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Abstract:    A modified nonlinear stochastic optimal bounded control strategy for random excited hysteretic systems with actuator 
saturation is proposed. First, a controlled hysteretic system is converted into an equivalent nonlinear nonhysteretic stochastic 
system. Then, the partially averaged Itô stochastic differential equation and dynamical programming equation are established, 
respectively, by using the stochastic averaging method for quasi non-integrable Hamiltonian systems and stochastic dynamical 
programming principle, from which the optimal control law consisting of optimal unbounded control and bang-bang control is 
derived. Finally, the response of optimally controlled system is predicted by solving the Fokker-Planck-Kolmogorov (FPK) 
equation associated with the fully averaged Itô equation. Numerical results show that the proposed control strategy has high 
control effectiveness and efficiency. 
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INTRODUCTION 
 

Civil engineering structures often exhibit hys-
terestic characteristics when they are subjected to 
severe dynamic loading. The intelligent materials in 
structural control such as piezoelectric ceramics or 
electrorheological and magnetorheological (ER/MR) 
dampers also exhibit hysterestic. Because of the 
complicated behavior of hysteretic systems, the active 
control of hysteretic structures is a significant and 
difficult research subject and has been extensively 
investigated by various methods in the past few dec-
ades, including polynomial control (Yang et al., 1996), 
sliding mode control (Yang et al., 1995), etc. How-
ever, these controls are deterministic and independent 

of dynamic loading. Since the dynamic loading for 
civil engineering structures is usually random, sto-
chastic optimal control of hysteretic structures would 
be more appealing and reasonable. In recent years, a 
nonlinear stochastic optimal control strategy has been 
proposed for quasi-Hamiltonian systems (Zhu et al., 
2001; Zhu, 2006) based on the stochastic averaging 
method (Zhu et al., 1997; 2002; Zhu and Yang, 1997) 
and stochastic dynamical programming principle 
(Fleming and Rishel, 1975; Yong and Zhou, 1999). 
The strategy has been applied to hysteretic systems 
(Zhu et al., 2000; Ying and Zhu, 2003; Cheng et al., 
2006). 

Due to the stochastic nature of dynamical load-
ing, it is conceivable that the required control force 
may exceed the capacity of the actuator, which will 
result in actuator saturation. The actuator saturation 
may cause deterioration of the control performance. 
Thus, in the field of nonlinear stochastic control, the 
actuator saturation problem must be considered. 

In the paper, a nonlinear stochastic optimal con-
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trol strategy is developed for hysteretic systems with 
actuator saturation. The optimal control law consists 
of optimal unbounded control and optimal bang-bang 
control, i.e., the control force is of the form of optimal 
unbounded control if the required control force is less 
than the control bounds; it is equal to control bound, 
otherwise. A controlled hysteretic column under both 
horizontal and vertical random ground excitations is 
worked out. The numerical results show that this 
modified stochastic optimal control strategy has high 
control effectiveness and efficiency. 
 
 
FORMULATION OF PROBLEM 
 

The bounded feedback control of a single de-
gree-of-freedom (DOF) strong nonlinear hysteretic 
column subjects to both horizontal and vertical ran-
dom ground excitations. The equation of motion is of 
the form  
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2 ( ( )) (1 ) ( ) ,
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X t X
u b

ζ α η α ξ⎧ + + − − + − = +
⎪

=⎨
⎪ ≤⎩

 (1) 

 
where X is non-dimensional displacement; ζ is vis-
cous damping ratio; k1, k2 are constants; α is ratio of 
stiffness after yield to stiffness before yield; u is  weak 
feedback control force which is bounded due to ac-
tuator saturation; η(t) and ξ(t) are vertical and hori-
zontal ground acceleration excitations, and are mod-
eled as Gaussian white noises with intensities 2D1 and 
2D2, respectively; Z is the hysteretic component of the 
restoring force, the Bouc-Wen model (Bouc, 1967; 
Wen, 1976) of which is governed by the following 1D 
differential equation: 
 

1| | | | | | ,n nZ AX X Z X Z Zβ γ −= − −             (2) 
 
where A, β, γ and n are hysteretic parameters. System 
Eq.(1) without control has been studied by Lin and 
Cai (1995) and that with unbounded control by Zhu et 
al.(2000) and Cheng et al.(2006). 

The objective of control is expressed in terms of 
minimizing a performance index, which depends on 
control time interval. For finite time-interval control, 
the performance index is of the form 
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and for an infinite time-interval ergodic control, the 
index is 
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where E[⋅] denotes an expectation operation; tf is the 
terminal time of control; 1( , , ),f X X u 2 ( , , )f X X u  are 

cost functions; ( , )g X X  is the terminal cost. Eqs.(1), 
(2), (3) or (4) constitute the mathematical formulation 
of the optimal bounded control problem for a sto-
chastically excited hysteretic column with actuator 
saturation. 
 
 
PARTIALLY AVERAGED SYSTEM 
 

The controlled hysteretic column subject to 
random excitations is a very complicated system. To 
apply the stochastic averaging method, it is necessary 
first to convert hysteretic system Eq.(1) into the fol-
lowing equivalent nonlinear non-hysteretic system:  
 

1 2[2 2 ( )] / ( ) ( ),X H X U X t u k X tζ ζ ξ η+ + +∂ ∂ = + + (5) 
 
where 2/2+ ( )H x U x=  is the total energy of the sys-
tem, and U is the equivalent potential energy. The 
nonlinear damping coefficient 2ζ1(H) can be ex-
pressed as 
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                  (6) 

 
where Ar is the area of hysteretic loop representing the 
energy dissipated by the hysteretic force; a is the 
amplitude of displacement related to H by H=U(±a). 
The expressions for area Ar and potential energy U(x) 
depend on the values of hysteresis parameters.  In the 
case β=γ, n=A=1, for example, they are 
 

2
0 0(1 )[ 2 / ( ) ],rA x a xα γ= − − + −               (7) 
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where x0 represents the residual hysteresis displace-
ment. The quantities a and x0 for certain H can be 
obtained by solving the following equations: 
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By applying the stochastic averaging method for 

quasi non-integrable Hamiltonian systems (Zhu and 
Yang, 1997) to system Eq.(5), the following partially 
averaged Itô equation for total energy H is derived: 
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     (10) 

 
where B(t) is a standard Wiener process; m(H) and 
σ(H) are the averaged drift and diffusion coefficients, 
respectively, which can be expressed as 
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To be consistent with partially averaged Eq.(10), 

performance index Eqs.(3) and (4) are also partially 
averaged, i.e., Eqs.(3) and (4) are replaced with 
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respectively. Eqs.(10) and (12) or (13) constitute the 

mathematical formulation of the optimal nonlinear 
control problem of the partially averaged hysteretic 
system with actuator saturation. 
 
 
OPTIMAL CONTROL FORCE 
 

Based on the stochastic dynamical programming 
principle (Fleming and Rishel, 1975), the following 
dynamical programming equation can be established 
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for the partially averaged controlled system Eq.(10) 
with performance index Eq.(12), or 
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for system Eq.(10) with performance index Eq.(13), 
where V=V(H,t) is value function, λ =  

*
40

1lim ( , )d
T

T
f H u s

T→∞
〈 〉∫  is optimal average cost and U 

denotes the domain of control force u. For symmetric 
bounded control forces, 
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The sufficient and necessary condition for 
minimization of the right-hand side of Eqs.(14) or (15) 
subject to the constraints in Eq.(16) yields the optimal 
control force u*. For example, let function f4 be of the 
form 
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where fc(H)≥0 and R is a positive-definite symmetric 
constant. The optimal control law is determined as 
follows:  
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Inserting u* in Eq.(18) into dynamical program-

ming Eq.(15) for replacing u, the final dynamical 
programming equation is obtained as follows: 
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For certain H, Xcr1, Xcr2 can be obtained by the fol-
lowing equations: 
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Solving the final dynamical programming 

Eq.(19) yields dV/dH and optimal control forces u*. 
Substituting the optimal control forces u* into Eq.(10) 
to replace u, completing the averaging of the terms 
with u*, the following fully averaged Itô equation can 
be obtained: 
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Solving the reduced Fokker-Planck-Kolmo- 
gorov equation associated with the fully averaged Itô 
Eq.(22), the following exact stationary probability 
density pc(H) can be obtained: 
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The exact stationary probability density pu(H) of 

uncontrolled system can be obtained from Eq.(24) by 
replacing ( )m y  with m(y) in Eq.(11). 

The statistics of the stationary responses of the 
controlled and uncontrolled system Eq.(1) can be 
obtained from the stationary probability densities 
pc(H) and pu(H). For instance, the joint probability 
density, the mean square value of the displacement, 
and the mean square value of optimal control force u* 
are 
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The control effectiveness and efficiency of the 

proposed control can be obtained by using the fol-
lowing definitions: 
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where E[Xu

2] is the mean-square displacement of an 
uncontrolled system. K represents the percentage 
reduction in the mean square displacement of the 
optimal controlled systems while μ is the relative 
reduction per unit of the normalized mean-square 
control. 
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OPTIMAL BOUNDED POLYNOMIAL CONTROL 
 

For comparison, the optimal bounded polyno-
mial control strategy is considered (Yang et al., 1996). 
Let the performance index for the infinite time control 
problem be 
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1 2 20

( )d ,J τ
∞

= + +∫ Q S Q Q P QQ S Q u Ru      (27) 

where 

{ }
{ } { }
{ } { }

1

11
1

12

21 21
2 2

22 22

0,     ,2 ( ) (1 )

00 0 ,           , 0 0

0 0,       .0 0

X
uX k X Z

s
R s

s P
s P

ζ α α
⎧ ⎫= =⎨ ⎬− − − − −⎩ ⎭

= =

= =

Q u

R S

S P

     (28) 

 
In this case, suppose the optimal value function is of 
the form 
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By solving the associated Hamilton-Jacobi- 

Bellman equation (Yang et al., 1996), the optimal 
control force subjected to the constraints in Eq.(16) is 
obtained 
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2ζ′=2ζ+P11/(2ζP12), 2ζ″=2ζ+P21/(2ζP22).  
 

Then the statistics of the responses of the optimal 
bounded polynomial controlled system are obtained. 

 
 

NUMERICAL RESULTS 
 

Numerical results were obtained for the follow-
ing parameter values: ζ=0.1, k1=0.04, k2=0.1, γ=0.5, 
α=0.9, D1=0.3, D2=0.1, R=0.1, s1=s3=0, s2=1.0, 

bu=1.5, dV(0)/dH=3.5 unless otherwise mentioned. 
Table 1 shows that the proposed control strategy 
performs very well in the entire range of parameter 
values used. The control effectiveness and control 
efficiency are very high for various control parame-
ters, intensities of excitation and hysteresis parame-
ters. Figs.1~2 are numerical results for system Eq.(1) 
without parametric excitation (D2=0) by using the 
proposed control and the optimal bounded polyno-
mial control. It is seen that the control effectiveness 
and efficiency of the proposed control strategy are 
higher than the optimal bounded polynomial control. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
CONCLUSION 
 

In the paper, an optimal nonlinear stochastic 
bounded control for hysteretic system with actuator 
saturation has been developed based on the stochastic 
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Fig.1  Comparison of control effectiveness. Ko for the
proposed optimal control (s2=s3=0) and Kopc for the
optimal bounded polynomial control (s11=s21=0, s22=1.0)

s1 or s12 

μ 

μo 

1.0  1.2  1.4  1.6  1.8   2.0  2.2  2.4  2.6   2.8  3.0

0.60

0.55

0.50

0.45

0.40

0.35

0.30

μopc 

Fig.2  Comparison of control efficiency. μo for the pro-
posed optimal control (s2=s3=0) and μopc for the optimal
bounded polynomial control (s11=s21=0, s22=1.0) 
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averaging method and stochastic dynamical pro-
gramming principle. The results for the example show 
that the proposed control strategy has some advan-
tages: the dimension of the dynamical programming 
equation is reduced by using the stochastic averaging 
method and the equation has classical solution; the 
strategy has both advantages of optimal unbounded 
and bang-bang control and has high control effec-
tiveness and control efficiency. Thus, the proposed 
control strategy is very promising. 
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