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Abstract: ~ We consider the Cauchy problem, free boundary problem and piston problem for one-dimensional compressible
Navier-Stokes equations with density-dependent viscosity. Using the reduction to absurdity method, we prove that the weak
solutions to these systems do not exhibit vacuum states, provided that no vacuum states are present initially. The essential re-
quirements on the solutions are that the mass and energy of the fluid are locally integrable at each time, and the Ly,.'-norm of the

velocity gradient is locally integrable in time.
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INTRODUCTION

The Navier-Stokes equations express the con-
servation of mass and the balance of momentum as
follows:

pit(pu),=0, (1
(pu)Hpu'+P)=(u)+pf, (x)ERXR.,  (2)

where p, u, P, u and f denote the density, velocity,
pressure, viscosity coefficient and external force,
respectively. We assume that P=P(p,x,f) and

u=u(p,x,t) satisfying

P(0x,t)=0, xeR, 0<<T, 3)
wOx,0)=p>0, xeR, 0<i<T, “)

where 7>0 is a positive time which will be fixed
throughout the paper. Considering the case that
P=P(p) and u=u(p), Zhang (2006) proved a global
existence result of the weak solution to the 1D com-

¥ Corresponding author
" Project supported by the National Natural Science Foundation of
China (No. 10571158) and the DFG

Document code: A

CLC number: 0175

pressible isentropic Navier-Stokes equations. For the
external force f'in this paper, we assume only that

feL'([0,11; L (R)). (5)

In physics and mathematics, an interesting
question is whether the density develops vacuum
states in finite time. Hoff and Smoller (2001) con-
sidered the case that the viscosity coefficient is a
positive constant, and proved that weak solutions of
the Cauchy problem for the Navier-Stokes equations
do not exhibit vacuum states, provided that no vac-
uum states are present initially. For the spherically
symmetric case, see (Xin and Yuan, 2006). Indeed,
the viscosity u of the real gas varies with the density
(Jiang, 1994). In this paper, we prove the similar re-
sults for weak solutions to the Cauchy problem, free
boundary problem and piston problem for the Na-
vier-Stokes equations with density-dependent viscos-
ity.

First, we consider the Cauchy problem. The
weak solution of the Cauchy problem is defined in the
usual way: we say that (p, u) is a weak solution of
Egs.(1) and (2) on Rx[0,T] provided that
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(H1) p and pu are in C([0,T ]; H. ' (R)) with p being

loc

nonnegative; p(-,f) and pu(-,f) are in L, (R) for each

loc
t[0.7]; pu’, P(p.-,’) and pu are in L'([=L.LIX[0,T])
for any L>0; (p, u) satisfies

[pol, dx=[" [lop, + pupJixds.  (©)
and
[ puel dx=" [lou(p, +up)+
(P~ pu ), + pfpldxde

0

for all test function pe C'(R?), #, ,€[0,T].

It follows as a consequence of (H1) that, for any
L>0, there is a positive constant C(L) such that

ﬁp@ﬁMSC@LWGMH. )

Furthermore, we assume that
(H2) u,eL'([0,T]; L. (R)). There is a function y(f)e

loc

Ll([O,T]) such that, for all L>0 and almost all ¢€[0,7],

VI, e < y@1+ 1), ©)
L
[

For any L>0, there is a positive constant C(L) such
that

and

dx < y(t)(1+ L). (10)

MX

ﬁVﬂMSQU,WeMﬂ. (11)

(H3) There is a nonnegative continuous “potential
energy density” function G(p,x,f) on R.XRx[0,T],
such that
(H3.1) there exist two positive constants Cy and p
such that, for all (x,f)eRx[0,7] and p€[0,p],
CoG(p,x,0)>1. (12)
(H3.2) there exist two constants C;>0 and 0<[0,1)
such that, for all xoeR, L>0 and 7€[0,7],

QK“G@J@mSQQ+ﬂ. (13)

Remark 1 The conditions (H1)~(H3) are modified
from (Hoff and Smoller, 2001). Here, we only require

that the i -norm of the velocity gradient is inte-

grable in time, which is a somewhat weaker re-
quirement than that made in (Hoff and Smoller,
2001).

Theorem 1 Assume that P, x and f'satisfy conditions
(3)~(5), let (p, u) be a solution of Egs.(1) and (2) on
[0,7] satisfying assumptions (HI)~(H3). If

J.E p(x,0)dx >0 for every open subset EcCR, then

J.F p(x,t)dx >0 for every open subset FcR and

te[0,7].
Remark 2 In (Hoff and Smoller, 2001), the argu-
ments need some small adjustments. In Page 273 of

does not contradict

L* (Bjk)

Eq.(2.36) if #<0. Duan and Zhao (2005) first pointed
out this one. In addition, we must point out another
one: from Lemma 2.2 of (Hoff and Smoller, 2001),

one can only obtain that p(-,s')=0 a.e. on

their paper, u +& <|ul|

u

u

(ﬂ@+f dr, z(s)- [

| )
L7 (7(5).2() L (7(5),2())
since (¥(s), z(s))=(—w(?), w(¢)) does not hold in gen-
eral. We include these modifications in our proof.
Using similar arguments in the proof of Theorem
1, we could obtain the following result, and omit the
details of the proof.
Theorem 2  Assume that P, u and f satisfy condi-
tions (3), (5) and (0, x, £)=0. Let (p, u) be a solution
of Egs.(1) and (2) on [0,7] satisfying assumptions
(H1)~(H3) and satisfying uxeLl(O,T ; L7 (R)) and

loc
in D'(V), where V={(x,)|p(x, )=0}. If

jE p(x,0)dx >0 for every open subset ECR, then

=0

L p(x,t)dx >0 for every open subset FcR and
te[0,T].

Free boundary problem

Using similar arguments in the proof of Theorem
1, we could obtain the same result for the following
free boundary problem:

pt(pu),=0, (14)
(pu)H(pu® +P)=(un) +pf, (x,1)€(b(1),)¥Rs, (15)
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where b(7) is the free boundary satisfying b(0)=b,,
b'(£)=u(b(?),t), with the boundary condition being

(Pt x=p(ny=Pr(?). (16)

Here, by is a given constant and Pr is the external
pressure satisfying Pr eLl([O,T]). We say that (p, u, b)
is a weak solution of Eqgs.(14)~(16) provided that

(F1) beC([0,1]), ueL'([0,T);C[b(1),b(H)+L]), YL>O0,
the equality b(¢t) =b, + j;u(b(s),s)ds holds Vte€[0,TT;
p and pu are in C([0,77]; H];l ([b(1),0))) with p being
nonnegative; p(-,f) and pu(-,t) are in L _ ([b(£),%0)) for
each t<[0,7]; puz, P(p,,) and upu, are in
Ll([b(t),b(t)+L]X[0,T]), VL>0; (p, u, b) satisfies

©

b(,)pqodx

4o i
= L L(Z)[pw, + pug, Jdxdz,
and

o0
4

pupdy]! = I' [, [Pu(e, +up)+

(P=pau,)p, + pf @ldvdr + [ B o(b(o).0)dr

b(t)

for all test function pe C(R?), #, ,€[0,T].

(F2) There is a function y(t)eLl([O,T]) such that, for
all L>0 and almost all z€[0,7],

b(t)+L N
o PHdx <y L),
b(t)+L
.[b(t)

For any L>0, there is a positive constant C(L) such
that

and

dx < 7)1+ L).

u X

b(t)+L
Lm |pu|dx < C(L), V1€[0,T].

(F3) G(p, x, ) satisfies

(F3.1) there exist two positive constants Cy and p such
that CoG(p,x,f)>1, for all (x,f)e[b(t),0)%[0,T] and
pel0, pl;

(F3.2) there exist two constants C;>0 and 0<[0,1)

such that G, [ G(p,x.0)dx< C,C, + 6L, for all

(x0,0) €[ b(£),0)x[0,T] and L>0.
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Theorem 3 Assume that P, u and f'satisfy conditions
(3)~(5), let (p,u) be a solution of Eqs.(14)~(16) on
[0,7] satisfying assumptions (F1)~(F3). If

J-E p(x,0)dx >0 for every open subset EC[by,), then

J-F p(x,t)dx >0 for every open subset F'[b(f),0) and

te[0,T].

Remark 3  For the free boundary problem of 1D
isentropic fluids with degenerate viscosity, see
(Zhang and Fang, 2006) and the references therein.

Piston problem

Using similar arguments in the proof of Theorem
1, we also can obtain the same result for the following
piston problem:

pst(pv),=0, (17)
(V) H(pV*+P)=(unty),, (v.5)€(b(s),0) ¥Ry, (18)

where b(s) is the free boundary satisfying b(0)=by,
b'(s)=V"(s); v'eL'([0,T]) is the given velocity of the
piston, and the boundary condition is

Vs =V(5). (19)

Using the transformation x = y—J: v,ds’, =s, u=v—v0,

we could transform Eqs.(17)~(19) to

pr(pu),=0, (20)
(pu)Hpu* +P)=(uaty)s, (x,0)€(0,00)xR,,  (21)
u(0,£)=0. (22)

We say that (p, u) is a weak solution of Egs.(20)~(22)
provided that

(P1) p and pu are in C([0,T]; H,.. ([0,0))) with p being
nonnegative; p(-,¢) and pu(-,t) are in L ([0,0)) for

each t€[0,7T7; puz, P(p,,;) and uu, are in
L'([0, L]x[0,T7) for any L>0; (p, u) satisfies

wu e L'(0,T;W,"(0,0)),
Jy pvl de=[ [ Tov + puy.Joxdr

and

[, pugl, dr=[" [ Touto, +up,)+ (P~ uu,)p, Jdvdr
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for all test functions y € C!(R*), ¢peC (R, xR),

tla t2€ [091]
(P2) There is a function y(t)eLl([O,T]) such that, for
all L>0 and almost all z€[0,7],

JJ, prdr s yoa+ L)

[REAEEEPZGIEAY

and

For any L>0, there is a positive constant C(L) such
that

j:| pu|dx < C(L), Yt [0,T].

(P3) G(p, x, ) satisfies

(P3.1) there exist two positive constants Cy and p such
that CyG(p.x,t)=1, for all (x,f)e[0,0)%[0,7] and
pel0,p];

(P3.2) there exist two constants C;>0 and 0<[0,1)

such that Coroﬂ G(p,x,t)dx < C,C, + 6L, for all

(x0,£)€[0,0)x[0,7] and L>0.

Theorem 4 Assume that P and u satisfy conditions
(3) and (4), let (p, u) be a solution of Eqs.(20)~(22) on
[0,7]  satisfying assumptions (P1)~(P3). If

IE p(x,0)dx >0 for every open subset E[0,00), then

L p(x,t)dx >0 for every open subset Fc[0,00) and
te[0,T].

In this paper, by using some precise estimates,
we obtain a result under the general case that the
viscosity coefficient depends on the density. There-
fore, our procedure is very similar to that of (Hoff and
Smoller, 2001), and many proofs of the lemmas are
just modified to our case, but for the convenience of
the reader, we still give the details.

PROOF OF THEOREM 1

Throughout this section, C will denote a uni-
versal positive constant whose precise meaning will
be clear from the context.

Lemma 1 Under the assumptions of Theorem 1, we
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have ueL'([0,7]; L (R)). In fact, there is a constant

loc

C>0 such that for any L>0,

luCD,. < Cor)1+L) (23)
for almost all 1e[0,7].
Proof From assumption (H2), u(-,f)e L, , for al-

most all £€[0,7]. Now we have to prove that Eq.(23)
holds true Vte {s€[0,T]|u.(:,s)€ L. }. Define

loc

Al,a: {x € [a,a+l] Ip(xat)ig}

for any given />0 and a€[—L,L]. Since Eq.(12) im-
plies that CoG(p,x,£)>1 if 0<p<p, we have meas(A4;,)<
CyC\+0l by using Eq.(13), and meas(4;,)<(1+6)//2 if
one takes / such that CyC+0/<(1+0)//2. Thus if B, =
la,a+l]—A;4, then meas(B;,)>(1-0)l/2. Now if beB,,,
then p(b,f)>p and

a+l
u@t) i< p | pu (b.0)+ [ |u, | dx.

Integrating it with respect to b over B, gives
|u(a,)|<C(A+L+D))(1).

We shall show that, if a vacuum state was to
occur, an infinite impulse would be imposed on the
adjacent fluid, thus violating the assumption that the
momentum is locally finite.

Remark 4 If p(-,/)=0 a.e. on an open interval (a,b),
then b—a is bounded above by a constant depending
only on the parameters Cy, C; and 8. Indeed, it follows
from Eqs.(12) and (13) that C,+0C,' (b-a)>C,' (b—a)
and b—a<C.

The following lemma shows that if p(-,£)=0 a.e.
on an interval, then, if ¢ is near ¢z, p(-,#')=0 a.e. on the
nearby.

Lemma2 Let# €(0,7), suppose that p(-,¢)=0 a.e. on
an open interval (a,b) with a,<a<a,<b,<b<b,. Let

f, :inf{t e[0,4,]] j G5, e, ds < (B, —a2)/2},

t, =su

t
pl el T [ 1069, d5 <0, - a)/2],
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where a'=(3a;—b,)/2 and b'=(3b;—a;)/2. Under the
assumptions of Theorem 1, we have for any te(zy, 5,),
p(-,£)=0 a.e. on the interval

(a+J‘t1 sup u(x,s)ds, b+J"1 xei(r},fbr)u(x,s)dsj:: 1,

xe(a',b")

and for any re (%, t,), p(*,t)=0 a.e. on the interval

(a—jt" infu(x,s)ds, b j sup u(x,s)ds].

xe(a'b' xe(a',b")

Proof From Lemma 1, we have #y<¢;<t,. Now sup-
pose £>t; (the proof for r<t; is similar and will be
omitted herein). Fix 6>0 satisfying 60<b,—a,, and for
small £>0, let u° denote the usual spatial regularization
of u. Then for almost all te(t,,7),

1 G oy SN -

sup ugzsup(a'ﬂ)‘, b'-0) uga
lull,=lluC.Oll,., > one can easily get

Letting  infu'=infi s p-s)u’,

—0o<—|lull,Linfu’ <supu® <|ul, < oo.
Now define a smooth function w* by

supu®, x<(a,+b,)/2-0,

w? (x,1) =
x=(a,+b,))/2+0,

infu®,

w?(x,f) is decreasing on ((ax+b,)/2—6, (ax+b,)/2+6),
and another smooth function W(x) by

0, x<a+?,
Po(x)=41, a+20<x<b-20,
0, x=>b-9.

S”‘s(x) is strictly increasing on (a+d, a+20) and strictly
decreasing on (b—20, b—9).
Now let @ be a solution of the problem

D +wD =0, t>t,
(24)

(1) =y°.

By the characteristic method, it is easy to check that
D”(x,f) satisfies

@ (x,t) =0, x < x, (),

0D (x,0)>0, x,(H)<x<x,(t),

@ (x,1) =1, X, (DS x < x,(2), (25)
0.@% (x,1)<0, x,(t)<x<x,(2),

@ (x,t) =0, x2x,(t),

when te[f,7%] for some constant 7, which is de-
fined later. Here x=x,(¢) (i=1,2,3,4) are the character-
istics passing through (a+d, t1), (a+24, t1), (b—26, t1),
(b9, 1)) respectively.

Now define

T™=sup{re[t,T](artb:)/2—xx(s)>0,
x3(S)—(a2+b2)/225, Vse [tl at] } s
and

° =sup{ze[rl,T]|jt’||u I, ds < (b, —a2)/2—35}.(26)

Claim1 7727, ‘
If not, we have 7<7° and

TL‘()'
[, ds < (B, —ay)/2-35.

Since the characteristics of Eq.(24) are given by
x'(E=w”, te[t;,T?], we have

(ar+ha)/2=x(s)>0, x3(s)~(ar+bs)/2>6, se[n,T”].
It contradicts the definition of 7° 5, thus Claim 1 holds.
From Eq.(25), we have that the support of &% is
the region bounded by the characteristics x; and x4. As

before, by the characteristic method, we obtain that
spt @”(-,fy=closure of I’, te[t;, T’], where

& =(a+5+jt’supufds, b-5+ ’infufds).

Noticing that, Vze[t;, ], we have

spt @ (-, N(a'+6, b'-d)=(a', b").
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That is, @ is smooth, compactly supported function,
and it can serve as a test function for the weak for-
mulation of a solution of Egs.(1) and (2). In particular,
from Eq.(6) we have

J‘a’ @ga

where te[tl,T'j]. Since p(x, t,)=0 for a.e. xe[a,b] and
D*(x, 1,)=0 for x&(—o0,a+d]U[b—b,+x), we have

_j j " p(u—w?)d D% dxds,

jbj PP (x,t)dx = j: [ b: p(u° — )0 @ dxds
B Popi 27)
<[], plu=—u)o @ dds,

where te[#,T°]. From Eq.(25), if 6,9%(x,f)<0, then
x>(ar+hy)/2+8 and w(x,f)=inf u; if ,9%(x,£)>0, then
x<(ar+b,)/2—6 and w*(x,f)=supu’. So we have

t pb'-6 .
ut —
J.zl J.a’+5 'D(

Claim 2

w?)o @ dxds <0, te[t,,T°]. (28)

. t pb'-6 . 5 5
hmJ-tJ.’ 5'0(”_“ )ax¢ dxds =0, te[tl,T ] (29)

>0+

Admit it for the moment, from Eqs.(27)~(29), we
have

sup lim [ p@* (x,)dx <0, 1€[1,.T°]. (30)

=0+

Thus Eq.(30) gives that Vre[#,T°],

p(,1)=0 a.e. on r,

where
I° =limI®
0
t t .
=la+5+[ sup wuds,b—5+[ inf uds).
U xe(a'+6,b'-5) 4 xe(a'+8,b'-5)

If now £<t,, then
j [, ds < (b, —a,)/2,

and thus there is a Jd;, such that 66y<b,—a, and

J el ds < B —a)/2-45, vo<5 <,

For such &, Eq.(26) implies that /<7°. Thus for such ¢
and &, p(-,f)=0 a.e. on I. Taking a sequence 6,—0+,
we get that p(-,#)=0 a.e. on the interval [}, Vte[t, t,),
and this completes the proof of Lemma 2 when £>1,.
It remains to prove Claim 2. To this end, we first
differentiate Eq.(24) with respect to x to obtain

atx @8(5 +Wa‘3 axx (psé:_ asté ax (peé ,

so that along the characteristics x(¢)=x(¢; x(t1), 1),

0.0 (x(0).0) =0, (x(texp [ 0,0 (x(5),5)ds .
(31)

Since [0 (-,5)|<C(0)|[u]|, from Eq.(31), we have
there is a constant C'(d) which only depends on ¢ and
is independent of &, such that ||6X<D8‘5||OOSC’(5). Hence

t pb'-5 5
j{ j L plu—ut)o @ dxds‘
' (32)

' T £
<C (5).‘-11 ||(u —u)(, 1 (a' b ”p("s)|L’(u’,b’)

From assumption (H2), Egs.(8) and (23), we have
u(-,Hye W' for almost all te[¢,,T], and || p(-,s) HL'(:;' )

loc

is bounded Vse(#, T]; thus for almost all z€[z;, 7], the
integrand on the right-hand side of Eq.(32) tends to

zero as ¢—0+. Since ||u(.,s)|| is integrable,

L*(a',b")
applying the Lebesgue dominated convergence
theorem, we show that Claim 2 holds.

Now suppose that p(-, ¢;)=0 a.e. on (a, b). The
interval (a, b) and the time #,€(0, 7) will be fixed for
the remainder of the argument. Let £, be as in the
statement of Lemma 2 with a;=a=a, and b,=b=b,. For
te(ty, 1), define

y(@®)=inf {x|p(-,£)=0 a.e. on (x, (a+b)/2)},
z(t)=sup {x|p(-,£)=0 a.e. on ((a+b)/2, x)}.

Clearly, y(#,)=a and z(¢,)=b.
In the following lemma, we prove an important
regularity property for the curves y and z.
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Lemma 3  Under the assumptions of Theorem 1,
there exists a constant 4=h(a,b)>0 such that y and z
are absolutely continuous functions on [#,—4, #].
Proof  First, it follows from Remark 4 that there
exists a constant Ly>0 such that

—Lo<y(H)<z(t)<Lo, Vte(ty, t2). (33)

Next, choose /#>0 such that
4
4J.t1—h "u

In order to prove z is absolutely continuous on [¢,—A,
t1], let s and ¢ be such that #,—h<s<t<t;, we will com-
pare z(s) with z(¢). Using Lemma 2, we have

dt<b—a.

17 (2L ,2Ly)

—Lo<y(H)<(Bat+b)/4<(a+3b)/4<z(t)<Ly,
and
—Lo<y(s)<(Ba+b)/4<(a+3b)/4<z(s)<Ly.

Applying Lemma 2, we obtain that if p(-,£)=0 on
(%), z()) with —Lo<y()<(3a+b)/4<(a+3b)/4=z(t)<L,,
then p(-,5)=0 a.e. on

Y(f)—jt inf  wudr, Z(t)—jt sup wudr |,
) S xe(-21y,21y)

s xe(=2Ly,2L,
so that
z(8)>z()— _[ ’ sup udr. (34)
S xe(=2Ly,2Ly)
Similarly, if p(-,s)=0 on (y(s),z(s)), then
Z(f)>z(s)+ j . nf udr (35)

Hence, we have

|2 = 29| < [ el o, o0, 7> thSs<etr. (36)

For given >0, by Lemma 1, there is a 6>0 such that if
meas(E)<d, then

Jolk

Thus, for given points {s;} and {r;} satisfying
h—h<s1<t<...<s;<t;<t; and } (7;-s;)<0, Eqs.(36) and
(37) give }|z(r;)—z(s;)|<e, and it shows that z is abso-
lutely continuous on [¢,—h, #;]. Similarly, one can

dr<e. (37)

L”(-2Ly,2Ly)
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show that y is absolutely continuous on the same
interval.

In the next lemma, we will obtain the further
results concerning the functions y(¢) and z(¢). To this
end, let S be defined as the set of all £~0 such that
there are extensions of y and z to [¢, #] such that the
following three properties hold:

(1) y and z are absolutely continuous on [z, #];
(2) y<zon|[t, 1];

(3) Vel nl. [ plxsds and [ plx,s)ds
y(s)-¢ y(s)

are both positive Ve&>0, and I Z((S)) p(x,s)ds =0.

From Lemma 3, we know that S is nonempty. Let
=infS.

Lemma 4 Under the assumptions of Theorem 1, we
have that y and z have absolutely continuous exten-
sions to time 7, y(r)=z(z), and there is an L;>0 such
that Vte[z, 1], —L1<y(0)=<z(t)<L,.

Proof We prove the last assertion first. Let <c<d<
f<g<t|, and w(f)=max{z(z),~y(t)}, te(z, t;). Let te[c,g],
then by the definition, we have p(-,f)=0 a.e. on
((9), z(?)), and y(£)<z(f). Lemma 2 shows that there is
h=h(#)>0 such that p(-,s)=0 a.e. on the interval

(|l [Menel)

u

1 (2w(1),2w(1) dc{ »2(0) -

V |t=s|<h, and
t+h
6C, L y(s)ds <1. (38)
Thus we have
t
z(s) 2 z(1) - ‘L ”u L7 (=2w(1),2w(1)) do" >
and
t
y(S) S y(t) + ‘Iv ||u L® (=2w(t),2w(t)) da‘
Using Lemma 1, we get
w(s) > (1 -26, [ 7(0‘)dGD W) =G|’ 7/(0)do".

Thus for |—s|<h, Eq.(38) gives

w(t) < (1 + CU 7(0‘)daD[w(s) + c‘ [ 7(0)d0'H. (39)
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Now choose constants A<B (depending on ¢,
which is fixed), such that y(f)<4<B<z(f). Lemma 3
implies there is 4(£)>0 such that y(1)—1<y(s)<A<B<z(s)
<z(¢)+1 for all |t—s|<h. For such s, using Lemma 2, we
find that there is a ¢ (depending on ), such that if

t
§<sa=sta, wis,) 2w(s)— L "u 1 (<2-2(2),2+2w(0) do.

We can further reduce /4(7) so that 4(#)<o(f). Thus
if t=h()<s<t, then s<t<s+o(f), and we may take s,=¢ to

obtain w(t) = w(s) — C, (3 + 2w(t)) j y(o)do, where

we have used Lemma 1. Thus if t—A(¢)<s<t, then
w(s) < (1 + cj’ y(d)da)[w(t) + cj’ y(d)da}. (40)

We now cover the interval [d, /] by a finite
number of intervals B, (s;), where s;>s,>...>s, and

h=h(s;). From Eqs.(39) and (40), we obtain

w, < H{[1 +C j | }/(O‘)da}[l +C j y(a)do-}
[refrere])

where w,=w(s,) and wi=w(s;). Applying the inequal-
ity [1(1+e)<(1+e/q)’<e’, where ¢ +ert+...+e,~¢ and
each ¢>0, we have

(41)

WPSC(I'FW]).

From Eq.(33), choosing s, near ¢;, we can bound w
independent of s5;. Then from Egs.(39) and (41), we
can bound w(?) on [d, t,], for all &>, independent of d.
Thus we have proved that there is a constant L;>0
such that —L;<y(H)<z()<L,, t<t<t.

We now show that z and y are uniformly con-
tinuous on the interval (z, #]. Once it is shown, the
first and third assertions of Lemma 4 will be proved.
To prove the uniform continuity of z on (z, ¢,], we only
need to show that, for all £>0, one can choose a 6>0
such that if 0<s<¢<T and |s—#/<d, then

I

To this end, we just follow the idea as that earlier in
this proof, if ce(z, t,], we can find /(c)>0 such that if

<
L7 (-2L,.21L) do<e.

u
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|c—d|<h(c), then

|2(c)— z(d)| <

(42)

d
NG
c

For the fixed s<t with |s—#|<d and s, t€(x, t,], the in-
terval [s,f] can be covered by UBhk (s,), where s;<

da‘.

[ (=21, ,2L;)

§2<...<8p, Sjt+h>s;.1—hj1 and 2h=h(s;)<o for each j.
Then [s;1—s;|<d. Now for some j and &, s€ B, (s,) and

L& Bh/ (s;), by Eq.(42), we have

l2()=2(s)|<|z(s)—2(spIF. .. Hz(sp)—2(D)|=e.

To complete the proof, we have to show that
y(t)=z(7). But it is clear, since otherwise y(7)<z(t), if
>0, then 7 would not be minimal, whereas if 7=0, then

the assumption j Z((T)) p(x,0)dx >0 would be violated.
y(r

We next study the function # in the vacuum re-
gion V={(x,t)y(£)<x<z(f), t<t<t,}.
Lemma 5  Under the assumptions of Theorem 1,
there exist functions a,f e L, ((z,t,]) such that

u(x,h)=a(t)x+p(¢), for almost all ze(z, #] and all xe

(@), z()].
Proof From Egs.(3), (4) and (7), we see that

[ jV u . dxds =0

for all C' test function ¢ supported in V. Using similar
arguments in (Hoff and Smoller, 2001), we can obtain
this lemma easily, so details are omitted here.

Lemma 6 Fix w;e(a,b) and define w(¢) by

t
s

w(t)=w, exp(—.l‘;1 a(s)ds) - j:' exp(.[ a)ﬂ(s)ds,

where 7<t<t;. Under the assumptions of Theorem 1,
we have y(£)<w(t)<z(¢) for all T<t<t,.
Proof We claim that

dz
—<az+ 43
5 =% B (43)

for almost all 7<¢<¢,. If it holds true, then since

(il—v: =aw+ B, w(t)=wi<b=z(t)),
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we find
i[exp(—j’ a(s)ds)(z - w)} <0, ae.
det h
Integrating it from ¢ to #;, we have
exp(— [ a(s)ds)(z —w)(t) = z(t) - w(t,) > 0.

Therefore w(f)<z(f). Similarly, one can get y(£)<w(¢).
We now prove Eq.(43). Define the following sets
of zero measure:

A={te(z, t]lluHEL ((0).,2(0)},
D={te(z, t]lu(x.0)Za(@x+B(0), xe[(0),2()]},
E={te(z, t1]|z is not differentiable at ¢}.

Let By={x| jlx—rd<1}, j, k=1, 2, ..., where {r;} is the
set of rational numbers. From Lemma 1, we have
SUp...p, ueL'([0,T]). Let Fy={te(z, )|t is not a

Lebesgue point of Sup,.p, u}, and F=UFj. Then
meas(F)=0 and if s € (7,4, ]\ F,

lim(¢ —s)™" Il Sup,. s, u(x,s")ds" =sup,_, u(x,s)

t—s
for every j and k.
Let ;¢ AUDUEUF, we will prove that Eq.(43)

holds at #;. Suppose not, then there is £>0 such that for
t near t; and >t

z(t)>z3H(t—t3)(us+e), (44)

where z3=z(t;) and uz=a(t;)x+p(t;). Because u(-,t;)e
W' we can find #>0 such that

loc >
2|u(x, t3)—us|< e, for all |x—z;|<h, 45)
and y(t3)<z3—h. Then choose B;:=(c,d) such that
z23—h<(3c—d)/2<c<z3<d<(3d—c)/2<z3+th,

and choose e such that c<e<z;<d. Thus we can find
Ar>0 such that

+AL
2(" Jut0

ty—At

ey dt<e-c,

where 2¢'=3¢—d, 2d'=3d—c, y(t)<c and e<z(#)<d for all
|t—t;|<At (this can be done since y and z are continuous
functions). Then if te(#;, t;+Af),

p(,0)=0 a.e. on (¥(?), z(t))>(c, z(?)),

so by Lemma 2, for all se(3-A¢, ©), p(-,5)=0 a.e. on

(C—J.t i(nyf, u(x,s")ds’, z(t)—jt sup u(x,s')ds').

.d') ¥ xe(c',d")

Thus, let s=t3, we have

z(t,) 2 z(t) - _[: sup u(x,s")ds".

xe(c',d")

Thus using Eq.(44), we have

t
(=) + &) <z2(t) <z + [ sup u(x,s)ds
4 xe(c',d")

and

u,+e<(t— t3)'1j: sup u(x,s)ds.

3 xe(c,d")
Letting r—t; in the last inequality, we get

u, + &< sup u(x,t).
xe(c',d")

Since (c¢',d"\c[z3—h, zsth], this contradicts Eq.(45).
This proves Eq.(43) and completes the proof of
Lemma 6.

Corollary 1  Under the assumptions of Theorem 1,

we have lim, J:tl a(s)ds = +oo.

Proof  With wi<w,, w;e(a,b), i=1,2, from the defi-
nition of w in Lemma 6, we have

(0= ()= 08 = wy)exp [ a(s)ds). etz

From Lemmas 4 and 6, we have lim,.(w(#)-w»(7))=0,
and the last equation gives the result.

Proof (of Theorem 1)  Let c(t)=w;(t)<w,(t)=d(¢) be
two curves as in Lemma 6, corresponding to points w,
and w, (satisfying a<w;<w,<b), respectively. Then
from Lemmas 4 and 6, we have 0<d(f)—c(/)—0 as t] .
Choose e(t)) and f(t)) satisfying d(¢,)<z(#,)<3L<e(t)
<f (1), define two smooth functions w(x) and y(x) by
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0, x<c(t),
w(x)=41, d(t)<x<e),
0, x2f(),

and w(x) is increasing on (c(t),d(t;)), decreasing on

(e(t1), f(11)), sptync(c().d(t))e(tr), f(11));

0, x<-2L,
x(x)=4L, —-L <x<L,
0, x22L,

and y(x) is increasing on (-2L;, —L;), decreasing on
(L1, 2L,). And define

W= () (OB (D), T<i<h,

where o and & are regularizations of a and f, re-
spectively. Consider the initial-value problem

at¢8+wsax(p8:07 NS [tn tl)’
9°(x, t)=y(x),

(46)
(47)

where 7<t<t,. By the characteristic method, it is easy
to check that ¢° is a smooth compactly supported
function. The characteristics of Eqs.(46) and (47)
which start on spty,"(c(t),d(t)) are given by
x'=0 (H)x+f(f), so for small ¢ (depending on ¢) they
stay between the curves c¢(¢) and d(¢). Similarly, the
characteristics of Eqs.(46) and (47) outside of the
vacuum, which issue from [e(?;), f{(#))], are given by
x'=0. Thus, we have, for t<t<s<t,

0,9 (x,5) 20, if (x,5) € (c(s),d(s))x[t,t,] =1,
0.0° (x,8) =y, (x) <0, if (x,s) €[e(?,), f)]x[1,,]=11,

0.¢" (x,8)=0, else.

Thus from Eq.(7), we have, for 7<¢<t,

h & &
tdx=”[pu(u—w )0.p° +
(P_ﬂux)axgog +pf¢g]dXdS'

[ pug?
(48)

First, the left hand side of Eq.(48) is bounded, inde-
pendent of ¢, for <t<t;, by the virtue of Eq.(11).

Similarly, the term ﬂ pfo°dxds is bounded, because

of Egs.(5) and (8). Also jj pu = w0, dxds =0,

since p=0 in L. In II, w*=0 and 0,¢"=y,, so (HI) im-
plies

‘IJ-II pu(u -w )ax(ongdS‘ - UJ-H puzl//xdxds‘ <C,
and

1T, (P~ e 30,0 x| =| [, P+ s, DI, v <.
From Eqgs.(3) and (4), we have

e
=—[" pa()lp" (d(s),5) - ¢ (c(s),9)lds
- —j par(s)ds,

since ¢°(d(s),)=1 and ¢°(c(s),s)=0. Thus, from the

is

15
arguments above, we obtain that ‘J.t'a(s)ds

bounded, independent of . Letting t—, it contradicts
Corollary 1. This completes the proof of Theorem 1.
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