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Abstract: Swept volume solid modeling has been applied to many areas such as NC machining simulation and verification, robot
workspace analysis, collision detection, and CAD. But self-intersections continue to be a challenging problem in the boundary
representation of swept volume solids. A novel algorithm is presented in this paper to trim self-intersection regions in swept
volume solids modeling. This trimming algorithm consists of two major steps: (1) roughly detecting self-intersection regions by
checking intersections or overlapping of the envelop profiles; (2) splitting the whole envelop surfaces of the swept volume solid
into separate non-self-intersecting patches to trim global self-intersections, and to trim local self-intersections, dividing local
self-intersecting regions into patches and replacing self-intersecting patches with non-self-intersecting ones. Examples show that

our algorithm is efficient and robust.
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INTRODUCTION

Swept volume (SV) is defined as the space oc-
cupied by sweeping a solid or a collection of surfaces
along an arbitrary trajectory (Kim et al., 2004), and it
has been applied to many areas such as geometric
modeling, NC machining simulation and verification,
robot workspace, and collision detection (Blackmore
et al., 1997b; Abdel-Malek et al., 2006).

The problem of SV is developed with many dis-
ciplines including envelop theory (Wang and Wang,
1986; Martin and Stephenson, 1990; Weld and Leu,
1990; Pottmann and Peternell, 2000), sweep differ-
ential equations (SDE) (Blackmore and Leu, 1992;
Blackmore et al., 1997a) and Jacobian rank-
deficiency method (Abdel-Malek and Yeh, 1997).
Envelop theory is one of the most fundamental for-
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mulations for SV problems, and states that the SV of a
compact n-manifold in R” is generated by combining
the SVs of the boundaries of this manifold at each
location in the sweep. The SV problem is also devel-
oped in parallel with many solid modeling techniques
such as boundary representation (B-Rep), spatial par-
titioning and constructive solid geometry (Requicha
and Voelcker, 1982). B-Rep is one of the most widely
used modeling techniques, because it supports a vari-
ety of mathematical surfaces including Bezier, spline
and NURBS. Based on both envelop theory and B-rep
method, the envelop of the space occupied by the SV
can be identified as a solid, called “SV solid”.
However, one challenging problem may often
arise during the SV solid modeling, which is that the
SV envelop surfaces may self-intersect. It will result
in non-manifold boundary surfaces of SV solids and
is one of the most difficult aspects for analyzing and
representing SVs. The problem of self-intersections
in SV solid modeling has been largely overlooked in
literature due to its difficulty, but it is still very de-
sirable to remove all unwanted inner pieces of the
envelop surfaces inside the SV, especially in the
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context of a boundary modeler which demands all
handled objects be manifolds (Blackmore et al., 1999;
Rossignac et al., 2007).

In this paper, a novel algorithm is proposed for
trimming self-intersections in SV solid modeling of
revolutions. In Section 2, we will briefly introduce the
definition of SV problems and the procedures of
modeling an SV solid. The new detection-and-
trimming method of self-intersections in SV solid
modeling will be presented in detail with examples in
Sections 3 and 4. A conclusion will be given in Sec-
tion 5.

SV SOLID MODELING

NC machining tools are or can be approximated
by revolved solids in machining simulation and veri-
fication, and geometric modeling applications. So, in
this paper we focus on the self-intersection-trimming
of SVs generated by revolved solids along curved
swept trajectories.

Let McR® be the revolution generator solid to be
swept in R®. Let 7(f) be a composite curve as the
sweeping trajectory curve in R’, and R(7) be a
time-varying matrix from z(f) which presents the
transformation from the start reference frame to the
reference frame at time ¢, where ¢ is the single time
variable normalized to vary in [0, 1]. Here, R(0) cor-
responds to the identity matrix. The sweeping of the
generator solid M can be described by the following
formula:

M(@O)=1(H)+R(¢) M. (1)
The SV solid of M can be defined as
SV(M)y={wM()|t€]0, 1T}, 2
where U represents the union of moving generators.
The envelop of the SV solid can be defined as
the union of all envelop profiles of the moving gen-

erator at each position over the entire time interval as
follows:

OSV(MY=0_M(0)Ld. M(1)U{8uM(F): t[0, 11}. (3)

0-M(0) consists of the ingress surface patches of M at

the start position of the motion; 0,M(1) consists of the
egress surface patches of M at the end position of the
motion. The envelop profile dyM(f) of SV is extracted
from M(¢) at time ¢ (Yu and Wang, 2003). In this
paper, the envelop profile 0yM(?) is considered as a
composite curve, which is named as C(f). As pre-
sented in the envelop theory, the SV envelop surface
is created through the envelop profile curve set {C(¢)},
which means that the envelop surface and the inter-
mediate generator solid M(¢) tangentially touch at the
envelop profile curve C(¢) at a given time ¢. So if a
point P lies on C(¢), it must also both lie on the en-
velop surface and M(¢), and its velocity vector at time
¢t must be in the tangent plane of the SV envelop sur-
face at this point. That is to say,

Vp-Np=0, 4)

where Vp is the instantaneous velocity vector of P; Np
is the normal vector of the SV envelop surface at P
and it can also be evaluated from the boundary sur-
face of the moving generator solid M(¢) at P (Black-
more et al., 1997a; Piegl and Tiller, 1997; Mann and
Bedi, 2002).

According to the above definitions of SV prob-
lems, the whole SV solid modeling can be presented
in the following steps:

Step 1: Discretize the trajectory curve into m
points according to the curvature variations, denote
those points as Py, Py, Ps, ..., Py-1, and set up refer-
ence frames F; (i=0, 1, 2, ..., m—1) at each discrete
point P; (Fig.1). In order to avoid a twisted or
self-intersecting SV solid at most, proper reference
frames are important. So the modified Frenet Frames
(Xu et al., 2007) are adopted in this paper.
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Fig.1 Step 1: (a) Discrete points Py, Py, Py, ..., P,,—; on the
trajectory and corresponding reference frames on the
points; (b) Magnified end of the trajectory

Step 2: Transform the generator within those
reference frames. We use the following equation to
describe the transform:

F=A;F, (5)
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where Fj is the first frame set up at the start of the
trajectory, F; is the local frame at the ith discrete po-
sition P;, and A; is the transform matrix from Fj to F;
(Peternell et al., 2005).

Then calculate the velocity vectors of the gen-
erator at each discrete position. According to Eq.(5),
the sweeping of a point x on the generator M can be
presented as

x=A;x, (6)

where x; is the point on the moving generator M;
transformed from the start position into the ith dis-
crete position, and the motion of x can be taken as a
trajectory. So the velocity vector V,; of x at the ith
discrete position is just the tangent vector of this point
on the corresponding sweeping trajectory (Mann and
Bedi, 2002):

V., =%=4 x. (7

At last, extract and approximate the envelop
profile curve C(7). Firstly, we tessellate the rotation
axis Ax; of the moving revolved generator M; into n
points {Ap;|j=0, 1, 2, ..., n—1} at each local frame,
make a plane through the point Ap; and with the
normal of Ax;, intersect this plane with the boundary
surfaces of M; to get a circle SC,, calculate the

__Envelop profile
~ curve

~———Grazing points

Fig.2 Step 2: (a) Grazing points and the approximated
envelop profile curve on the generator at the start posi-
tion of the trajectory; (b) Envelop profile curves at each
position

velocity vector V; at the center point of a sphere which
passes SC;, make a plane through the spherical center
point and with the normal of V, and then intersect this
plane with ¥ to obtain the grazing points {Gy,|;=0, 1,
2, ...,n=1; k=0, 1, 2}. The envelop profile curve C(¢)
is the approximation of B-spline curves through these
grazing points (Fig.2). The details refer to our earlier
paper (Xu et al., 2007).

Step 3: Suppose the extracted envelop profile C(¢)
is a composite of B-spline curves, we can approxi-
mate a B-spline envelop surface S(u, v) (skinned sur-
face) by lofting through the profile curve set {C(¢)}
(Piegl and Tiller, 1997) (Fig.3a).

Based on B-splines, the definition of S(u, v) is as
follows.

It is known that S(u, v) touches the moving gen-
erator at the profile curve C(¢) at any given time 7, so
points on the profile curve C(f) must also lie on the
surface S(u, v). Suppose the composite profile curve
C(¢) at time ¢ can be represented as follows:

€)=Y R, WP, (8)

The approximation of the envelop surface is a
process of blending the profile curves together to
create a surface. Let

Envelop surface

Envelop surface

SRR

Ingress Egress

(b)
Fig.3 Step 3: (a) Envelop surface created by lofting all
the profile curves; (b) The whole SV solid which com-
bines the envelop surface with the ingress/egress sur-
faces
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n

Swn =SSR @B, O

i=0 j=0

where {R;;,,(u, v)} are the rational B-spline basis
functions (Piegl and Tiller, 1997).
Let S(u,v) be given by Cy(u):

S(u, vy=Ci(u). (10)

Here v, is a set of unknown variables. From Eq.(9), we
can get

S(u,v)zzn:Rl.,p [iRj,q(v)E,j], (11)

if
Qi(v) = sz,q(V)‘Pi,js (12)
j=0
and
QI(VI)=P,/, i=0,1...,n,j=0,1,...,m. (13)

Eqs.(8)~(13) are used to generate m+1 interpo-
lations across the control points of the swept profile
curves, yielding the control points Q; ; of the envelope
surface. Then, the V direction interpolations through
P;, are carried out in four-dimensional space. Finally,
Eq.(11) can represent the approximated envelope
surface (Weinert et al., 2004).

Then the envelop surface is joined with the in-
gress and egress surfaces to form the SV solid.

ROUGH DETECTION OF SELF-INTERSEC-
TIONS

One primary causation of self-intersections in
SV solid modeling is the intersection or overlapping
of the envelop profiles. So in this section a checking
method is presented to roughly detect self-intersec-
tion.

As mentioned in the previous section, the tra-
jectory curve is tessellated into m points as Py, Py,
P,, ..., P,—1, and a moving reference frame F; is set up
at the corresponding discrete position of P;. Then all
envelop profiles are extracted at each reference frame,
and stored into the profile curve set C={C;|i=0, 1,
2, ..., m—1} in order. The worst case of the computa-
tional complexity for this checking method is O(m?).

Let F; be the ith frame and F; the jth frame (j#i).
Suppose the envelop profile curve C; at frame F; is
approximated through the grazing point set G~=
{Gr1i|1=0, 1, ..., n—1; k=0, 1, 2} (here n is the number
of tessellation points on the generator rotation axis),
and correspondingly the profile C; at frame F; is ap-
proximated through the grazing point set G={Gy,,|
=0, 1, ..., n—1; k=0, 1, 2}. If either of these two en-
velop profiles intersects itself, there must be
self-intersections in the SV envelop surfaces and this
profile curve is marked and put into a special subset
X={C{|i=0, 1, 2, ...} in the position order and XcC. If
neither of these two envelop profile curves intersects
itself, they should also be checked whether they in-
tersect or overlap. There are three cases in this
checking:

Case 1 Both of the two envelop profile curves are
planar curves.

Case 2 One of the two envelop profile curves is a
planar curve, while the other is not.

Case 3 Neither of the two envelop profile curves is
a planar curve.

In Case 1, suppose the plane bounded by C; is a;,
and the plane bounded by C; is a;. If a; and a; have no
intersections, there must be no self-intersections be-
tween these two profiles. If the two planes intersect,
the intersection points between planes o; and o; are
denoted as O;,={O,; k=0, 1, 2}, and the intersection
curves are denoted as L; ={L;; k=0, 1, 2, ...}. If the
count of Q;; is non-zero, or the count of L, is positive,
there must be self-intersections, as shown in Fig.4. If
there is confirmed intersection or overlapping, these
two profile curves are marked and put into the subset
X in the order of their positions in the set C.

In Case 2, suppose the plane bounded by C; is a;,
then the intersection points between the non-planar
profile curve C; and o; are marked as Q;={ Oy k=0, 1,
2}, and the intersection curves are marked as
L={Ljk=0, 1, 2, ...}. If either the count of O; or the
count of L; is larger than zero, there must be
self-intersections, as shown in Fig.5. These two pro-
file curves are also marked and put into the subset X in
the order of their positions in the set C.

In Case 3, as it is difficult to judge whether two
non-planar curves intersect, a rough but fast method is
proposed for the rough intersection checking. As
introduced above, the envelop profile curve C; is
approximated through the grazing points G;. Hence
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under a given tolerance, C; can be considered as a
polyline PL; and the polyline PL; is obtained from C;
through the grazing points G;. Two triangular facets
through two pairs of grazing points are created as the
intersection checking areas (Fig.6b). If those trian-
gular facets from C; have intersections with the poly-
line PL;, there must be self-intersections. If there is no
intersection, the intersections between triangular fac-
ets from C; and the polyline PL; will also be checked.
If either intersection exists, both the envelop profile
curves C; and C; will be marked and put into the
subset X in order. The pseudo-code of checking in-
tersections between C; and PL; is shown in Algorithm

Planar envelop
profile curves

* Self-intersection
region

@

Envelop profile
curves

AR T \
< 177 Self-intersection
o region

(2)

Intersection
points Q; ;

Intersection

1. Intersections between C; and PL; are checked in the
same way. If there are n’ points in PL;, the computa-
tional complexity of this algorithm is O(n*(n'-1)).

Almost all self-intersections can be detected by
checking above three cases. However, as envelop
profile curves are extracted at discrete frames with a
provided tolerance, even all of them have passed the
above checks, there might still be self-intersections in
the envelop surfaces. So after the envelop surfaces are
created by blending all the profile curves, a more
exact self-intersection detection, which is represented
particularly in (Andersson et al., 1998; Cohen and Ho,
2000), is performed on these surfaces.

Profile
curve C;

Plane a;

Intersection
curves L; ;

(b)
Fig.4 Case 1: (a) All the envelop profiles are planar and a self-intersection is detected; (b) A magnified
part of the self-intersection region. As detected, there are intersection points and an intersection curve

Nonplanar ! TRy Plane a;
profile Planar profile

curve Cﬁ // curve C;
Intersection
points O;

curve L;
—_—

v
\V

(b)

Fig.5 Case 2: (a) Self-intersection is detected by checking the intersection of two profile curves, one is
planar and the other is not; (b) A magnified part of the self-intersection region. As detected, there are

intersection points and an intersection curve
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Fig.6 Case 3: (a) Self-intersection is detected by checking the intersection of two profile curves; (b) A magnified
part of the self-intersection region. As detected, there are intersections between the triangular facets from C; and

the polyline PL;

Algorithm 1 Fast check of intersections between C; and
PL; (Intersections between C; and PL; are checked in the
same way)
Input:

G;: Grazing points of C;, here G={Gy,|k=0, 1, 2; j=0,
1, ...,n—1};

PL;: Polyline from C;.

Output:
ilntersected: A Boolean value, ‘true’ means the two pro-
file curves intersect.
Begin
For j=0 to j=n—2
Set a subset G; ={Gy; 1k=0, 1, 2}, G;,cGj;
If the count of G;; is 0
Continue;
End If

For =j+1 to n—1
Set a subset G, ={Gy k=0, 1, 2}, G, ,cG;;
If the count of G,; is 0
Continue;
End If

Create a pair of triangular facets $, and f, through
points G;; and Gj;

If B, or 8, intersects with the polyline PL;
ilntersected=true;
Break;

EndIf

J=t
Break;
End
If (ilntersected==true)
Break;
End
End

TRIMMING SELF-INTERSECTIONS

In the context of representing boundaries of SV
solids, the envelop surfaces can be considered as a
collection of properly-joined single-component
patches. So trimming self-intersections out in SV
solids can be taken as removing self-intersection
patches (Andersson et al., 1998).

After the envelop surface is created according to
Eq.(10), local and global self-intersection regions of
SV envelop surfaces are trimmed in separate ways
with a full utilization of the evaluated subset X. All
surfaces referred to in this paper are presented as
NURBS surfaces.

Global self-intersections

Global self-intersections in SV envelop surfaces
always result from the intersections or overlapping of
two discontinuous envelop profiles denoted as X; and
X; (X, X;eX) as shown in Fig.7.

Suppose the profile curve X; is extracted at the
discrete position P; and X; is extracted at the position
P;. Here P; and P; are not in the given parameter in-
terval named as 4, of the trajectory. Two smallest
subsets 4; and 4; of the envelop profile curve set C are
calculated around X; and Xj,

Ai:{ck|k€[i_a>i+ﬁ]s a>ﬂ>0}5
4, ={C, [kelj=06,j+n], 6,n>05, (14)
X,ed; X, ed; 4,4 cC.
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| il Profile Ss37

Interval | i ﬁ‘?
end C, |l i Y. l:w
7 7 8 \._ <

. 5 / Interval
,_,-r-"‘(\' end C44

Sis X2 Sy

Profile curve X;
. . . . Fig.8 Representation of S, with the example in Fig.7. In
Fig.7 Two discontinuous envelop profile curves X; (i=2) this example, 4,={C}, Gy, Cs, Cs, Cs}, A35={Cs7, Csg,
and X; (j=38) intersect, which causes a global self-in- Cus, Cas), and S={So1, S1.5, Ss5.375 Sy7.44}

tersection in this sweeping

csey

Here C;, and Cjip, Ci—5 and Cjy, are the corre- X

§p0nd1ng interval ends, Yvhlle' Ci—, and Cip have go _!; X Generator
intersections or overlapping with any other profiles in - ‘ 7 ot

4;, and vice versa for C—5 and Cj,,. If the envelop _/ ¥

surface denoted as S. without the ingress or egress
patches has global self-intersections only, according
to Egs.(10)~(13), it can be split into five segments
S0,i~a> Si-ai+ps Si+pj-5> Sj-o,+n and Sji, -1 at the above
interval ends C;—,and Cig, Cj-s and Cj1,. We put the
indices i—a, i+f, j—d, j+# into the set [ in ascending
order, I={I;J0<k<m—1}, which collects all the posi-
tional indices of these interval ends of profile curves
in the set C, then S, can be presented as a union of
segments after trimming (Fig.8):

S, =18, i, jelui0fuim-1},i<j}, (15)

here §;; is the separated surface segment.

After the segmentation, each envelop surface
segment can create a corresponding solid segment
with solid modeling techniques and the entire SV >
solid could be modeled by combining these conter-
minous solid segments. Fig.9 shows three more ex-
amples of the global self-intersection trimming.

Local self-intersections

Local self-intersections usually originate from
high curvatures of the trajectory. Suppose the SV
envelop surface denoted as S. without the ingress or ©

egress patches has a local 1n.te.rsect.10n betwe§n two Fig.9 Examples of the global self-intersection trimming.
envelop profiles X; and Xj (i) (Fig.10), which are The trajectory is: (a) a 3D closed spline curve; (b) a 2D
extracted at the discrete positions P; and P;, respec- closed composite curve; (c) a 3D closed curve on a cy-
tively. Here P; and P; are in the same interval 4, of the lindrical face. The self-intersection regions are split
trajectory. according to the corresponding segmental intervals
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Generator .
N Trajectory

Envelop profile curves X9

Fig.10 Two continuous envelop profile curves X; (i=5)
and X; (j=8) intersect. So are X; (i=19) and X; (j=32).
These cause two local self-intersections in this sweeping

One ordered subsets 4, ; of the envelop profiles C
are calculated around X; and X}, and

a, >0},

{4,;Z{Ck|k€[i_a’j+ﬂ]’ (16)

X,’an EA,',ja A,j gca

where C;—, and C;;4 are the closest pair of envelop
profiles around X; and X, while they do not intersect
or overlap with any other profiles in 4; ; (Fig.11). The
whole envelop surface S, is firstly split in the same
way as in the global self-intersection trimming at the
profile curves C;—, and C;14. Then all positional indi-
ces (such as i—a and j+f) of the interval end profiles
in C will be collected into the set / in ascending order,
I={I]0<k<m—1}, and S, is represented as

S. =18, i,/ €T U0 U im—13,i< j}u

.* 17
{Si,,’j* | i

el u{0yuim—1}3,i < j},

where the set {S; ;} contains surface segments without
self-intersections and the set {S;s;+} are those with
self-intersections.

Suppose the local self-intersections in S, occur in
the surface segment S; =, which can be considered as
a collection of surface patches. As well known, cor-
responding UV parameters of the self-intersection
positions can be evaluated by checking self-inter-
sections in the B-spline surface (Andersson et al.,
1998; Cohen and Ho, 2000). Given the parameters of
self-intersection positions in S« ;= this surface seg-
ment is further partitioned into several patches. If
there is only one self-intersection position in S
and let its UV parameter be Sp(uy, vo) in the unitary

parameter space of S;«;« the surface segment S;x ;=
can be split with an evaluated area around Sp(u, vo),
as shown in Fig.12. If there are n self-intersection
positions in S;+ ;» (Fig.13), suppose the U parameters
of self-intersection positions are ascending sorted as
Uo, Uy, Uy, ..., U,—1. S0 are the V parameters, which are
named as vy, Vi, V2, ..., V,-1. The partition of S;« j«is in
the same way as there is only one self-intersection
(Fig.13). After the partition, self-intersections only
exist in the surface patches with self-intersection
positions in.

Soa Sae T nterval end Gy
{
lntzr\gll o Self- 1nter-L { ! / Sigr3+
en N / . .5 section ," \ /
-
b h/ X2

posmons !

Interval end Cjy X9

Interval end Cy

Fig.11 Representation of S, with the example in Fig.10.
In this example, there are two local self-intersection
regions, A5,8={C4s CS’ ceey C89 C9}’ A18,32={C189 C19’ ceey C327
Cs3}, and Se={s0,4’ S4*,9*’ S9,1s, Sls*,ss*, 533,42}

Vz" MV ——

Vi Sp(uo, V),
'/// Py / s /l
Z ///". P vd iy

LA

NS

VI ErESEEES

0! u’ ' 1.0 U
Fig.12 Unitary parameter space of the surface S;. ;- is
split into patches around one self-intersection position
Sp(uy, vo) at u;,u;,v;,v,. The surface patch with the
self-intersection position is denoted as Sy, Here
=k -(1-ug), v = =k -(1-v,), while
ki, k,, k[, k; €[0, 1.0] and they are initialized as 0.5 but
kept changing until there are only self-intersections in
Sxo

r— . ’ ", "
u, =k ‘uy, u, k' v, v,
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Fig.13 If there are n self-intersection positions in ;s ;«
and the U and V parameters are ascending sorted while
they are denoted as wy, uy, uy, ..., 4,1 and vy, v, vz, ...y
v,.—1, respectively. So the parameters of the partition can
be evaluated as: wu; =k ‘uy, ..., u; =k, (-1~ i), ...,
u, =k _,1.0-u,) (=2, 3, ..., n=2); v/ =k vy, ...,
V'=h vy e Vo =k (10, (F2, 3, .,
n=2), while &/, k" €[0, 1.0] (i, j=0, 1, 2, ..., n—1) and they
are initialized as 0.5 but kept changing until there are
only self-intersections in Sy; i=0, 1, 2, ...

Among the surface patches, those local self-in-
tersecting patches which contain the self-intersection
positions in S;« ;« are denoted as Sy;, i=0, 1, 2, ..., and
other non-self-intersecting patches in S« are de-
noted as S,.x;, /=0, 1, 2, ... (Fig.14).

So trimming local self-intersections can be taken
as recreating a new surface patch without self-inter-

sections instead of Sy; (Fig.15). The pseudo-code of

this recreation algorithm is listed in Algorithm 2, and
if the numbers of rows and columns of the control
points net of Sx; are n and m respectively, the compu-
tational complexity of this algorithm is O(m-n).
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Fig.14 Self-intersecting surface segment S;s- 33+ is par-
titioned into five surface patches, where three are self-
intersecting and two are not

v
(a) (b) (c)
(d) (e) (®

Fig.15 Three self-intersecting patches Sy in (a), Sy; in
(b), Sy in (c¢) in Fig.14 are recreated with Algorithm 2.
The newly created surface patches are (d)~(f), which
correspond to (a)~(c) one to one

Algorithm 2 Substitution of a self-intersecting surface
patch with a non-self-intersecting patch

Input:

Sx:: A surface patch with local self-intersections.

Cp; j: The control points net of Sy, i=0, 1,2, ..., n—1 and j=
0,1,2,...,m—1, here i andj correspond to the row and column
of the control points net, respectively.

Output:

S.x: A new surface patch without local self-intersections.
Begin

Create a new empty control point net of Cp;,;, marked as
Cp; ;.

For i=1 to n—2

Set the control points of Cp;'; as follows:

Cpiy =Cp,ys
" k,—k
Cpiy=Cp + (Cpi,l -Cpio ) L
k,—k (18)
P =P + (Cpi,m—l - Cpi$m72) 'ﬁ,
m+2 m—1
Cpffmfl = sz:,m—l'

Here {ko, ki1, k2, k3, ks ki1, Kims2, ki) is the knot list
whose values are from the corresponding knot values of K=
{Cpilj=0, 1,2, ..., m—1};

Insert the left knots {ky, ks, ..., k2, k-1 } from K; back
into the new control point net Cp;’,, so as to make Cp;’; have
the same number of control points as Cp; ;;

End
Create a new copy control point net of Cp;;, marked as
s
For j=1 to m—2
Set the control points of Cp;'; as follows:
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Cpt‘:,j =Cp0,j3

v k,—k
Cpi, =Cpy +(Cp1’j —CPo,,-)' k —k_l s
47K . . (19)
Cp,v,,z’j =Cp,.,+ (Cpn—l,j - Cpn—Z,j)'ﬁ,
n+2 n—-1

Cp:—l,j = Cpn—l,j'

Here {k(), k], kz, k3, k,,, k,ﬁ.], kn+2, k,,+3} is the knot list
whose values are from the corresponding knot values of K=
{Cpijli=0, 1,2, ...,n—1};

Insert the left knots {4, s, ..., k2, k,—1} from Kj into the
new control pointnet Cp; ,, so as to make Cp;’; have the same

number of control points as Cp; ;;
End

Create a new control point net sz ;» letit be (see Fig.16):

Cp,, =(1-e-9)-Cp,,+&-Cp!',+9-Cp,,  (20)
&, 9€l0, 1]; 0<e+p<I.

Make the new non-self-intersecting surface patch S,
through the new control point net Cp:j;
End

\ /o

Cpio

U

Fig.16 Taking the resetting of Cp,; for example, the
control point net is reset according to Eq.(20)

After the trimming of local self-intersections, the
SV envelop surfaces S, can be presented as

Se :{Si,j |19JEIU{O}U{m_1}’l<J}U
(S0 1i=0,1,2,..3 U{S, [ /=0,12,..}. (21)

Sheets are created on non-self-intersecting sur-
face segments and patches, then the entire SV solid
can be modeled from these sheets by the techniques of
solid modeling. Three trimming results of local
self-intersections are shown in Fig.17.

479

Local self-inter-
section region

Global self-intersection
region

Generator

Self-intersection
intervals

= |

/

4
S/

Global self-
intersections /

- Local self-
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Fig.17 Three examples of the local self-intersection
trimming. The trajectory in each example is: (a) an open
3D composite curve; (b) a closed 2D composite curve; (c)
a closed 3D composite curve on a base surface. In (a) and
(b) there are both global and local self-intersections, while
in (c¢) there are local self-intersections only. The
self-intersection patches are reconstructed according to
Algorithms 1 and 2
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CONCLUSION

We have presented a novel and efficient algo-
rithm for trimming self-intersections in the modeling
of swept volume (SV) solids. One of the most satis-
fying features of this algorithm is that no matter if
both local self-intersections, global self-intersections
only, or local and global self-intersections occur in
the SV envelop surfaces, our algorithm can perform
trimming well.

Next, we will improve the approximation errors
and the computational cost of the algorithm, and in
the future extend our algorithm to the general sweeps.

References

Abdel-Malek, K., Yeh, H.J., 1997. Geometric representation of
the swept volume using Jacobian rank-deficiency condi-
tions. Computer-Aided Design, 29(6):457-468. [doi:10.
1016/S0010-4485(96)00097-8]

Abdel-Malek, K., Yang, J., Blackmore, D., Ken, J., 2006.
Swept volumes: foundations, perspectives and applica-
tions. Int. J. Shape Modeling, 12(1):87-127. [doi:10.1142/
S0218654306000858]

Andersson, L.E., Peters, T.J., Stewart, N.F., 1998. Self-
intersection of composite curves and surfaces. Computer
Aided Geometric Design, 15(5):507-527. [doi:10.1016/
S0167-8396(98)00005-3]

Blackmore, D., Leu, M.C., 1992. Analysis of swept volume via
Lie group and differential equations. Int. J. Rob. Res.,
11(6):516-537. [doi:10.1177/027836499201100602]

Blackmore, D., Leu, M.C., Wang, L.P., 1997a. The sweep-
envelop differential equation algorithm and its application
to NC machining verification. Computer-Aided Design,
29(9):629-637. [doi:10.1016/S0010-4485(96)00101-7]

Blackmore, D., Leu, M.C., Wang, L.P.,, Jiang, H., 1997b.
Swept volumes: a retrospective and prospective view.
Neural, Parallel and Scientific Computations, 5:81-102.

Blackmore, D., Samulyak, R., Leu, M.C., 1999. Trimming
swept volumes. Computer-Aided Design, 31(3):215-223.
[doi:10.1016/S0010-4485(99)00017-2]

Cohen, E., Ho, C.C., 2000. Surface Self-intersection. /n: Lyche,
T., Schumaker, L.L. (Eds.), Mathematical Methods for
Curves and Surfaces, p.183-194.

Kim, Y.J., Varadhan, G., Leu, M.C., Dinesh, M., 2004. Fast
swept volume approximation of complex polyhedral
models. Computer-Aided Design, 36:1013-1027. [doi:10.
1016/j.cad.2004.01.004]

Mann, S., Bedi, S., 2002. Generalization of the imprint method
to general surfaces of revolution for NC machining.
Computer-Aided Design, 34(5):373-378. [doi:10.1016/
S0010-4485(01)00103-8]

Martin, R.R., Stephenson, P.C., 1990. Sweeping of three-
dimensional objects. Computer-Aided Design, 22(4):223-
234. [doi:10.1016/0010-4485(90)90051-D]

Peternell, M., Pottmann, H., Steiner, T., Zhao, H., 2005. Swept
volumes. Computer Aided Design and Applications, 2:95-
104.

Piegl, L., Tiller, W., 1997. The NURBS Book. Springer Verlag,
Berlin.

Pottmann, H., Peternell, M., 2000. Envelops—Computational
Theory and Applications. Proc. Spring Conf. on Com-
puter Graphics and its Applications, p.3-23.

Requicha, A.A.G., Voelcker, H.B., 1982. Solid modeling: a
historical summary and contemporary assessment. /[EEE
Computer Graph. Appl., 2(2):9-24. [doi:10.1109/MCG.
1982.1674149]

Rossignac, J., Kim, J.J., Song, S.C., Suh, K.C., Joung, C.B.,
2007. Boundary of the volume swept by a free-form solid
in screw motion. Computer-Aided Design, 39(9):745-755.
[doi:10.1016/j.cad.2007.02.016]

Wang, W.P., Wang, K.K., 1986. Geometric modeling for swept
volume of moving solids. IEEE Computer Graph. Appl.,
6(12):8-17.

Weinert, K., Du, S.J., Damm, P., Stautner, M., 2004. Swept
volume generation for the simulation of machining
process. Int. J. Machine Tools Manufacture, 44(6):617-
628. [doi:10.1016/j.ijmachtools.2003.12.003]

Weld, J., Leu, M., 1990. Geometric representation of swept
volume with application to polyhedral objects. /nt. J. Rob.
Res., 9(5):105-117. [doi:10.1177/027836499000900507]

Xu, Z.Q., Chen, Z.Y., Ye, X.Z., Zhang, S.Y., 2007. Approxi-
mate the Swept Volume of Revolutions along Curved
Trajectories. Proc. ACM Symp. on Solid and Physical
Modeling, p.309-314. [doi:10.1145/1236246.1236290]

Yu, H.B., Wang, Y.X., 2003. Swept volume and its application
to mechanical design. J. Eng. Graph., 24(1):63-70 (in
Chinese).




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


