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Abstract:

In this paper, we consider an explicit iteration scheme with perturbed mapping for nonexpansive mappings in real

g-uniformly smooth Banach spaces. Some weak and strong convergence theorems for this explicit iteration scheme are established.
In particular, necessary and sufficient conditions for strong convergence of this explicit iteration scheme are obtained. At last,
some useful corollaries for strong convergence of this explicit iteration scheme are given.
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INTRODUCTION AND PRELIMINARIES

Let E be a real Banach space with dual space £,
(-, be the duality pairing between elements of £ and
those of E', and 27" denote the family of all the
nonempty subsets of E’. The generalized duality
mapping J,:E— 2% is defined by J,(x)={fcE"(x,f}=
x|, [[A=]xl|“"Y, VxeE, where g>1 is a constant. In
particular, J, is the usual normalized duality mapping.

It is well known that, in general, J_(x) =[x [|"”* J,(x)

Vx#0. A mapping 7 with domain D(7) and range R(T)
in E is called x-Lipschitz continuous if there exists a
constant x>0 such that || 7x - Ty ||<« || x—y]||, for all

x,yeD(T), and if x=1, then T is called nonexpansive.
The mapping F:D(F)cE—E is called n-strongly ac-
cretive if for all x,ye D(F) there exists a constant #>0
and j,(x—y)eJ,(x—y) such that (F(x)—F(), j,(x—y))>
77llx—y||?. Note that if E=H, a real Hilbert space, then
J, becomes the identity mapping on H, and on this
condition strongly accretive mappings reduce to
strongly monotone mappings.

Recently, Wang (2007) studied an explicit it-
erative scheme with perturbed mapping F in Hilbert
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spaces and proved the following theorem:

Let H be a real Hilbert space, 7:H—H a nonex-
pansive mapping with F(T)={xeH:Tx=x}#J, and
F:H—H an n-strongly monotone and x-Lipschitzian
mapping. For any given xoeH, {x,} is defined by

X, =a,x, +(1-a)"x,, n20, (1)

where T*"x =Tx, — A, uF(Tx,), {a,} and {l,}c
[0,1) satisfy the following conditions: (i) a<a,<f for
some a,f<(0,1); (i) Z::l A, < oo; (iii) 0<u<2n/K’.

Then
(1) {x,} converges weakly to a fixed point of T;
(2) {x,} converges strongly to a fixed point of T
if and only if lil;lll)iololf d(x,,F(T))=0.

no

Motivated and inspired by the above research
work of (Wang, 2007), in this paper, we will consider
the explicit iteration scheme with perturbed mapping
for nonexpansive mappings {x,} defined by Eq.(1) in
a real g-uniformly smooth Banach space E. We will
establish some weak and strong convergence theo-
rems for this explicit iteration scheme.

Recall that E is said to satisfy Opial condition, if
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for each sequence {x,} in E, the condition that the

sequence Xp—X weakly implies that
limsup || x, —x||<limsup || x, — ¥ || VyeE with y#x.

A Banach space E is called smooth if for every

xeE with ||x]|=1, there exists a unique feE" such that
|IflI=Afix)=1. The modulus of smoothness of E is the
function pg:[0,00)—[0,0) defined by

Lx+pl+lx=yll .
2

pE(T) :Sup{
x,yeE, [ x[=1 [ yl|= T}-

Definition 1

uniformly

The Banach space E is said to be (i)
smooth, if lim_,, p.(7)/7=0; (i)
g-uniformly smooth, for g>1, if there exists a constant
>0 such that pg(r)<ct?, re[0,).

Remark 1  J, is single-valued if £ is uniformly
smooth and all Hilbert spaces and L, (or /) (2<g<o0)
spaces are 2-uniformly smooth, while for 1<¢<2, L,
(or I;) spaces are g-uniformly smooth. And a uni-
formly smooth Banach space is reflexive and smooth.
Definition 2 Let D be a closed subset of E and
T:D—D be a mapping: (1) T'is said to be demi-closed
at a point xeD, if for each sequence {x,} in D, the
conditions x,—x,€D weakly and Tx,—y imply Tx=y;
(2) T is said to be semi-compact, if for any bounded
sequence {x,}cD such that | x, —Tx, || > 0 (n — ),

then there exists a subsequence {x, } c {x,} such that
x, > x eD.

In order to prove our main results, we shall make
use of the following lemmas in the sequel.
Lemma 1 (Xu, 1991) Let g>1 be a real number and
let E be a real uniformly smooth Banach space. Then
E is g-uniformly smooth if and only if there exists a

constant ¢, >0 such that VxyeE, |x+y|’<

1x 1l +q (3.7, () +c, |y

Lemma 2 (Jung, 2005) Let E be a reflexive Banach
space which satisfies Opial condition, let C be a non-
empty closed convex subset of £ and suppose T:C—FE
is nonexpansive. Then the mapping /-7 is
demi-closed on C, where [ is the identity mapping.
Lemma 3 (Osilike et al., 2002) Let {a,}, {b,} and
{0} be sequences of nonnegative real numbers sat-

isfying the inequality a,<(1+d,)a,+b,, n>1. If
Z::l§n <o and Z::lbn < oo, then lim
If in addition {a,} has a subsequence which con-
verges strongly to zero, then lim, a6 =0.

Lemma 4 (Tan and Xu, 1993) Let {a,} and {b,} be
two sequences of nonnegative real numbers satisfying

a_ exists.

n—x0 n

©

the inequality a,+1<a,+b,, Vn>0. If Zn b con-

=0 n

a . exists.

Lemma 5 (Suzuki, 2005) Let {x,} and {y,} be
bounded sequences in a Banach space X' and let {£,}
[0,1] with O<liminf g, <

n—»w0

verges, then lim

be a sequence in

limsup S, <1. Suppose x,+1=(1-B,)y,+fx, VneN

n—o

a'nd lim Sup(” yn+l - yn || - H xn+1 - xn ||) < O' Then

n—w0

lim{|y, —x, [=0.

Lemma 6 Let E be a real g-uniformly smooth Ba-
nach space, T:E—F be nonexpansive, and F:E—FE be
x-Lipschitz continuous and #-strongly accretive. If
A€[0,1) and '~ €(0,gn/(c k%)), a mapping T":E—E is
defined by T'x:=Tx—AuF(Tx), VxeE. Then

IT%x=T"y | 3/1—61/1#77+Cq/1qﬂq’fq =yl x =yl

Proof By Lemma 1, we obtain

I T*x =Ty |["=| Tx = Ty = Au(F(Tx) = F(Ty)) ||

Y Tx-Ty | —qﬁ,u<F(Tx)—F(Ty),Jq(Tx_Ty)>
+e, At || F(Tx) = F(Ty) ||

<(=qAun+c A"u'x") | Tx =Ty |

<(I=qAun+c, A'u'x") || x—yl.

Since u1'e(0,qn/(ck?), it is easy to see that
1=qAun+c Au’k’<1. The proof is completed.

MAIN RESULTS

Theorem 1  Let £ be a real g-uniformly smooth
Banach space satisfying Opial condition, T:E—FE be a
nonexpansive mapping with F(T)={xeE:Tx=x}#0,
and F:E—E be k-Lipschitz continuous and #-strongly
accretive. Suppose that {4} <[0,1), {o,} _, =(0,1)
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satisfy the following conditions: (i) a<a,<f for some
ape(0,1); (i) Y 4, <o0; (iid) 4" €(0, qni(cye)).
Then for any given xo€E, the sequence {x,} defined
by Eq.(1) converges weakly to a fixed point of 7.
Proof Let p be an arbitrary element of F(7), it fol-
lows from Eq.(1) and Lemma 6 that

-pl<a,llx, —pl+(1-a)|IT"x,-T" p|
+(1-a )T p-pl
<a,lx,-pll+d-a)|x, - pll (2)
+(l-a )4, 1| F(p)
Sx, —pll+A4, 4 | F(p) I

[

n+l

Since Z::I/In <o, from Lemma 4 we deduce that
lim|| x, — p|| exists. Hence {x,} is bounded. We can
n—w

also obtain that {7(x,)}, {F(x,)} and {F(Tx,)} are all
bounded. Put M =max{sup| F(x,) ||, sup| F(Ix,)|}.
n=0

n=0 2

‘We note that

” TﬂM X, - Tﬂm X, H

A o A e
N Tx,,, —T™x, ||+|T™x, =T x, ||

S|| xn+1 _xn || +,Ll | ﬂ’n+1 _ﬂ’n+2 | : || F(Txn) H .
Therefore
limsup(| %2, =T, || = || x,., = x, )
< hm Sup(| ﬂ‘nJrl - /111+2 | :LlM) = 0

From Lemma 5 and the condition (i), we have
lim || x, — 7% x, ||= 0. It follows that

n—>0

n+l

lim||x,,, - x, [I= lim(1-a,) | T*"x, = x, |=0. (3)

Observe that

|| xn _T‘xn ||S|| ‘xn+l _Txn ||
_xn |+H an('xn _Txn)_(l_an)ﬂ’nHﬂF(Txn)||

-x, ||+a, || x, = Tx, || +Q -, )A,., uM.

=x, [+ 1%,

=l x

< x

n+l1

n+l

This together with the condition (i) yields

Ilx, —Tx, ||<| x,,, —x, || /A= B)+ A,,,.uM —0, (n —>0)

that is
llm || xn - Txn ||= 0' (4)

From Remark 1 we know that E is reflexive and
again since {x,} is bounded, there exists a subse-
quence {x, } which converges weakly to some x ek

and we have lim||x, —Tx, ||=0. By Lemma 2, we
Jjoo i i

have (I—T)x*=0, i.e.,x isa fixed point of 7.
Next we show that {x,} converges weakly to x.
Suppose the contrary, then there exists some subse-

quence {x, }—{x,} such that {x } converges

weakly to % and % # x". Then by the same method as
given above, we can also prove that x € F(T). By

virtue of Opial condition of £, we conclude that

. * . * . ~
lim||x, —x |=limsup||x, —x |[<limsup|/x, —x||
n—»ow J J

J—o J—o

. A1 AT .
=lim| x, —X|=limsup||x, —X|<limsupl||x, —x |
n—w k 3

k—o k—0

=lim|x, —x ||.
n—ow

This is a contradiction. Hence x" = X. This implies
that {x,} converges weakly to x . The proof is com-
pleted.

Lemma 7  Let E be a real g-uniformly smooth
Banach space, T:E—F be a nonexpansive mapping
with F(T)#9, and F:E—E be x-Lipschitz continu-
ous and #-strongly accretive. Suppose that
4,1, <[0,D), {a,},, =(0,1) satisfy the following
conditions: (1) o<a,<f for some a, f<(0,1); (ii)

" 4, <oo; (iii) 47 €(0, gn/(cgk”)). Let xo€E and

{x,} be defined by Eq.(1). Then
(1) lim|| x, —x" || exists for each x" € F(T);

(2) limd(x,,F(T)) exists, where d(x

n ’F(T)) =
infpeF(T) || ‘xn_p ||’

(3) liminf || x, — Tx, ||=0.
Proof From Egs.(2) and (4), the conclusions (1) and
(3) hold.

Next we shall prove the conclusion (2). Indeed,
for each pe F(T),

IEDSIE@)=F )| Fen)l[<xlbe,—pll+M,
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where M is as appeared in Theorem 1. This together
with Eq.(2) yields

1Pl A F @)
Slu—plHAn el pew—p |+ A
:(1+5n)||xn_p||+bm (5)
and so

d(xps1, F(D)=(1+0,)d(xn, F(T)) by, (6)

where 0,=A,nux, b, =AuM, n>0. By virtue of

Zilﬂ,ﬂ <o, we have 2:;05” < oo, Z:;Obn <o,
By Eq.(6) and Lemma 3, we deduce limd(x,,F(T))

exists. This completes the proof.
Theorem 2  Let £ be a real g-uniformly smooth
Banach space, T:E—FE be a nonexpansive mapping
with F(T)#Y, and F:E—FE be k-Lipschitz continuous
and  z-strongly  accretive. Suppose  that
{4}, <[0,)), {a,}._, =(0,1) satisfy the following
conditions: (1) a<a,<f for some a, f<(0,1); (ii)
;ﬂn <oo; (iii) u? "' €(0, gn/(cyk?)). Then for any
given xoekF, the sequence {x,} defined by Eq.(1)
converges strongly to a fixed point of 7 if and only if

liminf,  d(x,,F(T))=0.

Proof  For {5,} in Eq.(5), since ) " &, <oo, let

L=]]_,A+6,), then 1< L <o,

Suppose that {x,} converges strongly to a fixed
point p of 7, then lim _ _ | x, —p|=0. Since

0<d(x,,F(T)<||lx, —pl—>0(n—>cw), we
d(x,,F(T))=0.
Conversely suppose liminfd(x, ,F(T))=0,

have
liminf

n—o

then the conclusion (2) of Lemma 7 implies that

limd(x,,F(T))=0. Thus for arbitrary &>0, there

exists a positive integer N, such that
d(x,,F(T))<e/(4L), Vvn=N,. And for {b,} in
Eq.(5), the condition Ziobﬂ < oo implies that there
positive N;  such that
z;bj <gl(4L), Vn>N,. Let Ne=max{N,, N;}.

exists a integer

From Eq.(5), Vn, m>N+« and for any pe F(T), we de-
rive

2035

1%, =x, <%, = plI+x, =Pl
S(14_5n—1)||xn—1 _pH +bn—1 +(1+5m—l)|| xm—l _pH +bm—1

n—1

n-1 n=2
sljv[(mz)HxM -pll+b,, + ;bjl‘[(lw,-)
1=Nx J=Nx

i=j+1

m—1

m—2 m—1
+[Ta+8)xy. = pl+b,,+ 2 b, ][ (1+6)
i=N. Jj=Ni  i=j+l
m—1

n—1
<2L|xy, —plIl+LY b, +LD b,

J=Nu j=N.

<2L|xy, —pll+2L D b, <2L| x, —pll+&/2.

j=N.

Taking the infimum over all peF(T), we have
Ilx, —x, |<2Ld(x, ,F(T))+¢/2<e. This implies

that {x,} is a Cauchy sequence. Let x, > X € E.
Then we derive from Eq.(4) that X € F(T). The proof

is completed.

Similar to the proof of Corollaries 3.3, 3.4 and
Theorem 3.5 in (Wang, 2007), we can obtain the fol-
lowing conclusions:

Corollary 1 Under the conditions of Lemma 7, if T
is completely continuous, then {x,} converges
strongly to a fixed point of T.

Corollary 2 Under the conditions of Lemma 7, if T
is semi-compact, then {x,} converges strongly to a
fixed point of 7.

Senter and Dotson (1974) introduced Condition
(A). Later on, Maiti and Ghosh (1989) studied Con-
dition (A) and pointed out that Condition (A) is
weaker than the requirement of semi-compactness for
nonexpansive mappings. A mapping 7:K—K with
F(T={xeK:Tx=x}# is said to satisfy Condition (A)
if there exists a nondecreasing function f :[0,0)
—[0,00) with f{0)=0 and f{#)>0 Vz e (0,0) such that

|lx—Tx|>Ad(x,F(T))) VxekK.

Theorem 3 Under the conditions of Lemma 7, if T
satisfies Condition (A), then {x,} converges strongly
to a fixed point of 7.
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