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Abstract:    In this paper, we consider some polynomial (α,β)-metrics, and discuss the sufficient and necessary conditions for a 
Finsler metric in the form F=α+a1β+a2β2/α+a4β4/α3 to be projectively flat, where ai (i=1,2,4) are constants with a1≠0, α is a 
Riemannian metric and β is a 1-form. By analyzing the geodesic coefficients and the divisibility of certain polynomials, we obtain 
that there are only five projectively flat cases for metrics of this type. This gives a classification for such kind of Finsler metrics. 
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INTRODUCTION 
 

As we know, the flag curvature in Finsler ge-
ometry is a natural extension of the sectional curva-
ture in Riemannian geometry. Unlike the sectional 
curvature, the flag curvature K=K(P,y) of a manifold 
(M,F) depends on not only the section P⊂TxM but 
also a direction y within P. It is one of the funda-
mental problems to study and characterize Finsler 
metrics of scalar flag curvature, namely, the flag cur-
vature K=K(x,y) is a scalar function on TM. It is well 
known that a Riemannian metric is of scalar flag 
curvature if and only if it has isotropic sectional cur-
vature K=K(x) (=constant in dimension n>2 by the 
Schur Lemma). It is also well known that a Rieman-
nian metric is locally projectively flat if and only if it 
is of constant sectional curvature (Beltrami theorem). 
However, this is not the case for the flag curvature of 
Finsler metrics. There are many Finsler metrics of 
scalar flag curvature, but not of constant flag curva-
ture. We know that every locally projectively flat 
Finsler metric has scalar flag curvature (Shen, 2004). 
Thus locally projectively flat Finsler metrics form a 
rich class of Finsler metrics of scalar flag curvature. 
On the other hand, the Hilbert Fourth Problem in the 
regular case is on the study and characterization of 

projectively flat Finsler metrics on a convex domain 
in ún. Therefore, it is important to study locally pro-
jectively flat Finsler metrics. 

An important class of Finsler metrics are 
(α,β)-metrics defined by a Riemannian metric 
α=[aij(x)yiyj]1/2 and a 1-form β=bi(x)yi in the form 
F=αφ(s), s=β/α. Where φ=φ(s) is a positive C∞ on 
some open interval (−bo,bo) satisfying certain condi-
tion. If we take φ=1+s, we get the so-called Randers 
metric F=α+β. If we take φ=1+εs+s2, we obtain an-
other interesting metric F=α+εβ+β2/α. If we take φ= 
1+εs+2s2−s4/3, we obtain F=α+εβ+2β2/α−β4/(3α3). 
We know that a Randers metric F=α+β is locally 
projectively flat if and only if α is locally projectively 
flat and β is closed (Shen, 2003). This is due to (Bácsó 
and Matsumoto, 1997). The other two metrics are 
studied in (Shen and Civi Yildirim, 2005; Mo et al., 
2006; Shen and Zhao, 2006).  

In this paper, we shall consider the following 
class of (α,β)-metrics 
 

F=α+a1β+a2β2/α+a4β4/α3, 
 
where ai (i=1,2,4) are constants and a1≠0. Clearly, 
this class contains all the above-mentioned metrics. 
And we prove the following main theorem: 
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Theorem 1    Let F be a Finsler metric of the form 
F=α+a1β+a2β2/α+a4β4/α3, where α is a Riemannian 
metric, β is a 1-form, and ai (i=1,2,4) are constants 
with a1≠0. Then F is projectively flat if and only if 
one of the following cases occurs: 

(1) a2=a4=0, α is projectively flat and β is a 
closed 1-form. 

(2) a2≠0, a4=0 and 
 

(i) 1 2
| 2 2[( 2 ) 3 ],i j ij i jb a b a b bτ −= + −  

(ii) 2
2 ,i i iG y bα η τ α= −  

 
where τ2=τ2(x), η=ηi(x)yi, b is the norm of β with 
respect to α. 

(3) a2=2k, a4=−k2/3, where k is a nonzero con-
stant and 
 

(i) bi|j=τ3[(1+4kb2)aij−5kbibj], 
(ii) 2

32 ,i i iG y k bα ζ τ α= −  
 
where τ3=τ3(x), ζ=ζi(x)yi. 

(4) a4>0, α is projectively flat, β is parallel w.r.t. 

α and the norm 2 2
2 4 2 4( 12 ) /(6 ).b a a a a= + −  

(5) a4<0, a2>0, 2
2a +12a4>0, α is projectively flat, 

β is parallel w.r.t. α and 2 2
2 4 2 4( 12 ) /(6 ).b a a a a= ± + −  

This main theorem gives a classification for such 
kind of Finsler metrics. 
 
 
(α,β)-METRICS 

 
By definition, an (α,β)-metric is expressed in the 

form F=αφ(s), s=β/α, where α=(aijyiyj)1/2 is a Rie-
mannian metric, β=bi(x)yi a 1-form, and φ=φ(s) a 
positive smooth function on an open interval (−bo,bo) 
satisfying 
 

φ(s)−sφ′(s)+(b2−s2) φ″(s)>0, ∀|s|≤b<bo. 
 
It is known that F is a Finsler metric if and only if 
||β||α<bo (Hilbert, 1902). 

Let bi|j denote covariant derivative of β with re-
spect to α. And define 
 

| |( ) / 2,ij i j j ir b b= + | |( ) / 2,ij i j j is b b= −  

si=b 
jsij, ,i ik

j kjs a s=  

and 
r00= rijyiyj, s0=siyi, 0 ,i i j

js s y=  si0=sijyj. 
 
Clearly, β is closed if and only if sij=0. 

The spray coefficients of F and α, denoted by Gi 
and iGα  respectively, are given by 
 

2 2{[ ] [ ] },
4 k l l

il
i k

x y x

gG F y F= −

2 2{[ ] [ ] },
4 k l l

il
i k

x y x

aG yα α α= −  

 

where (gij):=(gij)−1, 2: [ ] / 2i jij y y
g F=  and (aij):=(aij)−1. 

Here and from now on, 2[ ] ,iy
F i jx y

F respectively 

mean ∂F2/∂yi, ∂2F/(∂xi∂yj), etc. For the relation be-
tween G and Gα, we have the following 
Lemma 1 (Shen and Civi Yildirim, 2005)    The spray 
coefficients Gi are related to iGα  by 
 

0 0 00

0 00

{ 2 } /

      { 2 }{ / },

i i i i

i i

G G Qs J Q s r y

H Q s r b sy
α α α α

α α

= + + − +

+ − + −
       (1) 

where 

2 2

2 2

( ): ,    : ,
2 [( ) ( ) ]

: ,
2[( ) ( ) ]

sQ J
s s b s

H
s b s

ϕ ϕ ϕ ϕ
ϕ ϕ ϕ ϕ ϕ ϕ

ϕ
ϕ ϕ ϕ

′ ′ ′−
= =

′ ′ ′′− − + −
′′

=
′ ′′− + −

  

 
where s=β/α and b=||βx||α. 

Eq.(1) is given in (Shen, 2004; Chern and Shen, 
2005), and a different version can be found in (Kita-
yama et al., 1995; Matsumoto, 1998). 

It is well known that a Finsler metric F=F(x,y) 
on an open subset U⊂ún is projectively flat if and 
only if  
 

                       0.k l l
k

x y x
F y F− =                         (2) 

 
This is due to (Hamel, 1903). And according to this 
result, it is obtained that 
Lemma 2 (Shen and Civi Yildirim, 2005)    An (α,β)- 
metric F=αφ(s), where s=β/α, is projectively flat on 
an open subset U⊂ún if and only if  

 
2 3

0

0 00

( )
( 2 )( ) 0.

m
ml m l l

l l

a y y G Qs
H Qs r b sy

αα α
α α α
− +

+ − + − =
         (3) 
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Another important property of Gα is: 
Lemma 3 (Yu and You, 2006)    If (amlα2−ymyl) mGα =0, 
then α is locally projectively flat. 
 
 
POLYNOMIAL (α,β)-METRICS 
 

In this section, we consider a special kind of 
(α,β)-metrics which are called polynomial (α,β)- 
metrics. A Finsler metric is called a polynomial 
(α,β)-metric if it has the form 
 

1
1 1

1 ,
in n

i i
i i

i i

a
F a s

β
α α

α −
= =

 
= + = + 

 
∑ ∑  

 
where n and ai (i=1,…,n) are constants. If we take n=1 
and a1=1, then the metric is a Randers metric; if we 
allow n to go to infinity and take all ai equal to 1, then 
the resulting metric is the Matsumoto metric. The 
case n=a1=2 and a2=1 was studied by Shen and Civi 
Yildirim (2005); Senarath and Thornley (2004) stud- 
ied the case n=2, a1=0 and a2=1; Shen and Zhao (2006) 
studied such metrics with a2=2k, a3=0 and a4=−k2/3. 

Next, we will classify the projectively flat 
polynomial (α,β)-metrics of form  
 

F=α(1+a1s+a2s2+a4s4),                    (4) 
 
where a1, a2 and a4 are constants with a1≠0. And 
according to the following discussion, Theorem 1 will 
be proved. 

Let bo=bo(a1,a2,a4)>0 be the largest number such 
that ∀|s|≤b<bo, 
 

2 4
1 2 4

2 2 2 4
2 4 2 4

1+ >0,

(1 2 ) (12 3 ) 15 >0,

a s a s a s

b a b a a s a s

 + +


+ + − −
   (5) 

 
then F is a Finsler metric if and only if b=||βx||α<bo for 
any point x of the manifold. From now on, we always 
assume that a1, a2 and a4 satisfy Eq.(5). 

In order to see under what condition F of Eq.(4) 
is projectively flat, we should apply Lemma 2. First 
we compute the coefficients 
 

3
1 2 4

2 4
2 4

2 4 ,
1 3
a a s a sQ

a s a s
+ +

=
− −

 

3
1 2 4

2 4
1 2 4

2 4
2 4

2 4 2 2 2
2 4 2 4

2 41
2 1

1 3      ,
1 3 15 2 12

a a s a sJ
a s a s a s

a s a s
a s a s b a b a s

+ +
= ⋅

+ + +

− −
− − + +

  

2
2 4

2 4 2 2 2
2 4 2 4

6 .
1 3 15 2 12

a a sH
a s a s b a b a s

+
=

− − + +
 

 
Then Eq.(3) is reduced to the following one 
 

3 3
2 1 2 4 0

2 4
2 4

2
2 4

2 4 2 2 2
2 4 2 4

3
21 2 4

0 002 4
2 4

( 2 4 )( )
1 3

6
1 3 15 2 12

2 42 ( ) 0.
1 3

m l
ml m l

l l

a a s a s sa y y G
a s a s

a a s
a s a s b a b a s

a a s a s s r b y
a s a s

α
α

α

α α β

+ +
− +

− −

+
+ ⋅

− − + +

 + +
− + − = 

− − 

(6) 

 
First, we rewrite Eq.(6) as a polynomial in yi and α, 
which is linear in α. This gives 
 

4 2 2 4 2 4 2 2 2
2 4 2 4

4 2 2 4 2
2 4

3 2 3 4
1 2 4 0

4 2 2 4 2 4 2 2 2
2 4 2 4

4 3 2 3 2 2 2
1 2 4 0 2 4

2 2
2 4

0 ( 3 15 2 12 )

  ( 3 )( )

( 2 4 )

  ( 3 15 2 12 )

2 ( 2 4 ) ( 6 )( )

( 6

m
ml m l

l

l l

a a b a b a

a a a y y G

a a a s

a a b a b a

a a a s a a b y

a a

α

α β α β α β α

α β α β α

α βα β α

α β α β α β α

α α βα β α β α β

α β

= − − + + ⋅

− − −

+ + + ⋅

− − + +

− + + + −

+ + 4 2 2 4 2 2
2 4 00)( 3 ) ( ).l la a r b yα β α β α α β− − −

(7) 
 

The coefficients of α must be zero (note: αeven is a 
polynomial in yi). We obtain 
 

sl0a1α7(α4−3a2β2α2−15a4β4+2b2a2α4+12b2a4β2α2) 
=2a1α7s0(a2α2+6a4β2)(blα2−βyl). 

 

Since a1≠0, we have 
 

sl0(α4−3a2β2α2−15a4β4+2b2a2α4+12b2a4β2α2) 
=2s0(a2α2+6a4β2)(blα2−βyl).                              (8) 

 

Contracting Eq.(8) with bl yields 
 

s0(α4−a2β2α2−3a4β4)=0.                     (9) 
 
For α4−a2β2α2−3a4β4≠0, we have s0=0. Then it fol-
lows from Eqs.(5) and (8) that 
 

sl0=0.                                (10) 
 

Thus β is closed.  
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Now sij=0, then Eq.(7) can be reduced to the 
following 
 

4 2 2 4 2 4 2 2 2
2 4 2 4

2 2 2 2 2
2 4 00

( 3 15 2 12 )

( ) ( 6 ) ( ) 0.m
ml m l l l

a a b a b a

a y y G a a r b yα

α β α β α β α

α α β α α β

− − + + ⋅

− + + − =
(11) 

Then, contracting Eq.(11) with bl, we get 
 

4 2 2 4 2 4 2 2 2
2 4 2 4

2 2 2 2 2 2 2
2 4 00

( 3 15 2 12 )

( ) ( 6 ) ( ) 0.m
m m

a a b a b a

b y G a a r bα

α β α β α β α

α β α β α α β

− − + + ⋅

− + + − =
          

(12) 
We now distinguish several cases. 

Case 1    a2=a4=0 
Then, the metric is a Randers metric. It is well 

known that a Randers metric F=α+β is projectively 
flat if and only if α is projectively flat and β is a closed 
1-form, which is case (1) of Theorem 1. 
Case 2    a2=0 and a4≠0 

Then, Eq.(12) is reduced to the following 
 

4 4 2 2 2 2
4 4

2 2 2 2 2
4 00

( 15 12 )( )

6 ( ).

m
m ma b a b y G

a r b
αα β β α α β

β α α β

− + −

= − −
 (13) 

 
First consider this equation on the open subset 

where b≠0. Since α4−15a4β4+12b2a4α2β2 is not di-
visible by α2 or β2, it must be divisible by b2α2−β2. 
Thus, there are two functions c1 and c2 such that  
 
α4−15a4β4+12b2a4α2β2=(b2α2−β2)(c1α2+c2β2).   (14) 

 
We can then get the equation system 
 

2 2 2
1 2 1 4 2 41;  12 ;  15 .c b b c c b a c a= − = =  

 
Hence we rewrite this system as 
 

c1=b−2, c2=5b−4, a4=1/(3b4).  
 

Now, we can see a4 is a positive number, and c1, 
c2, b are actually constant. Typically, we write a4>0, 
and b=(3a4)−1/4. By continuity, b is identically zero or 
should never vanish. The first case is Riemannian 
which can be covered by Case 1, hence we just con-
sider the second case b=(3a4)−1/4. 

Thus, Eq.(13) can be reduced to  

2 2 2 4 2 2 2 4
00( / 5 / )( ) 2 / .m

m mb b b y G r bαα β α β β α+ − = −    
(15) 

 

Since α2/b2+5β2/b4 is not divisible by 2β2/b4 and α2, it 
must be divisible by r00. Therefore, there must be a 
scalar function τ1=τ1(x) such that  
 

r00=τ1(b2α2+5β2).                           (16) 
 

Notice that β is a closed 1-form, we have 
 

bi|j=rij=τ1(b2aij+5bibj).                     (17) 
 
Contracting with bi, since b is a constant, we obtain 
0=bibi|j=6τ1bjb2. Because b>0, we get τ1=0 and r00=0. 
From Eq.(17), we have bi|j=0, i.e., β is parallel with 
respect to α. Thus, Eq.(11) is reduced to 
 

2 2 2 2 2 2 4 2( )( / 5 / )( ) 0.m
ml m lb b b a y y Gαα β α β α− + − =                         

(18) 
 

Since (b2α2−β2)(α2/b2+5β2/b4)≠0, we must have 
2( ) 0.m

ml m la y y Gαα − =  From Lemma 3, we have 0,iGα =  
i.e., α is projectively flat. 

Finally, in this case, we have the following result: 
The Finsler metric F=α+a1β+a4β4/α3 (a1, a4≠0) is 
projectively flat if and only if α is projectively flat, β 
is parallel with respect to α and a4=1/(3b4). 

This case is contained in case (4) of Theorem 1. 
Case 3    a2≠0 and a4=0 

In this case, the metric is F=α(1+a1s+a2s2), 
which was studied by Shen and Civi Yildirim (2005). 
We see that F=α(1+a1s+a2s2) is projectively flat if 
and only if 

 

(1) 2
2 ,i i iG y bα η τ α= −  

(2) 1 2
| 2 2[( 2 ) 3 ],i j ij i jb a b a b bτ −= + −  

 
where τ2=τ2(x), η=ηi(x)yi and a2 is a nonzero constant. 

In this case,  
 

2
2 1 2

2 3 3 22
2 1 2

(1 )( 2 )( ) , : .
2 (1 )

i i a s a a sG y a s
a a s a s

η τ αχ χ
− +

= + = −
+ +

 

 
Hence case (2) in Theorem 1 is true. 
Case 4    a2≠0 and a4≠0 

In this case, recall Eq.(12), 
 

 α4−3a2β2α2−15a4β4+2b2a2α4+12b2a4β2α2       (19) 
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is divisible by (a2α2+6a4β2) or (b2α2−β2) at each point. 
Again, we consider them when b≠0. We now have to 
distinguish two further cases. 
Case (i)    Expression (19) is divisible by (a2α2+6a4β2) 
at some point. 

Then, there are two numbers c3 and c4 such that 
 

α4−3a2β2α2−15a4β4+2b2a2α4+12b2a4β2α2 
=(a2α2+6a4β2)(c3α2+c4β2).                (20) 

 
We can get the equation system 
 

2
3 2 2

2
3 4 4 2 4 2

4 4 4

1 2 ,

6 12 3 ,
6 15 .

c a b a

c a c a b a a
c a a

 = +


+ = −
 = −

 

 
Solving this system, since a2≠0 and a4≠0, we get 
 

2 1 2
3 2 4 2 42 ,  5 / 2,  12 .c b a c a a−= + = − = −  

 
Without loss of generality, we take a2=2k and 
a4=−k2/3, then the metric can be expressed as 
 

F=α+a1β+2kβ2/α−k2β4/(3α3), 
 

where k is a nonzero real number. Fortunately, this 
case has been studied by Shen and Zhao (2006), and 
the result is as follows: 
Proposition 1 (Shen and Zhao, 2006)    The Finsler 
metric F=α+a1β+2kβ2/α−k2β4/(3α3) (k≠0) is projec-
tively flat if and only if 

 

(1) 2
32 ,i i iG y k bα ζ τ α= −  

(2) bi|j=τ3[(1+4kb2)ai−5kbibj], 
 
where  τ3=τ3(x), ζ=ζi(x)yi. 

Now, this proposition ends the discussion of this 
case which is just case (3) of Theorem 1. 
Case (ii)    Expression (19) is divisible by (b2α2−β2) at 
each point. 

Similarly, we have two functions c5 and c6 such 
that  
 

α4−3a2β2α2−15a4β4+2b2a2α4+12b2a4β2α2 
=(b2α2−β2)(c5α2+c6β2).                     (21) 

 
We get the following system 
 

2 2
5 2

2 2
6 5 4 2

6 4

1 2 ,

12 3 ,
15 .

c b b a

b c c b a a
c a

 = +


− = −
 =

 

 

Rewriting the system, we have 
 

2 2
5 2

2 4
6 2

2 4
4 2

(1 2 ) / ,

5(1 ) / ,

(1 ) /(3 ).

c b a b

c b a b

a b a b

 = +


= −
 = −

 

 
This implies c5, c6 and b are all constant. Again, we 
know b is identically zero or never vanishes as in 
Case 2. Moreover, the third equation means 3a4b4+ 
a2b2−1=0 and the only possible solutions are 
 

(1) a4>0, and ( )
1/ 2

2
2 4 2 412 (6 ) ,b a a a a = + −  

 

(2) a4<0, a2>0, 2
2 412 0a a+ ≥  and 

( )
1/ 2

2
2 4 2 412 (6 ) .b a a a a = ± + −  

 

 

Since 2
2 412 0a a+ =  is just case (1), we can drop it. 

Now, substituting Eq.(21) and c5, c6 and a4 into 
Eq.(12), one can get 
 

2 2 2 2 2 2
2 2

4 2 2 2 2
2 2 00

{ (1 2 ) 5(1 ) }( )

     { 2(1 ) } .

m
m mb b a b a b y G

a b b a r
αα β α β

α β α

+ + − −

= − + −
 (22) 

 
If b2(1+2b2a2)α2+5(1−b2a2)β2 is divisible by a2b4α2+ 
2(1−b2a2)β2, then 
 

2 2 2
2 2

4 2
2 2

(1 2 ) 5(1 ) .
2(1 )

b b a b a
a b b a
+ −

=
−

 

 
Solving this equation, we have a2=2/b2. In this case, 
a4=−1/(3b4), so that  
 

F=α[1+a1s+2s2/b2−s4/(3b4)]. 
 

From Lemma 4.1 in (Shen and Zhao, 2006), we 
know that it is not a Finsler metric which leads to a 
contradiction. Thus, a2≠2/b2 and b2(1+2b2a2)α2+ 
5(1−b2a2)β2 is not divisible by a2b4α2+2(1−b2a2)β2.  
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Because b2(1+2b2a2)α2+5(1−b2a2)β2 is not di-
visible by α2, 2( ) m

m mb y Gαα β−  must be divisible by 
α2[a2b4α2+2(1−b2a2)β2]. Therefore, there is a scalar 
function τ4=τ4(x) such that  

 
r00=τ4{b2(1+2b2a2)α2+5(1−b2a2)β2}.        (23) 

 
Note that β is closed, so  
 

bi|j=rij=τ4{b2(1+2b2a2)aij+5(1−b2a2)bibj}.    (24) 
 
Contracting with bi, since b is a constant, we have 
 

0= bibi|j=(6−3b2a2)τ4b2bj.  
 
Since 6−3b2a2≠0, we have τ4=0. From Eq.(24), we 
have bi|j=0, i.e., β is parallel with respect to α. Thus 
Eq.(11) is reduced to 
 

2 2 2 2 2
2 2

2 2 2 2

{ (1 2 ) 5(1 ) }

( )( ) 0.m
ml m l

b b a b a

b a y y Gα

α β

α β α

+ + − ⋅

− − =
         (25) 

 
Since {b2(1+2b2a2)α2+5(1−b2a2)β2}(b2α2−β2)≠0, we 
have 2( ) 0.m

ml m la y y Gαα − =  From Lemma 3, we get 

0,iGα =  i.e., α is projectively flat. 
In this case, we have the following conclusion: 

The metric F=α+a1β+a2β2/α+a4β4/α3 is projectively 
flat if and only if α is projectively flat, β is parallel 
with respect to α, and b is a positive constant satis-
fying 3a4b4+a2b2−1=0, where a2 and a4 satisfy a4>0, 
a2≠0 or a4<0, a2>0 and 2

2a +12a4>0. 
Then combining with Case 2, cases (4) and (5) of 

Theorem 1 have been proved. 
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