is the
generalization of Moser’s type and the others are of
Ding’s type (Ding, 1990; Liu, manuscript).
Lemma 2  Let u be a stationary weak solution of
Eq.(2). B (x) <=0

max o (|V/]/f) and c;=maxf ", the following state-
ments are true:

Suppose If denoting c¢=
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(1) When m=3, for almost every ¢t€(0,7),

& (u,t,5) <1087 (u,t,1) + () 2, (u,t,r) - (7)

for 0<s<r<min{ro,r;}, where r| is a radius such that
rimaxg|Vf]/ming fis small, and c(f)=c/mingf.
Q) If I (ut,r)<(c+De,°Kr”, for any

re(0,r9) and some K>0, 0<y<1,

exp[2(c, + l)r](é;ﬁ (u,t,r)+ Kr'™” /(1 - 7))

is a strictly increasing function of re(0,ry).
QI Z(u,r)<(c, + )e;’Kr™” for any re(0,ro)

and some K>0, 0<j<1, then
K S
1=y

is a strictly increasing function of r€(0,7p).
Proof  Without loss of generality, we assume that
x0=0 and zy=0. From Eq.(4),

exp[2(c, + l)r][EZO (u,r)+

[ [2(Roux-Vuy=(m=2)f |Vul —x-Vf | Vu |dx

p

=[, [rpIVul s2fp e Vuf s @)

where dw is the (m—1)-dimensional area element in
OB,. Mainly along the same line of Moser’s argu-
ments, (1) follows immediately from Eq.(8) for m=3.

Next we prove (2) and (3) for general dimen-
sions m. From Eq.(8), we can complete the proof by

checking
K P )} >0,
1-y
and

i{exp[Z(cl + 1)r][Eo (u,r)+ K r”j} > 0.
dr -y

(;1 {exp[2(cl + 1)r][£(')b (u,t,r)+

r

As a consequence of Eq.(5) and Cauchy’s ine-
quality, we have the following local energy inequali-

ties: For ¢ € C; (£2%(0,7)) and a.e. 0<t,<t,<T,

2 2 & 2 2
ng(rz}f¢ | Vu| dx+0(jt1 .[_0|6’u| ¢dz
<c@.f) [, /(Yo +100°DIVuf dz (9)

2 2
+jmm Fo* | Vul dx.

From the proper stationary condition, it reads

d
o 197 VUl deraf jouf gl

<cla, N FUVeF +18,0° )| Vul dx,

(10)

for all peC(2x(0,7)) with @(.,1)eCy(£2). To-
gether with Egs.(3) and (10), a routine approximation
argument shows the semi-decreasing property.

Let ¢() be a bounded Lipschitz func-
tion on (2, vanishing on 02, and u be a weak solution
satisfying the proper stationary condition (6). Then
we have, for any ¢€(0,7),

Corollary 1

d
e f9 VUl dr< (@) Vol E,w0).

According to Eq.(9) and via Fubini’s theorem,
we can partially control du (Chen et al., 1995).
Lemma 3 There exists a constant c=c(«,f)>0 such
that, for P,(zo)c(2x(0,7),

Z (u,r/2)<cla, HE! (u,r).

Based on Eq.(7) in Lemma 1, proof of Theorem
1 can be derived in the same manner as that in (Moser,
2002), since />0, f'is smooth and the term VfVu is
under natural growth. We skip the details here. Now,
we state an important consequence of Theorem 1, that
is, when m=3, for u satisfying the stationary condition
the regular set can be characterized in terms of the
local quantity

liminf,

EL(u,r).

For a map ueW'(£2',5%), we define the regular and
singular sets, regu and singu, by regu={ze Q2" :ueC”
in a neighborhood of z} and singu=2"\regu. Notice
that by definition regu is open, and hence singu is
relatively closed in £2'.
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ENERGY CONCENTRATION SET AND RADON
MEASURES

In this section, we consider a weakly converging
sequence of certain weak solutions (Lin, 1999; Li and
Tian, 2000). We will first prove Theorem 2, and then
analyze some elementary properties of the energy
concentration set and the Radon measures, which
show Theorem 3.

Let W, be the set of all weak solutions u in
W' (€2x(0,7),5%) such that

(1) Ef(u,0)<A, for some A>0;

(2) u satisfies the proper stationary condition.

From now on, suppose {u,}., < W,. According
to Eq.(3) and up to a subsequence, we may assume
that u;—u weakly in H. (2x(0,T),R?), du—>ou
weakly in  L(«x(0,7)), Vu—Vu weak-* in
L°L(02x(0,T)) and ui—>u a.e. on 2x(0,T) as i—>0.
Immediately, ue Wl(.Qx(O,T),SZ), and we denote all
the above convergence by wu,—u weakly in
W' (£2(0,T),5%) as i—o0. In the remainder of this sec-
tion, we always define u; and u as above. It is natural
to ask the following question:

Problem Is the limit u also a solution for Eq.(2)?

The main result of this problem is the following:
Theorem 5 For m=3, let u; and u be as above. Then
u solves Eq.(2) in the classical sense on a dense open

set Roc2x(0,7) whose complement X has locally

finite m-dimensional parabolic Hausdorff measure.
Moreover, u is smooth on R.
Proof Define

r= ﬂr>0{zo liminf &7 (u,,r) > go}, (11)

where & is the universal constant in Theorem 1. It is
easy to show that Yis closed [Theorem 6.1 in (Struwe,
1988)]. A standard covering argument shows that %
has locally finite m-dimensional parabolic Hausdorff
measure. From Theorem 1, it follows that a subse-
quence u—u in C..(&,,S*) as i—w, and u is a

smooth solution of Eq.(2) off 2.

We call the closed set 2 defined by Eq.(11) the
energy concentration set, also the blow-up set. We
define the t-slice set of Xby X'={x:z=(x,f)e X} for all
0<t<T. We will even sometimes identify X' and
i {t}.

Theorem 6 The -slice set 2" is a closed subset of £2.
Moreover, X' has uniformly bounded finite (m—2)-
dimensional Hausdorff measures for all 0<¢<T.

Proof Note that X' is closed since X' is closed. We
will identify the closed and open ball below, and this
may not confuse our proof. It will be sufficient to
show that Z" (X' Q)< c(A) for all 0<t<T and
compact subsets Q of 2, where H' is the s-dimen-

sional Hausdorff measure. For any 0<d<min{r"?,

(T-0)'", dist(0,00)}, let F={B,(x)c£2: xe Z'NQ, 0<
r<d10} and .7,={B=B,(x)e.7}. For any B,(x)e.7,
we have

. . +r?
hmme. j £ Vu, | dyds > g™
i—o0 t—r? B,.(x) !

Vitali’s covering theorem (for closed balls) implies
that there exists a countable (in fact finite here!)
family .7,’ of disjoint balls in .7, such that

Et M Q < UBef, Bc UBEJV'E’

where B denotes the concentric ball with radius 5
times the radius of B. Therefore we have

2. &r" <liminf BZ/;,LH: J,/1Vu, P dyds

Be.7)

<liminf j [ 71vu, P dyds <242,

which yields that 74,*(2' nQ)<CY. "7 <c(A)

for any small 5>0, then that is done.

Until now, we have finished the proof of Theo-
rem 2. Next, we consider three sequences of Radon
measures on (2x(0,7) and x{t}, w;, v; and g, de-
fined in Section 1. Without loss of generality, we may
assume u;,—u and v,—v weakly as Radon measures as
i—o. Moreover, by Fatou’s lemma, we write

u=f|Vul dz+n,
and
v=0ul dz+v,

for some nonnegative Radon measures 7 and v-.
Moreover, passing possibly to a further subsequence,
we have
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Lemma 4 There exists a subsequence (still denoted
i) such that g — ' weakly as i—>o, where u'is a
finite Radon measure on (2 for all £~0. Moreover,
L=pde.

The proof in (Ilmanen, 1994; Li and Tian, 2000)
involves just a little change for word, using a classical
semi-decreasing property (see Corollary 1). We
choose such a subsequence i, and identify 2 with
x{t} sometimes. Consequently, we have u'=
fIVu(t)dx+n', and n=n'ds, for some nonnegative
Radon measure 7’ on £ Some properties of the
concentration sets X and X’ can be characterized by
the following
Proposition 1

(1) 2=Nysofzor " 1(Pz0))2 &0 };

(2) 2=singusupp 7;

(3) 2'csinguusupp v+ 2.

Where 2'=(,_,{z, :hr,-llimnszf (u,,r/2)2c(a, f)e,},

and c(a,f) is the constant in Lemma 3.

Proof Forany ze (2x(0,7), set T,={r>0:(0P,(z))=0}.

Since wis Radon, 7! is an at most countable set of R.
For any reT., we have J.P( )f | Vu, | dz > u(P(2)) as

i—0, thus

liminf & (u,,7) =lim & (u,,r) =r " u(P.(2)). (12)

i—0

If ze 2, then Eq.(12) implies that " u(P(z))>&
for any reT.. Taking 7, €7, and choosing reT.

z

with 7, /' 7, as k—oo, we have
1" (P, (2))
= %im " sup{u(K): K is compact, K P (2)}
—o

> }im r, " limsup p(P. (2)) 2 &,.

J—o

On the other hand, if for any >0, there holds
r " u(P(2))2¢ at z, then for re T, liminf & (u,,r) > ¢,

by Eq.(12). For any 7, € T, we have
liminf & (u,,7,) 2 liminfro'mJ.P ( )f |Vu, |’ dz

> 1" (P, (2))

for any sequence r;el. with r, /7. Since

y(RO (z))=sup{,u(K): K is compact, K c b (z)}, we
conclude that liminf, ,, & (u,,7) 2 " u(P, (2)) 2 ).

This proves (1).
We observe the fact: Theorem 5 implies that
u—u in C2(R) as i—wo, thus 1—>Vu[’dz and

loc

vi—|0u[*dz locally in Ry weakly as i—». The later

implies singuc2, supp nc2 and supp v+<c2. Suppose
now zoe J, then for any small >0, " t1(P(z))>&/2 by
(1). If zogsingu, then u is smooth near zy, and hence
&l (u,r)<¢g /4 for r>0 sufficiently small. Thus,

r"n(PAz))>&/4, for all positive small r. This is
zoesupp7. This proves (2). Note that (3) is a direct
consequence of Lemma 3.

By Proposition 1, we can see easily that

singu(-,t )usuppn'c’. (13)

But we cannot say that X is a subset of singu( -,z )U
supp 7', since the singularity of u at point (x,f) may
occur at t-direction. Here we finish the proof of
Theorem 3.

RECTIFIABILITY RESULT

In this section, we will provide a slight rectifi-
ability result when considering a weakly converging
sequence of weak solutions satisfying the strong sta-
tionary condition. We will see again that the gener-
alized monotonicity formulas play an important role.

We set for 0<y<1, K >0, and {u;}cW 4,

2.7
or

I

" o= {x € Q2:limsup sup

n -0 i—o  O<r<l/n 1

Ix(u.',t,r)ZK},

where i, is any subsequence of i. Note that
T7(1)=NgT5 (1), and

2.7
i or=UJUy {xe!):limsup ar I(u, ,t.,r) <K,
1

n iy —o iy >0 ¢ +1

uniformly for all » € (0,1/n) }
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It is easy to check that TyK (#) is measurable, and so is
T (t) . We have

Lemma 5 (1) For any x e 2\T7(¢), there exist

ro>0 and K>0 such that exp[2(c, +Dr]-

(rz"” 1 (B.(x)) +%rl"y j is a monotonically in-
creasing function of re(0,r);

(2) The

2—

quantity  O'(4/ x)=
" 1/'(B(x)) exists for every xe(Z' NT*(f))".

nonnegative
limrﬁo
Moreover, @(x',x) vanishes on £2\2";

(3) For H" *-ae. xe(Z' NI ()", the limit
&' (1 x)=lim,_,o" " 17/(B.(x)) exists, equals @'(u'x),
and also vanishes on 2\2";
IN\TH (@) s

(4) Suppose nonempty. If

x [T/ ()] with O'(1/ x)>0, then xe X' N T (1).
Proof  Applying Lemma 2 (2) we have the state-
ments (1) and (2). By Eq.(13), @'(4/,x) vanishes on
0\, Parts (3) and (4) follows from the fact that u is
H" *-a.e. smooth.

Similarly, we set for 0<)<1 and K >0,

o 0<r<l/n G 1

2.7
S¥ :ﬂﬂ{zeQX(O,T):limsup sup CZ: Zf(u,-k,r)ZK}.

n i—0

Lemma 6
(1) For any ze 2x(0,7)\ S, there exist 70>0

and K>0 s.t. exp[2(c, +Dr)(r” " u(R(2) + K7 (1-)")

is a monotonically increasing function of r€(0,ry);
(2) The quantity & u,z)=

lim,,or” " u(Pz)) exists for every ze (XN S7)°.
Moreover, €Xy,z) vanishes on (2x(0,7)\2;

(3) For H"-a.e. ze (2N S))", the limit &(7,2)=

nonnegative

2-m

lim,_,or" "n(P,(z)) exists, equals &Xuz), and also
vanishes on (2x(0,7)\2;
(4) Suppose X'\ S is nonempty, then for any

ze(S))" with Xu,z)>0, we have ze X\ S,

Theorem 7  Suppose {u;} is a sequence in W, sat-
isfying the strong stationary condition, and u—u
weakly in W' (£2x(0,7),5%), as i—oo, as in Theorem 2

and Theorem 3. Then 77’|_(Z’ \T7(1)) is H™ 2-recti-
fiable for almost all 0</<T, and thus X' \T7(2) is

H" 2-rectifiable for almost all 0</<T.

Proof The result will be followed when one shows
that for H" “-ae. x in X' \T7(t), the quantity
@'(17 x)>c>0, by Theorem 5.6 in (Preiss, 1987), and
Lemma 5. We choose qu)z in Eq.(5), where
@ € C; (B, (x)) is a cutoff function for small ». From

the strong stationarity condition and Young’s ine-
quality, we obtain

2-m 2 2 2-m 2 2
P IV E @[V gy

B, (x)x{s}

< 2-m 2 2 —m 2 2
<dar jﬂ(xqt)|a,u,.| Pz + 67 L,.m fIVu P ¢dz

+c(5)r2*”’j

BAB 5 (x,0)

|0, [ dz

for almost all /—*<s<t+7*. Via Fubini’s theorem, we
may choose a uniform ¢>0 and an s;e(—7*, +°) such
that

2”_zfp.<x,t>f Vi, gdz< [ [1Vu [ (r.5)0" ().

B,.(x)

The two estimates above imply that,

2-m 2 2
P o 1V F 9y
. (14)
> Eé;” (u,,r/2)—c(a)Z} (u,,r).

Set S!=U N {xeQ:liminf 7" (u,r)27} for 0.

n 0<r<l/n i—>®

Let 6>0. By Vitali’s covering theorem, we can cover

S! by a family of countable balls I;/. centered at x in

S!, where B; in Qare disjoint, with radii 7,<5/10, and

satisfy the following
73 <liminf 3 IP,. ol dz
; Tl
< liminf j; [ 10u,F dz.
Letting 60, we find that for almost all 0<¢<T,
"8 < (cry! lim sup { j: jﬂ| oul dz

‘v, [Qx(t—cSQ,t+§2)J}=0,



956 Fang et al. / J Zhejiang Univ Sci A 2007 8(6):949-956

because of IOT L)\ Oul dz+v (2x(0,T)) < A. Now
for every x in 2\ (7" (1)U S;), Eq.(14) yields that

"1 (B, (x)) > cg, /16 —c(a)r >0 for sufficiently

small 7>0; thus @'(5'x)>0, by Lemma 5. We com-
plete the proof.
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APPENDIX A

In this appendix, authors will show an interesting

trivial phenomenon on some matching-stationary
condition.
Definition A1  Let ue W' (£2x(0,7),5%). Suppose u
satisfies Eq.(2) with the smooth positive map f. Let &
7 and u, be as in Definition 1. Consider also the
variation fy(x,/)=fix+o&(x,t)), which consists of
smooth positive maps on the closure of £2for small |o].
We say that (f,u) is a stationary pair of coupling
function and weak solution for the system Eq.(2), if
for all such £and 7, the following inequality holds

T
Io J._Q<Ruafu’(auo' /0o) |U:0>d)€dt

+ (a; [ E, @,.0) dt) <0,

=0

If (f,u) is a stationary pair, we also say that u is
matching-stationary with f.

Suppose u is matching-stationary with f. Let ¢ and
@be as in Lemma 1. A simple calculation gives that

J._Qx{t}l:<Ruatu’aiu>¢i -5/ 1Vu [ dive

(A1)
+f (B0,0,u)0.8, [dx=0
holds for almost all ¢ in (0,7), and Eq.(5) remains.
Moreover, from Eq.(A1), the generalized monotonic-
ity inequalities of Moser’s and Ding’s types are also
true. A similar argument as in Section 2 implies that u
is also partially regular. However, from Remark 1, we
can get that u satisfies Eq.(4) on the regular set of u;
hence, we obtain directly from Eqs.(4) and (A1) that
or u is locally constant on the regular set of u. Here,
we say a function w is locally constant on an open set
', if there is a nonempty open set V of €2’ such that w
is constant on V. Thus, we have the unusual remark as
follows:
Remark A1 For a general coupling function fwhich
is not local constant, the matching-stationary weak
solution is necessarily a trivial solution.



