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Abstract:    We consider the Cauchy problem, free boundary problem and piston problem for one-dimensional compressible 
Navier-Stokes equations with density-dependent viscosity. Using the reduction to absurdity method, we prove that the weak 
solutions to these systems do not exhibit vacuum states, provided that no vacuum states are present initially. The essential re-
quirements on the solutions are that the mass and energy of the fluid are locally integrable at each time, and the Lloc

1-norm of the 
velocity gradient is locally integrable in time. 
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INTRODUCTION 
 

The Navier-Stokes equations express the con-
servation of mass and the balance of momentum as 
follows: 

 
ρt+(ρu)x=0,                                   (1) 

(ρu)t+(ρu2+P)x=(µux)x+ρf,   (x,t)∈ú×ú+,            (2) 
 
where ρ, u, P, µ and f denote the density, velocity, 
pressure, viscosity coefficient and external force, 
respectively. We assume that P=P(ρ,x,t) and 
µ=µ(ρ,x,t) satisfying 
 

P(0,x,t)=0,   x∈ú,  0≤t≤T,                      (3) 
µ(0,x,t)=µ>0,   x∈ú,  0≤t≤T,                  (4) 

 
where T>0 is a positive time which will be fixed 
throughout the paper. Considering the case that 
P=P(ρ) and µ=µ(ρ), Zhang (2006) proved a global 
existence result of the weak solution to the 1D com-

pressible isentropic Navier-Stokes equations. For the 
external force f in this paper, we assume only that 
 
                          f∈L1([0,T]; loc ( )L∞ \ ).                        (5) 
 

In physics and mathematics, an interesting 
question is whether the density develops vacuum 
states in finite time. Hoff and Smoller (2001) con-
sidered the case that the viscosity coefficient is a 
positive constant, and proved that weak solutions of 
the Cauchy problem for the Navier-Stokes equations 
do not exhibit vacuum states, provided that no vac-
uum states are present initially. For the spherically 
symmetric case, see (Xin and Yuan, 2006). Indeed, 
the viscosity µ of the real gas varies with the density 
(Jiang, 1994). In this paper, we prove the similar re-
sults for weak solutions to the Cauchy problem, free 
boundary problem and piston problem for the Na-
vier-Stokes equations with density-dependent viscos-
ity. 

First, we consider the Cauchy problem. The 
weak solution of the Cauchy problem is defined in the 
usual way: we say that (ρ, u) is a weak solution of 
Eqs.(1) and (2) on ú×[0,T] provided that 

Journal of Zhejiang University SCIENCE A 
ISSN 1673-565X (Print); ISSN 1862-1775 (Online) 
www.zju.edu.cn/jzus; www.springerlink.com 
E-mail: jzus@zju.edu.cn 

 
‡ Corresponding author 
* Project supported by the National Natural Science Foundation of 
China (No. 10571158) and the DFG 



Zhang et al. / J Zhejiang Univ Sci A   2007 8(10):1681-1690 1682

(H1) ρ and ρu are in C([0,T ]; 1
loc ( )H − \ ) with ρ being 

nonnegative; ρ(·,t) and ρu(·,t) are in 1
loc ( )L \  for each 

t∈[0,T]; ρu2, P(ρ,·,·) and µux are in L1([−L,L]×[0,T]) 
for any L>0; (ρ, u) satisfies 
 

      1 1

2 2
d [ ]d d ,

t t

t xt t
x u x tρϕ ρϕ ρ ϕ= +∫ ∫ ∫           (6) 

and 
1 1

2 2

d [ ( )

( ) ]d d

t t

t xt t

x x

u x u u

P u f x t

ρ ϕ ρ ϕ ϕ

µ ϕ ρ ϕ

= + +

− +

∫ ∫ ∫      (7) 

 

for all test function φ∈ 1 2( ),cC \  t1, t2∈[0,T]. 
It follows as a consequence of (H1) that, for any 

L>0, there is a positive constant C(L) such that 
 

( , )d ( ), [0, ].
L

L
x t x C L t Tρ

−
≤ ∀ ∈∫              (8) 

 
Furthermore, we assume that 

(H2) ux∈L1([0,T]; 1
loc ( )L \ ). There is a function γ(t)∈ 

L1([0,T]) such that, for all L>0 and almost all t∈[0,T], 
 

2d ( )(1 ),
L

L
u x t Lρ γ

−
≤ +∫           (9) 

and 

d ( )(1 ).
L

xL
u x t Lγ

−
≤ +∫                   (10) 

 
For any L>0, there is a positive constant C(L) such 
that 
 

d ( ), [0, ].
L

L
u x C L t Tρ

−
≤ ∀ ∈∫           (11) 

 
(H3) There is a nonnegative continuous “potential 
energy density” function G(ρ,x,t) on ú+×ú×[0,T], 
such that 
(H3.1) there exist two positive constants C0 and ρ 
such that, for all (x,t)∈ú×[0,T] and ρ∈[0,ρ], 
 

C0G(ρ,x,t)≥1.                         (12) 
 
(H3.2) there exist two constants C1>0 and θ∈[0,1) 
such that, for all x0∈ú, L>0 and t∈[0,T], 
 

0

0
0 0 1( , , )d .

x L

x
C G x t x C C Lρ θ

+
≤ +∫             (13) 

Remark 1    The conditions (H1)~(H3) are modified 
from (Hoff and Smoller, 2001). Here, we only require 
that the 1

locL -norm of the velocity gradient is inte-
grable in time, which is a somewhat weaker re-
quirement than that made in (Hoff and Smoller, 
2001). 
Theorem 1    Assume that P, µ and f satisfy conditions 
(3)~(5), let (ρ, u) be a solution of Eqs.(1) and (2) on 
[0,T] satisfying assumptions (H1)~(H3). If 

( ,0)d 0
E

x xρ >∫  for every open subset E⊂ú, then 

( , )d 0
F

x t xρ >∫ for every open subset F⊂ú and 

t∈[0,T]. 
Remark 2    In (Hoff and Smoller, 2001), the argu-
ments need some small adjustments. In Page 273 of 
their paper, 

( )
|| ||

L Bjk
u uε ∞+ ≤ does not contradict 

Eq.(2.36) if ū<0. Duan and Zhao (2005) first pointed 
out this one. In addition, we must point out another 
one: from Lemma 2.2 of (Hoff and Smoller, 2001), 
one can only obtain that ρ(·,s′)=0 a.e. on 
 

( )( ( ), ( )) ( ( ), ( ))
( ) d , ( ) d ,

s s

s sL y s z s L y s z s
y s u t z s u t

∞ ∞

′ ′
+ −∫ ∫  

 
since (y(s), z(s))⊂(−w(t), w(t)) does not hold in gen-
eral. We include these modifications in our proof. 

Using similar arguments in the proof of Theorem 
1, we could obtain the following result, and omit the 
details of the proof. 
Theorem 2    Assume that P, µ and f satisfy condi-
tions (3), (5) and µ(0, x, t)=0. Let (ρ, u) be a solution 
of Eqs.(1) and (2) on [0,T] satisfying assumptions 
(H1)~(H3) and satisfying ux∈L1(0,T; loc ( ))L∞ \ and 
uxx=0 in D′(V), where V={(x, t)|ρ(x, t)=0}. If 

( ,0)d 0
E

x xρ >∫  for every open subset E⊂ú, then 

( , )d 0
F

x t xρ >∫ for every open subset F⊂ú and 

t∈[0,T].  
 
Free boundary problem 

Using similar arguments in the proof of Theorem 
1, we could obtain the same result for the following 
free boundary problem: 

 
ρt+(ρu)x=0,                              (14) 

(ρu)t+(ρu2+P)x=(µux)x+ρf,  (x,t)∈(b(t),∞)×ú+,  (15) 
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where b(t) is the free boundary satisfying b(0)=b0, 
b′(t)=u(b(t),t), with the boundary condition being 
 

(P−µux)|x=b(t)=PΓ(t).                      (16) 
 
Here, b0 is a given constant and PΓ is the external 
pressure satisfying PΓ∈L1([0,T]). We say that (ρ, u, b) 
is a weak solution of Eqs.(14)~(16) provided that 
 
(F1) b∈C([0,T]), u∈L1([0,T];C[b(t),b(t)+L]), ∀L>0, 

the equality 0 0
( ) ( ( ), )d

t
b t b u b s s s= + ∫  holds ∀t∈[0,T]; 

ρ and ρu are in C([0,T]; 1
locH − ([b(t),∞))) with ρ being 

nonnegative; ρ(·,t) and ρu(·,t) are in 1
locL ([b(t),∞)) for 

each t∈[0,T]; ρu2, P(ρ,·,·) and µux are in 
L1([b(t),b(t)+L]×[0,T]), ∀L>0; (ρ, u, b) satisfies 
 

11

2 2( ) ( )
d [ ]d d ,

tt
t xtb t t b t

x u x tρϕ ρϕ ρ ϕ
∞ ∞

= +∫ ∫ ∫  

and 
11

2 2

1

2

( ) ( )
d [ ( )

      ( ) ]d d ( ( ), )d

tt
t xtb t t b t

t

x x t

u x u u

P u f x t P b t t t

ρ ϕ ρ ϕ ϕ

µ ϕ ρ ϕ ϕ

∞ ∞

Γ

= + +

− + +

∫ ∫ ∫

∫
 

 

for all test function φ∈ 1 2( ),cC \  t1, t2∈[0,T]. 
(F2) There is a function γ(t)∈L1([0,T]) such that, for 
all L>0 and almost all t∈[0,T], 
 

( ) 2

( )
d ( )(1 ),

b t L

b t
u x t Lρ γ

+
≤ +∫  

and 
( )

( )
d ( )(1 ).

b t L

xb t
u x t Lγ

+
≤ +∫  

 
For any L>0, there is a positive constant C(L) such 
that 
 

( )

( )
d ( ), [0, ].

b t L

b t
u x C L t Tρ

+
≤ ∀ ∈∫  

 
(F3) G(ρ, x, t) satisfies 
(F3.1) there exist two positive constants C0 and ρ such 
that C0G(ρ,x,t)≥1, for all (x,t)∈[b(t),∞)×[0,T] and 
ρ∈[0, ρ]; 
(F3.2) there exist two constants C1>0 and θ∈[0,1) 

such that 0

0
0 0 1( , , )d ,

x L

x
C G x t x C C Lρ θ

+
≤ +∫  for all 

(x0,t)∈[b(t),∞)×[0,T] and L>0. 

Theorem 3    Assume that P, µ and f satisfy conditions 
(3)~(5), let (ρ,u) be a solution of Eqs.(14)~(16) on 
[0,T] satisfying assumptions (F1)~(F3). If 

( ,0)d 0
E

x xρ >∫  for every open subset E⊂[b0,∞), then 

( , )d 0
F

x t xρ >∫  for every open subset F⊂[b(t),∞) and 

t∈[0,T]. 
Remark 3    For the free boundary problem of 1D 
isentropic fluids with degenerate viscosity, see 
(Zhang and Fang, 2006) and the references therein. 
 
Piston problem 

Using similar arguments in the proof of Theorem 
1, we also can obtain the same result for the following 
piston problem: 
 

ρs+(ρv)y=0,                                   (17) 
(ρv)s+(ρv2+P)y=(µuy)y, (y,s)∈(b(s),∞)×ú+,  (18) 

 
where b(s) is the free boundary satisfying b(0)=b0, 
b′(s)=v0(s); v0∈L1([0,T]) is the given velocity of the 
piston, and the boundary condition is 
 

v|y=b(s)=v0(s).                          (19) 
 

Using the transformation 00
d ,

s
x y v s′= − ∫  t=s, u=v−v0, 

we could transform Eqs.(17)~(19) to  
 

ρt+(ρu)x=0,                             (20) 
(ρu)t+(ρu2+P)x=(µux)x,  (x,t)∈(0,∞)×ú+,       (21) 

          u(0,t)=0.                                   (22) 
 
We say that (ρ, u) is a weak solution of Eqs.(20)~(22)  
provided that 
(P1) ρ and ρu are in C([0,T]; 1

locH − ([0,∞))) with ρ being 

nonnegative; ρ(·,t) and ρu(·,t) are in 1
locL ([0,∞)) for 

each t∈[0,T]; ρu2, P(ρ,·,·) and µux are in 
L1([0, L]×[0,T]) for any L>0; (ρ, u) satisfies 
 

1 1,1
0(0, ; (0, )),u L T Wψ ∈ ∞  

11

2 20 0
d [ ]d d ,

tt
t xt t

x u x tρψ ρψ ρ ψ
∞ ∞

= +∫ ∫ ∫  
 

and 
 

11

2 20 0
d [ ( ) ( ) ]d d

tt
t x x xt t

u x u u P u x tρ ϕ ρ ϕ ϕ µ ϕ
∞ ∞

= + + −∫ ∫ ∫



Zhang et al. / J Zhejiang Univ Sci A   2007 8(10):1681-1690 1684

for all test functions 1 2( ),cCψ ∈ R  1( ),cCϕ +∈ ×R R  
t1, t2∈[0,T]. 
(P2) There is a function γ(t)∈L1([0,T]) such that, for 
all L>0 and almost all t∈[0,T], 
 

2

0
d ( )(1 ),

L
u x t Lρ γ≤ +∫  

and 

0
| | d ( )(1 ).

L

xu x t Lγ≤ +∫  

 
For any L>0, there is a positive constant C(L) such 
that 
 

0
| | d ( ), [0, ].

L
u x C L t Tρ ≤ ∀ ∈∫  

 
(P3) G(ρ, x, t) satisfies 
(P3.1) there exist two positive constants C0 and ρ such 
that C0G(ρ,x,t)≥1, for all (x,t)∈[0,∞)×[0,T] and 
ρ∈[0, ρ]; 
(P3.2) there exist two constants C1>0 and θ∈[0,1) 

such that 0

0
0 0 1( , , )d ,

x L

x
C G x t x C C Lρ θ

+
≤ +∫  for all 

(x0,t)∈[0,∞)×[0,T] and L>0. 
Theorem 4    Assume that P and µ satisfy conditions 
(3) and (4), let (ρ, u) be a solution of Eqs.(20)~(22) on 
[0,T] satisfying assumptions (P1)~(P3). If 

( ,0)d 0
E

x xρ >∫  for every open subset E⊂[0,∞), then 

( , )d 0
F

x t xρ >∫  for every open subset F⊂[0,∞) and 

t∈[0,T]. 
In this paper, by using some precise estimates, 

we obtain a result under the general case that the 
viscosity coefficient depends on the density. There-
fore, our procedure is very similar to that of (Hoff and 
Smoller, 2001), and many proofs of the lemmas are 
just modified to our case, but for the convenience of 
the reader, we still give the details. 
 
 
PROOF OF THEOREM 1 
 

Throughout this section, C will denote a uni-
versal positive constant whose precise meaning will 
be clear from the context. 
Lemma 1    Under the assumptions of Theorem 1, we 

have u∈L1([0,T]; ∞
locL (ú)). In fact, there is a constant 

C2>0 such that for any L>0, 
 
                2( , )

|| ( , ) || ( )(1 )
L L L

u t C t Lγ∞ −
⋅ ≤ +              (23) 

 
for almost all t∈[0,T]. 
Proof    From assumption (H2), ux(·,t)∈ 1

locL , for al-
most all t∈[0,T]. Now we have to prove that Eq.(23) 
holds true ∀t∈{s∈[0,T]|ux(·,s)∈ 1

locL }. Define 
 

Al,a={x∈[a,a+l]|ρ(x,t)≤ρ} 
 
for any given l>0 and a∈[−L,L]. Since Eq.(12) im-
plies that C0G(ρ,x,t)≥1 if 0≤ρ≤ρ, we have meas(Al,a)≤ 
C0C1+θl by using Eq.(13), and meas(Al,a)≤(1+θ)l/2 if 
one takes l such that C0C1+θl≤(1+θ)l/2. Thus if Bl,a= 
[a,a+l]−Al,a, then meas(Bl,a)≥(1−θ)l/2. Now if b∈Bl,a, 
then ρ(b,t)≥ρ and 
 

1/ 2| ( , ) | | | ( , ) | | d .
a l

xa
u a t u b t u xρ ρ

+−≤ + ∫  

 
Integrating it with respect to b over Bl,a gives 
 

|u(a,t)|≤C(1+L+l)γ(t). 
 

We shall show that, if a vacuum state was to 
occur, an infinite impulse would be imposed on the 
adjacent fluid, thus violating the assumption that the 
momentum is locally finite. 
Remark 4    If ρ(·,t)=0 a.e. on an open interval (a,b), 
then b−a is bounded above by a constant depending 
only on the parameters C0, C1 and θ. Indeed, it follows 
from Eqs.(12) and (13) that C1+θ 1

0C− (b−a)≥ 1
0C− (b−a) 

and b−a≤C. 
The following lemma shows that if ρ(·,t)=0 a.e. 

on an interval, then, if t′ is near t, ρ(·,t′)=0 a.e. on the 
nearby. 
Lemma 2    Let t1∈(0,T), suppose that ρ(·,t1)=0 a.e. on 
an open interval (a,b) with a1≤a≤a2<b2≤b≤b1. Let 
 

{ }1

0 1 2 2( , )
inf [0, ] | || ( , ) || d ( ) / 2 ,

t

L a bt
t t t u s s b a∞ ′ ′
= ∈ ⋅ < −∫

{ }
1

2 1 2 2( , )
sup [ , ] | || ( , ) || d ( ) / 2 ,

t

L a bt
t t t T u s s b a∞ ′ ′
= ∈ ⋅ < −∫  
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where a′=(3a1−b1)/2 and b′=(3b1−a1)/2. Under the 
assumptions of Theorem 1, we have for any t∈(t1, t2), 
ρ(·,t)=0 a.e. on the interval 
 

1 1
1( , )( , )

sup ( , )d , inf ( , )d : ,
t t

t t x a bx a b
a u x s s b u x s s I

′ ′∈′ ′∈

 + + = 
 ∫ ∫  

 
and for any t∈(t0, t1), ρ(·,t)=0 a.e. on the interval 
 

1 1

( , ) ( , )
inf ( , )d , sup ( , )d .

t t

t tx a b x a b
a u x s s b u x s s

′ ′∈ ′ ′∈

 − − 
 ∫ ∫  

 
Proof    From Lemma 1, we have t0<t1<t2. Now sup-
pose t>t1 (the proof for t<t1 is similar and will be 
omitted herein). Fix δ>0 satisfying 6δ<b2−a2, and for 
small ε>0, let uε denote the usual spatial regularization 
of u. Then for almost all t∈[t1,T), 
 

( , ) ( , )
|| ( , ) || || ( , ) || .

L a b L a b
u t u tε

δ δ∞ ∞′ ′ ′ ′+ −
⋅ ≤ ⋅  

 
Letting inf uε=inf(a′+δ, b′−δ) uε, sup uε=sup(a′+δ, b′−δ) uε, 

( , )
|| || || ( , ) || ,

L a b
u u t ∞∞ ′ ′

= ⋅  one can easily get 

 
|| || inf sup || || .u u u uε ε

∞ ∞−∞ < − ≤ ≤ ≤ < ∞  
 
Now define a smooth function wεδ by 
 

2 2

2 2

sup , ( ) / 2 ,
( , )

inf , ( ) / 2 ,

u x a b
w x t

u x a b

ε
εδ

ε

δ

δ

 ≤ + −= 
≥ + +

 

 
wεδ(x,t) is decreasing on ((a2+b2)/2−δ, (a2+b2)/2+δ), 
and another smooth function Ψδ(x) by 
 

0, ,
( ) 1, 2 2 ,

0, .

x a
x a x b

x b

δ

δ
Ψ δ δ

δ

≤ +
= + ≤ ≤ −
 ≥ −

 

 
Ψδ(x) is strictly increasing on (a+δ, a+2δ) and strictly 
decreasing on (b−2δ, b−δ). 

Now let Φεδ be a solution of the problem 
 

1

1

0, ,

( , ) .
t xw t t

t

εδ

δ

Φ Φ

Φ ψ

 + = >


⋅ =
                 (24) 

By the characteristic method, it is easy to check that 
Φεδ(x,t) satisfies 
 

1

1 2

2 3

3 4

4

( , ) 0, ( ),

( , ) 0, ( ) ( ),

( , ) 1, ( ) ( ),

( , ) 0, ( ) ( ),

( , ) 0, ( ),

x

x

x t x x t

x t x t x x t

x t x t x x t

x t x t x x t

x t x x t

εδ

εδ

εδ

εδ

εδ

Φ

Φ

Φ

Φ

Φ

 = ≤

∂ > < <
 = ≤ ≤
∂ < < <
 = ≥

        (25) 

 
when t∈[t1,Tεδ] for some constant Tεδ, which is de-
fined later. Here x=xi(t) (i=1,2,3,4) are the character-
istics passing through (a+δ, t1), (a+2δ, t1), (b−2δ, t1), 
(b−δ, t1) respectively.  

Now define  
 

Tεδ=sup{t∈[t1,T]|(a2+b2)/2−x2(s)≥δ,  
      x3(s)−(a2+b2)/2≥δ, ∀s∈[t1,t]}, 

and 

{ }
1

1 2 2sup [ , ] | || || d ( ) / 2 3 .
t

t
T t t T u s b aδ δ∞= ∈ < − −∫ (26) 

 
Claim 1    Tεδ≥Tδ. 

If not, we have Tεδ<Tδ and 
 

1
2 2d ( ) / 2 3 .

T

t
u s b a

εδ

δ
∞

< − −∫  

 
Since the characteristics of Eq.(24) are given by 
x′(t)=wεδ, t∈[t1,Tεδ], we have  
 

(a2+b2)/2−x2(s)>δ,  x3(s)−(a2+b2)/2>δ, s∈[t1,Tεδ]. 
 
It contradicts the definition of Tεδ, thus Claim 1 holds. 

From Eq.(25), we have that the support of Φεδ is 
the region bounded by the characteristics x1 and x4. As 
before, by the characteristic method, we obtain that 
spt Φεδ(·,t)=closure of Iεδ, t∈[t1, Tδ], where 
 

( )
1 1

sup d , inf d .
t t

t t
I a u s b u sεδ ε εδ δ= + + − +∫ ∫  

 
Noticing that, ∀t∈[t1, Tδ], we have 
 

spt Φεδ(·,t)⊂(a′+δ, b′−δ)⊂(a′, b′). 
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That is, Φεδ is smooth, compactly supported function, 
and it can serve as a test function for the weak for-
mulation of a solution of Eqs.(1) and (2). In particular, 
from Eq.(6) we have 
 

1 1
d ( ) d d ,

b t bt

xta t a
x u w x s

δ δεδ εδ εδ

δ δ
ρΦ ρ Φ

′ ′− −

′ ′+ +
= − ∂∫ ∫ ∫  

 
where t∈[t1,Tδ]. Since ρ(x, t1)=0 for a.e. x∈[a,b] and 
Φεδ(x, t1)=0 for x∈(−∞,a+δ]∪[b−δ,+∞), we have 
 

1

1

( , )d ( ) d d

( ) d d ,

b t b

xa t a

t b

xt a

x t x u w x s

u u x s

δ δεδ ε εδ εδ

δ δ

δ ε εδ

δ

ρΦ ρ Φ

ρ Φ

′ ′− −

′ ′+ +

′−

′+

= − ∂

+ − ∂

∫ ∫ ∫

∫ ∫
(27) 

 
where t∈[t1,Tδ]. From Eq.(25), if ∂xΦεδ(x,t)<0, then 
x≥(a2+b2)/2+δ and wεδ(x,t)=inf uε; if ∂xΦεδ(x,t)>0, then 
x≤(a2+b2)/2−δ and wεδ(x,t)=sup uε. So we have 
 

1
1( ) d d 0, [ , ].

t b

xt a
u w x s t t T

δ ε εδ εδ δ

δ
ρ Φ

′−

′+
− ∂ ≤ ∈∫ ∫   (28) 

 
Claim 2 
 

 
1

10
lim ( ) d d 0, [ , ].

t b

xt a
u u x s t t T

δ ε εδ δ

δε
ρ Φ

′−

′+→ +
− ∂ = ∈∫ ∫  (29) 

 
Admit it for the moment, from Eqs.(27)~(29), we 
have 
 

10
sup lim ( , )d 0, [ , ].

b

a
x t x t t T

δ εδ δ

δε
ρΦ

′−

′+→ +
≤ ∈∫     (30) 

 
Thus Eq.(30) gives that ∀t∈[t1,Tδ],  
 

ρ(·,t)=0  a.e.  on Iδ,  
where 

)
1 1

0

( , )( , )

lim

sup d , inf d .
t t

t t x a bx a b

I I

a u s b u s

δ εδ

ε

δ δδ δ
δ δ

→

′ ′∈ + −′ ′∈ + −

=

= + + − +
 ∫ ∫

 

 
If now t<t2, then 
 

1
2 2d ( ) / 2,

t

t
u s b a

∞
< −∫  

 
and thus there is a δ0 such that 6δ0<b2−a2 and 

1
2 2 0d ( ) / 2 4 , 0 .

t

t
u s b a δ δ δ

∞
< − − ∀ < <∫  

 
For such δ, Eq.(26) implies that t≤Tδ. Thus for such t 
and δ, ρ(·,t)=0 a.e. on Iδ. Taking a sequence δi→0+, 
we get that ρ(·,t)=0 a.e. on the interval I1, ∀t∈[t1, t2), 
and this completes the proof of Lemma 2 when t>t1. 

It remains to prove Claim 2. To this end, we first 
differentiate Eq.(24) with respect to x to obtain 
 

∂txΦεδ+wεδ∂xxΦεδ=−∂xwεδ∂xΦεδ, 
 
so that along the characteristics x(t)=x(t; x(t1), t1), 
 

( )
1

1( ( ), ) ( ( ))exp ( ( ), )d .
t

x x xt
x t t x t w x s s sεδ δ εδΦ Ψ∂ = ∂ − ∂∫

(31) 
 
Since |∂xwεδ(·,s)|≤C(δ)||u||∞, from Eq.(31), we have 
there is a constant C′(δ) which only depends on δ and 
is independent of ε, such that ||∂xΦεδ||∞≤C′(δ). Hence 
 

1

1
1

( , )( , )

( ) d d

( ) ( )( , ) ( , ) d .

t b

xt a

T

L a bt L a b

u u x s

C u u s s s

δ ε εδ

δ

ε

ρ Φ

δ ρ
∞

′−

′+

′ ′′ ′

− ∂

′≤ − ⋅ ⋅

∫ ∫

∫
 (32) 

 
From assumption (H2), Eqs.(8) and (23), we have 
u(·,t)∈ 1,1

locW  for almost all t∈[t1,T], and 1 ( , )
|| ( , ) ||

L a b
sρ

′ ′
⋅  

is bounded ∀s∈[t1, T]; thus for almost all t∈[t1, T], the 
integrand on the right-hand side of Eq.(32) tends to 
zero as ε→0+. Since 

( , )
|| ( , ) ||

L a b
u s ∞ ′ ′
⋅  is integrable, 

applying the Lebesgue dominated convergence 
theorem, we show that Claim 2 holds. 

 

Now suppose that ρ(·, t1)=0 a.e. on (a, b). The 
interval (a, b) and the time t1∈(0, T) will be fixed for 
the remainder of the argument. Let t0 be as in the 
statement of Lemma 2 with a1=a=a2 and b2=b=b1. For 
t∈(t0, t1), define 

 
y(t)=inf {x|ρ(·,t)=0 a.e. on (x, (a+b)/2)}, 
z(t)=sup {x|ρ(·,t)=0 a.e. on ((a+b)/2, x)}. 

  
Clearly, y(t1)=a and z(t1)=b. 

In the following lemma, we prove an important 
regularity property for the curves y and z. 
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Lemma 3    Under the assumptions of Theorem 1, 
there exists a constant h=h(a,b)>0 such that y and z 
are absolutely continuous functions on [t1−h, t1]. 
Proof    First, it follows from Remark 4 that there 
exists a constant L0>0 such that 
 

−L0≤y(t)<z(t)≤L0,  ∀t∈(t0, t2).             (33) 
 
Next, choose h>0 such that 
 

1

0 01
( 2 ,2 )

4 d .
t

L L Lt h
u t b a∞ −−

< −∫  

 
In order to prove z is absolutely continuous on [t1−h, 
t1], let s and t be such that t1−h≤s<t≤t1, we will com-
pare z(s) with z(t). Using Lemma 2, we have 
 

−L0≤y(t)≤(3a+b)/4<(a+3b)/4≤z(t)≤L0, 
and 

−L0≤y(s)≤(3a+b)/4<(a+3b)/4≤z(s)≤L0. 
 
Applying Lemma 2, we obtain that if ρ(·,t)=0 on 
(y(t), z(t)) with −L0≤y(t)≤(3a+b)/4<(a+3b)/4≤z(t)≤L0, 
then ρ(·,s)=0 a.e. on 
 

0 0 0 0
( 2 ,2 ) ( 2 ,2 )

( ) inf d , ( ) sup d ,
t t

s sx L L x L L
y t u z t uτ τ

∈ − ∈ −

 − − 
 ∫ ∫  

so that 

z(s)≥z(t)−
0 0( 2 ,2 )

sup
t

s x L L∈ −
∫ udτ.                 (34) 

 
Similarly, if ρ(·,s)=0 on (y(s),z(s)), then 
 

 z(t)≥z(s)+
0 0( 2 ,2 )

inf
t

s x L L∈ −∫ udτ.                (35) 
 

Hence, we have 
 

0 0( 2 ,2 )
( ) ( ) d ,

t

L L Ls
z t z s u τ∞ −

− ≤ ∫ t1−h≤s<t≤t1.  (36) 
 

For given ε>0, by Lemma 1, there is a δ>0 such that if 
meas(E)<δ, then 
 

0 0( 2 ,2 )
d .

L L LE
u τ ε∞ −

≤∫                    (37) 

 
Thus, for given points {sj} and {τj} satisfying 
t1−h≤s1<τ1<…<sk<τk<t1 and ∑(τj−sj)≤δ, Eqs.(36) and 
(37) give ∑|z(τj)−z(sj)|≤ε, and it shows that z is abso-
lutely continuous on [t1−h, t1]. Similarly, one can 

show that y is absolutely continuous on the same 
interval. 

In the next lemma, we will obtain the further 
results concerning the functions y(t) and z(t). To this 
end, let S be defined as the set of all t≥0 such that 
there are extensions of y and z to [t, t1] such that the 
following three properties hold: 
 

(1) y and z are absolutely continuous on [t, t1]; 
(2) y<z on [t, t1]; 

(3) ∀s∈[t, t1], 
( )

( )
( , )d

z s

y s
x s s

ε
ρ

−∫  and 
( )

( )
( , )d

z s

y s
x s s

ε
ρ

+

∫  

are both positive ∀ε>0, and 
( )

( )
( , )d 0.

z s

y s
x s sρ =∫  

 
From Lemma 3, we know that S is nonempty. Let 
τ=inf S. 
Lemma 4    Under the assumptions of Theorem 1, we 
have that y and z have absolutely continuous exten-
sions to time τ, y(τ)=z(τ), and there is an L1>0 such 
that ∀t∈[τ, t1], −L1≤y(t)≤z(t)≤L1. 
Proof    We prove the last assertion first. Let τ<c<d< 
f<g<t1, and w(t)=max{z(t),−y(t)}, t∈(τ, t1). Let t∈[c,g], 
then by the definition, we have ρ(·,t)=0 a.e. on 
(y(t), z(t)), and y(t)<z(t). Lemma 2 shows that there is 
h=h(t)>0 such that ρ(·,s)=0 a.e. on the interval 
 

( 2 ( ),2 ( )) ( 2 ( ),2 ( ))
( ) d , ( ) d ,

t t

L w t w t L w t w ts s
y t u z t uσ σ∞ ∞− −
 + − 
 ∫ ∫  

 

∀ |t−s|≤h, and 
 

26 ( )d 1.
t h

t h
C s sγ

+

−
≤∫                       (38) 

Thus we have 

( 2 ( ),2 ( ))
( ) ( ) d ,

t

L w t w ts
z s z t u σ∞ −

≥ − ∫  

and 

( 2 ( ),2 ( ))
( ) ( ) d .

t

L w t w ts
y s y t u σ∞ −

≤ + ∫  

 
Using Lemma 1, we get 
 

2 2( ) 1 2 ( )d ( ) ( )d .
t t

s s
w s C w t Cγ σ σ γ σ σ ≥ − − 

 ∫ ∫  

 
Thus for |t−s|≤h, Eq.(38) gives 
 

( ) 1 ( )d ( ) ( )d .
t t

s s
w t C w s Cγ σ σ γ σ σ  ≤ + +     ∫ ∫ (39) 
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Now choose constants A<B (depending on t, 
which is fixed), such that y(t)<A<B<z(t). Lemma 3 
implies there is h(t)>0 such that y(t)−1≤ y(s)<A<B<z(s) 
≤z(t)+1 for all |t−s|≤h. For such s, using Lemma 2, we 
find that there is a σ (depending on t), such that if 

s≤s2≤s+σ, 2 ( 2 2 ( ),2 2 ( ))
( ) ( ) d .

t

L w t w ts
w s w s u σ∞ − − +

≥ − ∫  

We can further reduce h(t) so that h(t)≤σ(t). Thus 
if t−h(t)≤s≤t, then s≤t≤s+σ(t), and we may take s2=t to 

obtain 2( ) ( ) (3 2 ( )) ( )d ,
t

s
w t w s C w t γ σ σ≥ − + ∫  where 

we have used Lemma 1. Thus if t−h(t)≤s≤t, then 
 

( )( ) 1 ( )d ( ) ( )d .
t t

s s
w s C w t Cγ σ σ γ σ σ ≤ + +  ∫ ∫  (40) 

 
We now cover the interval [d, f ] by a finite 

number of intervals ( ),
jh jB s  where s1>s2>…>sp and 

hj=h(sj). From Eqs.(39) and (40), we obtain 
 

{
}

1

1

1

1 ( )d 1 ( )d

               ( )d ,

j j

j j

p

s

p s

s

s

w C C

w C

τ

τ
γ σ σ γ σ σ

γ σ σ

+

   ≤ + +      

 ⋅ +  

∏ ∫ ∫

∫
 

 
where wp=w(sp) and w1=w(s1). Applying the inequal-
ity ∏(1+εj)≤(1+ε/q)q≤eε, where ε1+ε2+…+εq=ε and 
each εj>0, we have  
 

wp≤C(1+w1).                           (41) 
 
From Eq.(33), choosing s1 near t1, we can bound w1 
independent of s1. Then from Eqs.(39) and (41), we 
can bound w(t) on [d, t1], for all d>τ, independent of d. 
Thus we have proved that there is a constant L1>0 
such that −L1≤y(t)≤z(t)≤L1, τ<t≤t1. 

We now show that z and y are uniformly con-
tinuous on the interval (τ, t1]. Once it is shown, the 
first and third assertions of Lemma 4 will be proved. 
To prove the uniform continuity of z on (τ, t1], we only 
need to show that, for all ε>0, one can choose a δ>0 
such that if 0≤s<t≤T and |s−t|≤δ, then 
 

1 1( 2 ,2 )
d .

t

L L Ls
u σ ε∞ −

≤∫  

 
To this end, we just follow the idea as that earlier in 
this proof, if c∈(τ, t1], we can find h(c)>0 such that if 

|c−d|≤h(c), then 
 

1 1( 2 ,2 )
( ) ( ) d .

d

L L Lc
z c z d u σ∞ −

− ≤ ∫          (42) 

 
For the fixed s<t with |s−t|≤δ and s, t∈(τ, t1], the in-
terval [s,t] can be covered by ( ),

kh kB s∪  where s1< 

s2<…<sp, sj+hj>sj+1−hj+1 and 2hj=h(sj)<δ for each j. 
Then |sj+1−sj|<δ. Now for some j and k, s∈ ( )

kh kB s  and 

( ),
jh jt B s∈  by Eq.(42), we have 

 

|z(t)−z(s)|≤|z(s)−z(sj)|+…+|z(sk)−z(t)|≤ε. 
 

To complete the proof, we have to show that 
y(τ)=z(τ). But it is clear, since otherwise y(τ)<z(τ), if 
τ>0, then τ would not be minimal, whereas if τ=0, then 

the assumption 
( )

( )
( ,0)d 0

z

y
x x

τ

τ
ρ >∫  would be violated. 

 

We next study the function u in the vacuum re-
gion V={(x,t)|y(t)<x<z(t), τ<t≤t1}. 
Lemma 5    Under the assumptions of Theorem 1, 
there exist functions 1

loc 1, (( , ])L tα β τ∈  such that 
u(x,t)=α(t)x+β(t), for almost all t∈(τ, t1] and all x∈ 
[y(t), z(t)]. 
Proof    From Eqs.(3), (4) and (7), we see that 
 

d d 0x xV
u x sϕ =∫∫  

 
for all C1 test function φ supported in V. Using similar 
arguments in (Hoff and Smoller, 2001), we can obtain 
this lemma easily, so details are omitted here. 
 

Lemma 6    Fix w1∈(a,b) and define w(t) by 
 

( ) ( )1 1

1( ) exp ( )d exp ( )d ,
t t t

t t s
w t w s s s sα α β= − −∫ ∫ ∫   

 
where τ<t≤t1. Under the assumptions of Theorem 1, 
we have y(t)<w(t)<z(t) for all τ<t≤t1. 
Proof    We claim that 
 

d
d
z z
t

α β≤ +                          (43) 
 

for almost all τ<t≤t1. If it holds true, then since 
 

  d ,
d
w w
t

α β= +   w(t1)=w1<b=z(t1), 
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we find 
 

( )
1

d exp ( )d ( ) 0,
d

t

t
s s z w

t
α − − ≤  ∫  a.e. 

 
Integrating it from t to t1, we have 
 

( )
1

1 1exp ( )d ( )( ) ( ) ( ) 0.
t

t
s s z w t z t w tα− − ≥ − >∫  

 
Therefore w(t)<z(t). Similarly, one can get y(t)<w(t). 

We now prove Eq.(43). Define the following sets 
of zero measure: 
 

A={t∈(τ, t1]|ux(·,t)∉L1(y(t),z(t))}, 
D={t∈(τ, t1]|u(x,t)≠α(t)x+β(t), x∈[y(t),z(t)]}, 
E={t∈(τ, t1]|z is not differentiable at t}. 

 
Let Bjk={x| j|x−rk|<1}, j, k=1, 2, …, where {rk} is the 
set of rational numbers. From Lemma 1, we have 

1sup ([0, ]).
jkx B u L T∈ ∈  Let Fjk={t∈(τ, t1) | t is not a 

Lebesgue point of sup },
jkx B u∈  and F=∪Fjk. Then 

meas(F)=0 and if 1( , ] \ ,s t Fτ∈  
 

1lim( ) sup ( , )d sup ( , )
jk jk

t

x B x Bst s
t s u x s s u x s−

∈ ∈→
′ ′− =∫  

 
for every j and k. 

Let t3∉A∪D∪E∪F, we will prove that Eq.(43) 
holds at t3. Suppose not, then there is ε>0 such that for 
t near t3 and t>t3, 
 

                         z(t)≥z3+(t−t3)(u3+ε),                      (44) 
 
where z3=z(t3) and u3=α(t3)x+β(t3). Because u(·,t3)∈ 

1,1
locW , we can find h>0 such that 

 

2|u(x, t3)−u3|≤ ε, for all |x−z3|≤h,               (45) 
 
and y(t3)<z3−h. Then choose Bjk:=(c,d) such that 
 

z3−h<(3c−d)/2<c<z3<d<(3d−c)/2<z3+h, 
 
and choose e such that c<e<z3<d. Thus we can find 
∆t>0 such that 
 

3

3
( , )

2 ( , ) d ,
t t

L c dt t
u t t e c∞

+∆

′ ′−∆
⋅ < −∫  

where 2c′=3c−d, 2d′=3d−c, y(t)<c and e≤z(t)≤d for all 
|t−t3|<∆t (this can be done since y and z are continuous 
functions). Then if t∈(t3, t3+∆t), 
 

ρ(·,t)=0 a.e. on (y(t), z(t))⊃(c, z(t)), 
 
so by Lemma 2, for all s∈(t3−∆t, t), ρ(·,s)=0 a.e. on 
 

( , ) ( , )
inf ( , )d , ( ) sup ( , )d .

t t

s sx c d x c d
c u x s s z t u x s s

′ ′∈ ′ ′∈

 ′ ′ ′ ′− − 
 ∫ ∫  

 

Thus, let s=t3, we have 
 

3
( , )

( ) ( ) sup ( , )d .
t

s x c d
z t z t u x s s

′ ′∈
′ ′≥ − ∫  

 

Thus using Eq.(44), we have 
 

3
3 3 3 3

( , )
( )( ) ( ) sup ( , )d

t

t x c d
z t t u z t z u x s sε

′ ′∈
+ − + ≤ ≤ + ∫  

and 

3

1
3 3

( , )
( ) sup ( , )d .

t

t x c d
u t t u x s sε −

′ ′∈
+ ≤ − ∫  

 

Letting t→t3 in the last inequality, we get 
 

3 3
( , )

sup ( , ).
x c d

u u x tε
′ ′∈

+ ≤  

 
Since (c',d')⊂[z3−h, z3+h], this contradicts Eq.(45). 
This proves Eq.(43) and completes the proof of 
Lemma 6. 
Corollary 1    Under the assumptions of Theorem 1, 

we have 1lim ( )d .
t

t t
s sτ α↓ = +∞∫  

Proof    With w1<w2, wi∈(a,b), i=1,2, from the defi-
nition of w in Lemma 6, we have 
 

( )1

1 2 1 2( ) ( ) ( )exp ( )d ,
t

t
w t w t w w s sα− = − −∫  τ<t≤t1. 

 

From Lemmas 4 and 6, we have limt↓τ(w1(t)−w2(t))=0, 
and the last equation gives the result. 
 
Proof (of Theorem 1)    Let c(t)=w1(t)<w2(t)=d(t) be 
two curves as in Lemma 6, corresponding to points w1 
and w2 (satisfying a<w1<w2<b), respectively. Then 
from Lemmas 4 and 6, we have 0≤d(t)−c(t)→0 as t↓τ. 
Choose e(t1) and f(t1) satisfying d(t1)<z(t1)<3L1<e(t1) 
<f (t1), define two smooth functions ψ(x) and χ(x) by 
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1

1 1

1

0, ( ),
( ) 1, ( ) ( ),

0, ( ),

x c t
x d t x e t

x f t
ψ

≤
= ≤ ≤
 ≥

 

 
and ψ(x) is increasing on (c(t1),d(t1)), decreasing on 
(e(t1), f (t1)), spt ψx⊂(c(t1),d(t1))∪(e(t1), f (t1)); 
 

1

1 1

1

0, 2 ,
( ) 1, ,

0, 2 ,

x L
x L x L

x L
χ

≤ −
= − ≤ ≤
 ≥

 

 
and χ(x) is increasing on (−2L1, −L1), decreasing on 
(L1, 2L1). And define 
 

wε(x,t)=χ(x)(αε(t)x+βε(t)),   τ<t≤t1, 
 
where αε and βε are regularizations of α and β, re-
spectively. Consider the initial-value problem 
 

 ∂tφε+wε∂xφε=0,  s∈[t, t1),                (46) 
              φε(x, t1)=ψ(x),                         (47) 

 
where τ<t≤t1. By the characteristic method, it is easy 
to check that φε is a smooth compactly supported 
function. The characteristics of Eqs.(46) and (47) 
which start on spt ψx∩(c(t1),d(t1)) are given by 
x′=αε(t)x+βε(t), so for small ε (depending on t) they 
stay between the curves c(t) and d(t). Similarly, the 
characteristics of Eqs.(46) and (47) outside of the 
vacuum, which issue from [e(t1), f(t1)], are given by 
x′=0. Thus, we have, for τ<t≤s<t1, 
 

1

1 1 1

( , ) 0, if ( , ) ( ( ), ( )) [ , ]: I,

( , ) ( ) 0, if ( , ) [ ( ), ( )] [ , ]: II,

( , ) 0, else.

x

x x

x

x s x s c s d s t t

x s x x s e t f t t t

x s

ε

ε

ε

ϕ

ϕ ψ

ϕ

∂ ≥ ∈ × =

∂ = ≤ ∈ × =
∂ =
 
Thus from Eq.(7), we have, for τ<t<t1, 
 

1 d [ ( )

( ) ]d d .

t

xt

x x

u x u u w

P u f x s

ε ε ε

ε ε

ρ ϕ ρ ϕ

µ ϕ ρ ϕ

= − ∂ +

− ∂ +

∫ ∫∫
    (48) 

 
First, the left hand side of Eq.(48) is bounded, inde-
pendent of t, for τ<t<t1, by the virtue of Eq.(11).  
 

Similarly, the term d df x sερ ϕ∫∫  is bounded, because 

of Eqs.(5) and (8). Also 
I

( ) d d 0,xu u w x sε ερ ϕ− ∂ =∫∫  

since ρ=0 in I. In II, wε=0 and ∂xφε=ψx, so (H1) im-
plies 
 

2

II II
( ) d d d d ,x xu u w x s u x s Cε ερ ϕ ρ ψ− ∂ = ≤∫∫ ∫∫  

and  

II II
( ) d d ( | |) | | d d .x x x xP u x s P u x s Cεµ ϕ µ ψ− ∂ = + ≤∫∫ ∫∫  

 
From Eqs.(3) and (4), we have 
 

1

1

1

( )

I ( )
( ) d d d d

( )[ ( ( ), ) ( ( ), )]d

( )d ,

t d s

x x x xt c s

t

t

t

t

P u x s u x s

s d s s c s s s

s s

ε ε

ε ε

µ ϕ µ ϕ

µα ϕ ϕ

µα

− ∂ = − ∂

= − −

= −

∫∫ ∫ ∫

∫
∫

 

 
since φε(d(s),s)=1 and φε(c(s),s)=0. Thus, from the 

arguments above, we obtain that 1 ( )d
t

t
s sα∫  is 

bounded, independent of t. Letting t→τ, it contradicts 
Corollary 1. This completes the proof of Theorem 1.  
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