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Abstract:    In this paper, we describe several stationary conditions on weak solutions to the inhomogeneous Landau-Lifshitz 
equation, which ensure the partial regularity. For certain class of proper stationary weak solutions, a compactness result of the 
solutions, a finite Hausdorff measure result of the t-slice energy concentration sets and an asymptotic limit result of the Radon 
measures are proved. We also present a subtle rectifiability result for the energy concentration set of certain sequence of strong 
stationary weak solutions. 
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INTRODUCTION 
 

Let Ω⊂úm be an open set and 0<T<∞. We con-
sider the solutions u=(u1, u2, u3):Ω×(0,T)→S2 of the 
inhomogeneous Landau-Lifshitz equation (Landau 
and Lifshitz, 1935; Daniel et al., 1994; Tang, 2001; Li 
and Wang, 2006)  
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where α>0 and β∈ú are given constants and f is a real 
coupling function on Ω. Here S2 is the unit 2-sphere, 
and ‘∧’ (resp. ‘·’) denotes the exterior (resp. inner) 
product in ú3 (resp. úm). Throughout this paper, we 
assume that m=3, α2+β2=1, and that f is smooth and 
positive on the closure of Ω. We also introduce a 
convenient abbreviation as follows: For p∈S2, denote 
by Rp:TpS2→TpS2 the rotation Rpv=αv+βp∧v. It is 
easy to see that, for classical solutions, Eq.(1) is 
equivalent to  

2 .| |u tR u f u f u u f u∂ = ∆ + ∇ +∇ ⋅∇           (2) 
 

In this paper, we are interested in the weak so-
lutions to Eq.(2) (Alouges and Soyeur, 1992). Define 
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We say a map u∈W1(Ω×(0,T),S2) is a weak solution of 
Eq.(2), if the following hold:  

(1) For any 3
0 ( (0, ), ),C Tφ Ω∞∈ × \  
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holds, where +·,·, denotes the standard inner product 
in ú3 w.r.t. the target space indices. In this paper we 
sum over repeated Greek indices from 1 to m. 

(2) For any t>0, the global energy inequality 
holds, 
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Now, we will present some symbols: C is used to 
denote some “irrelevant” positive constant, and c(X) 
to denote “relevant” positive constant only depending 
on X. We denote by z=(x,t) a point in úm×ú. For 
z0=(x0,t0), r>0, let  
 

0 0( ) { :| | },m
rB x x x x r= ∈ − <\  

2
0 0 0( ) { ( , ) :| | ,| | },rP z z x t x x r t t r= = − < − <  

2
0 0 0( ) { ( , ) :| | ,0 },rP z z x t x x r t t r+ = = − < < − <  

 
and, for simplicity, Xr=Xr(0). We also denote the 
f-energy at time t by 
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For Br(x0)⊂Ω and Pr(z0)⊂Ω×(0,T), we introduce 
 

0
0

0
0

0
0

0
0

0
0

0
0

2 2

( ) { }

2

( )

4 2

( ) { }

2 2

( )

2 2

( ) { }

2 2

( )

( , , ) | | d ,

( , ) | | d ,

( , , ) | | d ,

( , ) | | d ,

( , , ) | | d ,

( , ) | | d .

r

r

r

r

r

r

b m
x B x t

p m
z P z

b m
x tB x t

p m
z tP z

m
x tB x t

m
z P z

u t r r f u x

u r r f u z

u t r r u x

u r r u z

I u t r r u x

E u r r f u z

−

×

−

−

×

−

−

×

−

= ∇

= ∇

= ∂

= ∂

= ∂

= ∇

∫
∫
∫
∫
∫
∫

E

E

I

I
 

 
One of our main results, generalizing that of 

(Moser, 2002), is the following:  
Theorem 1    For m=3, let u∈W1(Ω×(0,T),S2) be a 
weak solution of Eq.(2) satisfying the stationary 
condition (Definition 1). There exists a universal 
constant ε0>0, such that, if we write 
 

00 0 0{ : liminf ( , ) },p
r zz u r ε→= ≥S I and 

R=Ω×(0,T)\S, 
 

then S is a relatively closed subset with vanishing 
m-dimensional parabolic Hausdorff measure, and 
u∈C∞(R,S2), that is, R=reg u. 

For certain sequence of weakly converging 
proper stationary weak solutions, we have the fol-
lowing result, which is related to the “H1-norm” 
compactness problem. The set WΛ⊂W1(Ω×(0,T),S2) 
for Λ>0 is defined in Section 3. 

Theorem 2 (Weak closure of WΛ)    For m=3 and Λ>0, 
suppose 1{ }i iu WΛ

∞
= ⊂  is a sequence of weak solutions 

of Eq.(2). Then there exist a subsequence 
ki

u  and a 

map u∈W1(Ω×(0,T),S2) such that 
(1) 

ki
u →∞  weakly in W1(Ω×(0,T),S2) as ik→∞ 

(Such a weak convergence is defined in Section 3). 
(2) u solves Eq.(2) in the classical sense on a 

dense open set R0⊂Ω×(0,T) whose complement, the 

energy concentration set Σ defined by Eq.(10), has 
locally finite m-dimensional parabolic Hausdorff 
measure. Moreover, u is smooth on R0. 

(3) The t-slice set Σ 
t of Σ is a closed subset of Ω, 

with finite (m−2)-dimensional Hausdorff measure. 
Moreover, 2 ( ) ( )m t cΣ Λ− ≤H  for all 0<t<T. 

Statement (3) in Theorem 2 suggests that the 
energy concentration set has a better measurable 
property on spatial direction than on time direction. 

For the subsequence (still denoted by {ui}) in 
Theorem 2, we introduce the Radon measures 
µi=f|∇ui|2dz, vi=|∂tui|2dz on Ω×(0,T), and t

iµ =  
f|∇ui|2(t)dx on Ω×{t}. The next theorem describes the 
asymptotic limits of these measures. 
Theorem 3 (Structure of Radon measures)    Suppose 
µi, vi and t

iµ  are defined as above. Then there exist a 
subsequence ik of i and nonnegative Radon measures 
µ, v, η, v* on Ω×(0,T) and the time slices µt, ηt on 
Ω×{t} such that 

(1)  ,
ki

µ µ→  
ki

vν →  and ,
k

t t
iµ µ→  for all t>0,  

weakly in the sense of Radon measures as ik→∞. 
(2) The limits of measures have the following 

structures: 
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where u is the limit obtained in Theorem 2. Exactly, 
µ=µ 

tdt and η=η 
tdt. 

(3) The energy concentration set Σ has the fol-
lowing properties: 
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where Σ′′ is defined in Proposition 1. Moreover, for 
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the t-slice set Σ 
t, sing u(·,t)∪supp η 

t⊂Σ 
t. 

For certain weakly converging sequence of 
strong stationary weak solutions, we have a rectifi-
ability result as following, where the set ( )T tγ

∞  is 

defined in Section 4. 
Theorem 4    Suppose I is a subset of (0,T) with 
nonzero 1D Lebesgue measure, {ui} is a sequence in 
WΛ satisfying the strong stationary condition, and 
ui→u weakly in W1(Ω×(0,T),S2) as i→∞, as in Theo-
rem 2 and Theorem 3. If for almost all t ∈ I, 

2 ( ( ))=0,m T tγ
− ∞H  then both η 

tΣ 
t and Σ 

t are Hm−2- 

rectifiable for almost all t∈I. 
The paper is organized as follows. In Section 2 

we gather various notions and facts concerning sta-
tionary weak solutions. In addition, we establish 
several key lemmas concerning the generalized 
monotonicity inequalities and also prove Theorem 1. 
Theorem 2 and Theorem 3 are proved in Section 3. 
Finally, in Section 4, for a sequence of weak solutions 
in WΛ satisfying the strong stationary condition we 
explore some subtle properties of the energy concen-
tration set and the Radon measures, and then Theorem 
4 is obtained by applying Theorem 7. 
 
 
STATIONARY WEAK SOLUTIONS 
 

In this section, we collect some basic facts on 
(proper, strong) stationary weak solutions and related 
notions. For a more detailed discussion, we refer the 
reader to various articles cited below. 

First of all, we impose a stationarity condition on 
weak solutions [cf. (Moser, 2002; Appendix A)]. 
Definition 1    Let u∈W1(Ω×(0,T),S2) be a weak so-
lution of Eq.(2). Consider for 3

0 ( (0, ), )C Tξ Ω∞∈ × \  
and 0 ( (0, ),[0, )),C Tτ Ω∞∈ × ∞  the variation 
 

( , ) ( ( , ), ( , )),u x t u x x t t x tσ σξ στ= + +  
 

which consists of maps in W1(Ω×(0,T),S2) for small 
|σ|. We say that u is a stationary weak solution, if for 
all such ξ and τ, the inequality 
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holds, where σ
+∂  denotes the right hand derivative 

w.r.t. σ. 
Remark 1     A simple integration by parts implies 
that if a solution u is smooth enough, precisely, if 
u∈{v∈W1(Ω×(0,T),S2):∇2v∈L2(Ω×(0,T))}, then u is 
stationary. 

From the stationary condition, we may derive the 
following lemma easily: 
Lemma 1    Let u be a stationary weak solution of 
Eq.(2). Let 3

0 ( , )Cφ Ω∞∈ \  and 0 ( (0, ),[0, )).C Tθ Ω∞∈ × ∞  
Then, for almost all t∈(0,T), 
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and for almost all 0≤t1≤t2≤T, 
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We emphasize here that Eq.(5) contains a clue to 
a proper stationarity condition and a strong stationar-
ity condition on weak solutions. 
Definition 2    Let u be a stationary weak solution. We 
say that u is properly stationary, if for all θ∈ 
C∞(Ω×(0,T),[0,∞)) with 0( , ) ( ),t Cθ Ω∞⋅ ∈  what fol-
lows holds 
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(6) 
 

Let u be a stationary weak solution. u is called strong 
stationary, if the equality in Eq.(5) [or Eq.(6)] holds. 

From Eq.(4), we can prove three types of gen-
eralized monotonicity inequalities. The first one is the 
generalization of Moser’s type and the others are of 
Ding’s type (Ding, 1990; Liu, manuscript). 
Lemma 2    Let u be a stationary weak solution of 
Eq.(2). Suppose 

0 0 .( )rB x Ω⊂  If denoting c1= 

maxΩ (|∇f |/f ) and c2=maxΩ f 
−1/2, the following state-

ments are true: 
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(1) When m=3, for almost every t∈(0,T), 
 

0 0 0
( , , ) 10 ( , , ) ( ) ( , , )b b b

x x xu t s u t r c f u t r≤ +E E I     (7) 

 
for 0<s≤r≤min{r0,r1}, where r1 is a radius such that 
r1maxΩ |∇f |/minΩ f is small, and c(f )=c/minΩ f. 

(2) If 
0

2
1 2( , , ) ( 1) ,xI u t r c c Kr γ− −≤ +  for any 

r∈(0,r0) and some K>0, 0<γ<1,  
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1
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is a strictly increasing function of r∈(0,r0). 

(3) If 
0

2
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and some K>0, 0<γ<1, then 
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is a strictly increasing function of r∈(0,r0). 
Proof    Without loss of generality, we assume that 
x0=0 and z0=0. From Eq.(4), 
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where dw is the (m−1)-dimensional area element in 
∂Bρ. Mainly along the same line of Moser’s argu-
ments, (1) follows immediately from Eq.(8) for m=3. 

Next we prove (2) and (3) for general dimen-
sions m. From Eq.(8), we can complete the proof by 
checking 
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As a consequence of Eq.(5) and Cauchy’s ine-

quality, we have the following local energy inequali-
ties: For 0 (0, )( )TC Ωϕ ∞ ×∈  and a.e. 0<t1≤t2<T, 
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From the proper stationary condition, it reads 
 

2 2 2 2

{ }

2 2 2

d | | d | | d
d

( , ) (| | | |) | | d ,

tt

t

f u x u x
t

c f f u x

Ω Ω

Ω

ϕ α ϕ

α ϕ ϕ

×
∇ + ∂

≤ ∇ + ∂ ∇

∫ ∫

∫
   (10) 

 

for all ϕ∈C∞(Ω×(0,T)) with 0( , ) ( ).t Cϕ Ω∞⋅ ∈  To-
gether with Eqs.(3) and (10), a routine approximation 
argument shows the semi-decreasing property. 
Corollary 1    Let ϕ(·) be a bounded Lipschitz func-
tion on Ω, vanishing on ∂Ω, and u be a weak solution 
satisfying the proper stationary condition (6). Then 
we have, for any t∈(0,T), 
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According to Eq.(9) and via Fubini’s theorem, 

we can partially control ∂tu (Chen et al., 1995). 
Lemma 3    There exists a constant c=c(α,f)>0 such 
that, for Pr(z0)⊂Ω×(0,T), 
 

0 0
( , / 2) ( , ) ( , ).p p

z zu r c f u rα≤I E  
 

Based on Eq.(7) in Lemma 1, proof of Theorem 
1 can be derived in the same manner as that in (Moser, 
2002), since f >0, f is smooth and the term ∇f·∇u is 
under natural growth. We skip the details here. Now, 
we state an important consequence of Theorem 1, that 
is, when m=3, for u satisfying the stationary condition 
the regular set can be characterized in terms of the 
local quantity 

 

00liminf ( , ).p
r z u r→ E  

 

For a map u∈W1(Ω ′,S2), we define the regular and 
singular sets, reg u and sing u, by reg u={z∈Ω ′:u∈C∞ 
in a neighborhood of z} and sing u=Ω ′\reg u. Notice 
that by definition reg u is open, and hence sing u is 
relatively closed in Ω ′. 
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ENERGY CONCENTRATION SET AND RADON 
MEASURES 
 

In this section, we consider a weakly converging 
sequence of certain weak solutions (Lin, 1999; Li and 
Tian, 2000). We will first prove Theorem 2, and then 
analyze some elementary properties of the energy 
concentration set and the Radon measures, which 
show Theorem 3. 

Let WΛ be the set of all weak solutions u in 
W1(Ω×(0,T),S2) such that 

(1) Ef (u,0)≤Λ, for some Λ>0; 
(2) u satisfies the proper stationary condition. 
From now on, suppose 1{ } .i i Wu Λ

∞
= ⊂  According 

to Eq.(3) and up to a subsequence, we may assume 
that ui→u weakly in 1 3

loc ( (0, ), ),H TΩ × \  ∂tui→∂tu 
weakly in L2(Ω×(0,T)), ∇ui→∇u weak-* in 

2 ( (0, ))t xL L TΩ∞ ×  and ui→u a.e. on Ω×(0,T) as i→∞. 
Immediately, u∈W1(Ω×(0,T),S2), and we denote all 
the above convergence by ui→u weakly in 
W1(Ω×(0,T),S2) as i→∞. In the remainder of this sec-
tion, we always define ui and u as above. It is natural 
to ask the following question: 
Problem    Is the limit u also a solution for Eq.(2)? 

The main result of this problem is the following:  
Theorem 5    For m=3, let ui and u be as above. Then 
u solves Eq.(2) in the classical sense on a dense open 
set R0⊂Ω×(0,T) whose complement Σ has locally 
finite m-dimensional parabolic Hausdorff measure. 
Moreover, u is smooth on R0. 
Proof    Define 

 

{ }00 00
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z u rΣ ε
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where ε0 is the universal constant in Theorem 1. It is 
easy to show that Σ is closed [Theorem 6.1 in (Struwe, 
1988)]. A standard covering argument shows that Σ 
has locally finite m-dimensional parabolic Hausdorff 
measure. From Theorem 1, it follows that a subse-
quence ui→u in 22

loc 0( , )SC R  as i→∞, and u is a 
smooth solution of Eq.(2) off Σ. 

We call the closed set Σ defined by Eq.(11) the 
energy concentration set, also the blow-up set. We 
define the t-slice set of Σ by Σ 

t={x:z=(x,t)∈Σ} for all 
0<t<T. We will even sometimes identify Σ 

t and 
Σ 

t×{t}. 

Theorem 6    The t-slice set Σ 
t is a closed subset of Ω. 

Moreover, Σ 
t has uniformly bounded finite (m−2)- 

dimensional Hausdorff measures for all 0<t<T. 
Proof    Note that Σ 

t is closed since Σ is closed. We 
will identify the closed and open ball below, and this 
may not confuse our proof. It will be sufficient to 
show that 2 ( ) ( )m t Q cΣ Λ− ∩ ≤H  for all 0<t<T and 

compact subsets Q of Ω, where Hs is the s-dimen- 

sional Hausdorff measure. For any 0<δ<min{t1/2, 
(T−t)1/2, dist(Q,∂Ω)}, let ö={Br(x)⊂Ω : x∈Σ 

t∩Q, 0< 
r≤δ/10} and ör={B=Br(x)∈ö}. For any Br(x)∈ö, 
we have 
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2
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Vitali’s covering theorem (for closed balls) implies 
that there exists a countable (in fact finite here!) 
family ör′ of disjoint balls in ör such that 
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t
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where B̂  denotes the concentric ball with radius 5 
times the radius of B. Therefore we have 
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for any small δ>0, then that is done.  
Until now, we have finished the proof of Theo-

rem 2. Next, we consider three sequences of Radon 
measures on Ω×(0,T) and Ω×{t}, µi, vi and ,t

iµ  de-
fined in Section 1. Without loss of generality, we may 
assume ui→u and vi→v weakly as Radon measures as 
i→∞. Moreover, by Fatou’s lemma, we write 
 

2| | d ,f u zµ η= ∇ +  
and  

2| | dtu zν ν∗= ∂ +   
 

for some nonnegative Radon measures η and v*. 
Moreover, passing possibly to a further subsequence, 
we have 
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Lemma 4    There exists a subsequence (still denoted 
i) such that t t

iµ µ→  weakly as i→∞, where µ 
t
 is a 

finite Radon measure on Ω for all t>0. Moreover, 
µ=µ 

tdt. 
The proof in (Ilmanen, 1994; Li and Tian, 2000) 

involves just a little change for word, using a classical 
semi-decreasing property (see Corollary 1). We 
choose such a subsequence i, and identify Ω with 
Ω×{t} sometimes. Consequently, we have µ 

t= 
f1|∇u|2(t)dx+η 

t, and η=η 
tdt, for some nonnegative 

Radon measure η 
t on Ω. Some properties of the 

concentration sets Σ and Σ 
t can be characterized by 

the following 
Proposition 1  

(1) Σ=∩r>0{z0:r−mµ(Pr(z0))≥ε0}; 
(2) Σ=sing u∪supp η; 
(3) Σ ′⊂sing u∪supp v*⊂Σ. 

Where 
00 0 0{ : liminf ( , / 2) ( , ) },p

r z ii
z u r c fΣ α ε> →∞

′ = ≥∩ I  

and c(α,f) is the constant in Lemma 3. 
Proof   For any z∈Ω×(0,T), set Tz={r>0:µ(∂Pr(z))=0}. 
Since µ is Radon, c

zT  is an at most countable set of ú. 

For any r∈Tz, we have 2

( )
| | d

r
iP z

f u z∇∫ →µ(Pr(z)) as 

i→∞, thus 
 

liminf ( , ) lim ( , ) ( ( )).p p m
z i z i rii

u r u r r P zµ−

→∞→∞
= =E E   (12) 

 

If z∈Σ, then Eq.(12) implies that r−mµ(Pr(z))≥ε0  
for any r∈Tz. Taking c

0 ,zr T∈  and choosing rk∈Tz 

with 0kr r↗  as k→∞, we have 
 

0

0

0

0

( ( ))

( ) :  is compact, ( )}

( ( ))

lim sup{

lim limsup .
j

m
r

m
k rk

m
k rk j

r P z

r K K K P z

r P z

µ

µ

µ ε

−

−

→∞

−

→∞ →∞

= ⊂

≥ ≥

 

 
On the other hand, if for any r>0, there holds 

r−mµ(Pr(z))≥ε0 at z, then for r∈Tz, 0liminf ( , )p
z ii

u r ε
→∞

≥E  

by Eq.(12). For any c
0 ,zr T∈  we have 

 
2

0 0 ( )

0 ( ( ))

liminf ( , ) liminf | | d
rj

j

p m
z i iP zi i

m
r

r

r P z

u r f u z

µ

−

→∞ →∞

−

≥ ∇

≥

∫E
 

for any sequence rj∈Tz with 0.jr r↗ Since 

{ }0 0
( ) ,( ( ))=sup ( ):  is compact,r rP P zz K K Kµ µ ⊂  we 

conclude that 
00 0 0( ( ))liminf ( , ) .p m

i z i rr P zu r µ ε−
→∞ ≥≥E  

This proves (1). 
We observe the fact: Theorem 5 implies that 

ui→u in 2
loc 0( )C R  as i→∞, thus µi→|∇u|2dz and 

vi→|∂tu|2dz locally in R0 weakly as i→∞. The later 

implies sing u⊂Σ, supp η⊂Σ and supp v*⊂Σ. Suppose 
now z0∈Σ, then for any small r>0, r−mµ(Pr(z))≥ε0/2 by 
(1). If z0∉sing u, then u is smooth near z0, and hence 

0 0( , ) / 4p
z u r ε≤E  for r>0 sufficiently small. Thus, 

r−mη(Pr(z))>ε0/4, for all positive small r. This is 
z0∈suppη. This proves (2). Note that (3) is a direct 
consequence of Lemma 3.  

By Proposition 1, we can see easily that 
 

sing u( ,⋅ t )∪suppη 
t⊂Σ 

t.                 (13) 
 

But we cannot say that Σ 
t is a subset of sing u( ,⋅ t )∪ 

supp η 
t, since the singularity of u at point (x,t) may 

occur at t-direction. Here we finish the proof of 
Theorem 3. 
 
 
RECTIFIABILITY RESULT 
 

In this section, we will provide a slight rectifi-
ability result when considering a weakly converging 
sequence of weak solutions satisfying the strong sta-
tionary condition. We will see again that the gener-
alized monotonicity formulas play an important role. 

We set for 0<γ <1, K >0, and {ui}⊂WΛ, 
 

2
2

0 1/ 1
( ) : limsup sup ( , , ) ,

1 k
kk

K
x i

i r nn i

c rT t x I u t r K
c

γ

γ Ω
→∞ < <→∞

 
= ∈ ≥ + 
∩∩

 
where ik is any subsequence of i. Note that 

( ) ( )K
KT t T tγ γ

∞ = ∩ , and 
 

2
c 2

1
[ ( )] : limsup ( , , ) ,

1

                             uniformly for all (0,1/ ) .

k
kk

K
x i

in i

c rT t x I u t r K
c

r n

γ

γ Ω
→∞→∞


= ∈ < +

∈ 


∪ ∪
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It is easy to check that ( )KT tγ  is measurable, and so is 

( )T tγ
∞ . We have  

Lemma 5     (1) For any \ ( )x T tγΩ ∞∈ , there exist 

r0>0 and K>0 such that 1exp[2( 1) ]c r+ ⋅  

2 1( ( )) 1
m t

r
Kr B x r γµ
γ

− − + − 
 is a monotonically in-

creasing function of r∈(0,r0); 
(2) The nonnegative quantity Θ2

t(µt,x)= 
limr→0r2−mµ2

t(Br(x)) exists for every c( ( )) .t
rx T tΣ ∞∈ ∩  

Moreover, Θ2

t(µ2

t,x) vanishes on Ω \Σ t; 
(3) For Hm−2-a.e. c( ( )) ,tx T tγΣ ∞∈ ∩  the limit 

Φ2

t(ηt,x)=limr→0r2−mηt(Br(x)) exists, equals Θ2

t(µ2

t,x), 
and also vanishes on Ω \Σ 

t; 
(4) Suppose \ ( )t T tγΣ ∞  is nonempty. If 

c[ ( )]x T tγ
∞∈  with Θ2

t(µt,x)>0, then ( ).tx T tγΣ ∞∈ ∩  

Proof    Applying Lemma 2 (2) we have the state-
ments (1) and (2). By Eq.(13), Θ2

t(µt,x) vanishes on 
Ω \Σ t. Parts (3) and (4) follows from the fact that u is 
Hm−2-a.e. smooth. 

Similarly, we set for 0<γ<1 and K >0, 
 

2
2

0 1/ 1
.(0, ):limsup sup ( , )1 k

kk

K p
z i

i r nn i

c rS z T u r Kc

γ

γ Ω
→∞ < <→∞

=
 
∈ × ≥ + 

∩∩ I

 
Lemma 6  

(1) For any (0, ) \z T SγΩ ∞∈ × , there exist r0>0 

and K>0 s.t. ( )2 1 1
1exp[2( 1) ] ( ( )) (1 )m

rc r r P z Kr γµ γ− − −+ + −  

is a monotonically increasing function of r∈(0,r0); 
(2) The nonnegative quantity Θ(µ,z)= 

limr→0r2−mµ(Pr(z)) exists for every c( ) .z SγΣ ∞∈ ∩  

Moreover, Θ(µ,z) vanishes on Ω×(0,T)\Σ; 
(3) For Hm-a.e. c( ) ,z SγΣ ∞∈ ∩ the limit Φ(η,z)= 

limr→0r2−mη(Pr(z)) exists, equals Θ(µ,z), and also 
vanishes on Ω×(0,T)\Σ; 

(4) Suppose \ SγΣ ∞  is nonempty, then for any 
c( )z Sγ

∞∈  with Θ(µ,z)>0, we have \ .z SγΣ ∞∈  

Theorem 7    Suppose {ui} is a sequence in WΛ sat-
isfying the strong stationary condition, and ui→u 
weakly in W1(Ω×(0,T),S2), as i→∞, as in Theorem 2 

and Theorem 3. Then ( \ ( ))t t T tγΣη ∞  is Hm−2-recti-

fiable for almost all 0<t<T, and thus \ ( )t T tγΣ ∞  is 

Hm−2-rectifiable for almost all 0<t<T. 
Proof    The result will be followed when one shows 
that for Hm−2-a.e. x in \ ( ),t T tγΣ ∞ the quantity  

Φ2

t(ηt,x)>c>0, by Theorem 5.6 in (Preiss, 1987), and 
Lemma 5. We choose θ=ϕ2 in Eq.(5), where 

0 ( ( ))rC B xϕ ∞∈  is a cutoff function for small r. From 
the strong stationarity condition and Young’s ine-
quality, we obtain  
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for almost all t−r2<s<t+r2. Via Fubini’s theorem, we 
may choose a uniform c>0 and an si∈(t−r2, t+r2) such 
that 
 

2 2 2 2 2

( , ) ( )
( , ) ( )2 | | d | | d .

r r
ii iP x t B x

y s ycr f u z f u yϕ ϕ− ∇ ≤ ∇∫ ∫
 

The two estimates above imply that, 
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           (14) 

 

Set 
0 1/

{ : liminf ( , ) }t p
z iin r n

S x u rτ Ω τ
→∞< <

= ∈ ≥∪ ∩ I  for τ>0. 

Let δ>0. By Vitali’s covering theorem, we can cover 
tSτ  by a family of countable balls ˆ

jB  centered at x in 

,tSτ  where Bj in Ω are disjoint, with radii rj<δ /10, and 
satisfy the following 
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Letting δ→0, we find that for almost all 0<t<T, 
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because of 2

0
| | d ( (0, )) .t

T
u z T

Ω
ν Ω Λ∗+∂ × ≤∫ ∫  Now 

for every x in \ ( ( ) ),t tT t Sγ τΣ ∞ ∪  Eq.(14) yields that 
2

0( ( )) /16 ( ) 0m t
rr B x c cµ ε α τ− ≥ − >  for sufficiently 

small τ 0> ; thus Φ2

t(ηt,x)>0, by Lemma 5. We com-
plete the proof.  
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APPENDIX A 
 

In this appendix, authors will show an interesting 
trivial phenomenon on some matching-stationary 
condition. 
Definition A1    Let u∈W1(Ω×(0,T),S2). Suppose u 
satisfies Eq.(2) with the smooth positive map f. Let ξ, 
τ and uσ be as in Definition 1. Consider also the 
variation fσ(x,t)=f(x+σξ(x,t)), which consists of 
smooth positive maps on the closure of Ω for small |σ|. 
We say that (f,u) is a stationary pair of coupling 
function and weak solution for the system Eq.(2), if 
for all such ξ and τ, the following inequality holds  
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If (f,u) is a stationary pair, we also say that u is 
matching-stationary with f. 

Suppose u is matching-stationary with f. Let φ and 
θ be as in Lemma 1. A simple calculation gives that 
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| | div,

          , d 0

iu t it
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f uR u u

f u u x
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φ φ

φ

×
− ∇∂ ∂

+ ∂ ∂ ∂ =

∫
      (A1) 

 
holds for almost all t in (0,T), and Eq.(5) remains. 
Moreover, from Eq.(A1), the generalized monotonic-
ity inequalities of Moser’s and Ding’s types are also 
true. A similar argument as in Section 2 implies that u 
is also partially regular. However, from Remark 1, we 
can get that u satisfies Eq.(4) on the regular set of u; 
hence, we obtain directly from Eqs.(4) and (A1) that f 
or u is locally constant on the regular set of u. Here, 
we say a function w is locally constant on an open set 
Ω ′, if there is a nonempty open set V of Ω ′ such that w 
is constant on V. Thus, we have the unusual remark as 
follows: 
Remark A1    For a general coupling function f which 
is not local constant, the matching-stationary weak 
solution is necessarily a trivial solution.  


