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Abstract: A method for positive polynomial validation based on polynomial decomposition is proposed to deal with control
synthesis problems. Detailed algorithms for decomposition are given which mainly consider how to convert coefficients of a
polynomial to a matrix with free variables. Then, the positivity of a polynomial is checked by the decomposed matrix with
semidefinite programming solvers. A nonlinear control law is presented for single input polynomial systems based on the
Lyapunov stability theorem. The control synthesis method is advanced to multi-input systems further. An application in attitude
control is finally presented. The proposed control law achieves effective performance as illustrated by the numerical example.
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INTRODUCTION

In recent years, considerable attention has been
devoted to the study of polynomial nonlinear systems.
Significant progress has been made in the stability
analysis of those systems by sum of squares (SOS)
decomposition approach (Parrilo, 2000; Papachris-
todoulou and Prajna, 2005; Fisher and Bhattacharya,
2007). Stability analysis with this methodology is
mainly based on the Lyapunov stability theorem.
Lyapunov functions are constructed by SOSTOOLS
(Parrilo, 2000) which converts the problems into
semidefinite programs (SDPs) with the SDP problems
being further solved by SeDuMi (Sturm, 1999). Fur-
thermore, Chesi ef al. considered the stability of un-
certain polynomial systems (Chesi et al., 2005; Chesi,
2007).
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Though stability analysis is solved effectively in
SOS approach, control synthesis for nonlinear sys-
tems still remains a stubborn problem since the
nonlinear components of variables in the SOS terms
cannot be solved directly by SOSTOOLS. To solve
the synthesis problem, an iterative algorithm was
proposed in (Jarvis-Wloszek, 2003) to obtain a stabi-
lized controller. However, the controller is not glob-
ally optimal; furthermore, the iterative algorithm may
fail to get a solution in some cases. Given the diffi-
culties of control synthesis based on Lyapunov sta-
bility theorem, it is most striking to find that the new
convergence criterion presented in (Rantzer, 2001)
based on the so-called density function p has much
better convexity properties. Then, Prajna et al.(2004)
exploited this criterion to solve the control synthesis
problems, and Ataei-Esfahani and Wang (2007) ap-
plied it to the control design of a hypersonic aircraft.
Unfortunately, the convergence criterion via the den-
sity function does not involve any information about
the convergence rate, so the controller designed by
this scheme may perform slow convergence in some
instances. Moreover, the criterion by Rantzer (2001)
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is “almost” condition, which means that there may
exist unstable zero measure sets. Since lines in 2D
plane and surfaces in 3D or higher dimensional space
are zero measure sets, there may exist potentially
unstable sets in practical applications of controlled
systems designed using the density function, which
are not suitable for systems with high safety re-
quirements, e.g., flight control systems.

In this paper, we propose algorithms for poly-
nomial decomposition which can effectively check
positive polynomials. Then, a new method for control
synthesis of polynomial nonlinear systems is pro-
posed. The main idea of the method is that, by
searching a Lyapunov function ¥V(x) and inspecting
the derivative of V(x) along the system trajectory, a
nonlinear controller is set up to cancel the positive

part of V(x). Furthermore, negativity of V(x) is
checked when u(x)=0 for x € R]; so as to guarantee

the global stability of the closed loop system. Our
work solved by PENBMI (http://www.penopt.com/)
obtains better results than the iterative algorithm does
and advances the performance in the sense of reli-
ability requirements compared to the density function
scheme.

The notations throughout this paper are:

R,: the set of all polynomials in # variables; R’ :
the set of all polynomial vectors in n variables with r

dimensions; R, , : the set of all polynomial vectors

in n variables with » dimensions and ¢ the maximum
degree of the elements in the vector; N: the nonnega-

tive integer set; R{ : the n-dimensional real vector

set except the zero point 0; %, the set of SOS
polynomials in 7 variables, defined as

i=1

k
z;:PemAp:Zﬁiﬁemwi:Lzmx}
Obviously, if pe 3, then p(x)>0, VxeR".
nl[ri(n-r)!], r>0,

r
c(n,r) = .= 1,
0, r<0.

r=0,

POLYNOMIAL DECOMPOSITION AND POSI-
TIVE POLYNOMIAL VALIDATION

In our work, positive polynomial validation is
solved by polynomial decomposition, which trans-
mits the coefficients of a polynomial to matrix ine-
qualities. We set up the decomposition framework by
giving several novel definitions which will facilitate
the expression of our decomposition algorithms.
Definition 1 A monomial m(x) in n variables is a
function defined as m(x)zH:;lx,."' for 7;eN, and
defined as

the degree of a monomial is

deg(m) = Z; r=r.

Definition 2 A polynomial f(x)e R, is a finite

linear combination of monomials,
f(x)=>¢em(x), ¢ eR.
The degree of f{x) is denoted by
deg(f):= maxdeg(m,).

" s called the homogeneous mono-

}

Definition 3 x
mial base of degree r for x =[x, x, --- x,]' e R". xV

can be generated as

[ XE, (] ]
5L ()] N
r=2 E 12}
=] [ ?(x)] , withx™ =1, E,(x) = x:3 ’
xl[Ez (x)]{ril} g
L Xlo[Ez (x)]{r} i

E(x) is a shift function which deletes the first element
of x. The dimension of x"* is calculated by

(n+r-1)!

dim(x"=c(n+r-1,r)= )
() =elnrr=Ln="2070

(1)

Definition 4  x" is called the full monomial base of

I

degree r for xeR". x" is generated from the homo-
geneous monomial bases as
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X = [(xwr)T (x"™)"

()T ]T.

|r

The dimension of x"' is calculated by

(n+r)!

dim(x")=c(n+r,r)=
rin!

2
Definition 5  R(m(x)) e N* is called the exponent
mapping of monomial m(x) for xeR". If m(x)=
[1.,x". then RGm)=[r\ r, ... r,]. We denote R(m(x))
by R throughout this paper unless otherwise stated.
Definition 6  H(R,d):N""xN — N*" is called
the d-degree homogeneous decomposition array of
monomial m(x) for xeR" and R=R(m(x)), if
sum(H;(R, d))=d and every element in H(R,d) is not
greater than the corresponding element in R. Where
H{(R,d) is the ith row of H(R,d) and H{(R,d)#H(R,d)
for i#j, and k is the maximum number of such
H(R,d)’s.

Definition 7 D(R,r):N"" xN — N is called the

r-degree full base decomposition array of monomial
m(x) with respect to R in the polynomial

f(x)eR,,, . if D(R,r)=R-D,(R,r)eN"" is not
empty and the first element of
D,(R,r) —5,. (R,r) is nonnegative. Where D«(R,r) is
the ith row of D(R,r) and D{R,r)#D/(R,r) for i#j, and
m is the maximum number of such Di(R,r)’s.

Definition 8 L (R):N"" — N is the index mapping

of monomial m(x) with respect to R in the full mo-
nomial base. L,(R) is calculated by

nonzero

n-1

L(R)=) c(n—i+s—s, -1, s=s5 —1)

P )

cn+s—1,s—1)+1,

n
where s:z r, S

=182 Ui

= sz:l r;. So Lo(R) calculates
the index of m(x) in the full monomial base X,
Positive polynomial validation

Any polynomial f(x)eR,, can be written in

|d|

linear form with full base x' as

f(x) — Cx\d\ , Ce RIXC(VH-d,d)‘ (4)

If f(x)eR,, isineven degree, i.e., d=2r, then

it can be rewritten in quadratic form as
f(x)=(")"Px", (%)

where P, € R0 s a symmetric matrix.

However, Pyis not unique since many monomials can
be constructed by multiplication of different mono-

mials. For example, x’x; can be constructed by four

Bl

types of multiplication in x"' as

2.2 2 2 2 2
XXy =X Xy Xy EXX X =X, Xy = XX, XX,
2.2 :
Thus, ¢,x; x; can be written as

2.2 2 2
Ox; X, = (6 =0 =y — Q) X X,y Xy + XX X,

2 2
T a, X Xt OX X, XX,

where a =[a, @, o,]' € R’ is a free variable vector
: 2.2
which has zero effect on ¢xjx;. For f(x)e®R,,,,

there are N(a) free variables which have zero effects
on f{x), and N(a) is calculated as (Chesi, 2003)

N(@)=c(n+r,r)c(n+r,r)+1]/2

—c(n+2r,2r). ©)
Furthermore, Eq.(5) can be written as
f(x)=(x")' (P, + L(@)x", (7)

R('()1+l‘,r)xc(n+r,r)

where L(x) € is a symmetric matrix

with N(a) free variables and satisfies
"Y' L@)x" =0, VaeR"®,

L(a) covers all the possible matrices which have zero
effects on f{x). We define M(f) as

M(f)=P, +L(@). (8)

Lemma 1 (Parrilo, 2000)  Given f(x)e®R, ,,, the

sufficient condition for f(x)>0 Vx e R" is that, f{x)
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can be rewritten as an SOS form: f{x) =Z; £(x).
The necessary condition also holds in the following
three cases: (1) n=2; (2) r=1; (3) n=3, r=2.
Given f(x)e®R
statements are equivalent:

(1) fix) can be rewritten as an SOS form:

k

CIED WA C!

(2) There exists aeR"® such that M(f)=
P, + L(@)>0.
Proof (of Theorem 1)  Statements (1) to (2). Since
deg(fix))=2r, deg(fi(x))<r holds for any fi(x), and fi(x)
can be written in the linear form of x", i.e., fi(x)=Cx",
C, e R Thus, one has

Theorem 1 the following

n,2r?

S = (X e ).

Let P" =Z; C/C, and P be one of any sym-

i

metric matrices satisfying Eq.(5). Since L(a) covers
all the possible matrices having zero effects on f{x),

we can find some aeRM® satisfying L(a)=

P - P2 Let M(f)=P;” + L(a), then Statement

(2) is derived.
Statements (2) to (1). If (2) holds, from singular
value decomposition, one has M(f)=U"AU. Choose

fi(x)= (A" UX" );» then Statement (1) is obtained.

In our work, positive polynomial validation is
checked by M(f), which can further be solved by
semidefinite programming. We choose SeDuMi
(http://sedumi.mcmaster.ca/) for LMI (linear matrix
inequalities) problems and PENBMI (http://www.
penopt.com/) for BMI (bilinear matrix inequalities)
problems.

Algorithms for polynomial decomposition
Generating M(f) is called polynomial decomposi-
tion in our work, and it is accomplished by three al-
gorithms: generating H(R,d), generating D(R,r) and
finally generating M(f).
1. Algorithm for generating H(R,d)

Let R=[ry ry ... ), sum(R) =" 1, Ex(R)=

[ 73 ... r,] which removes the first element of R,
E\(R)=r; which gets the first element of R, and
=min(E(R),d), then H(R,d) is realized via a recur-

sive function as follows:

(1) If the length of R is 1, and sum(R)>d, then
HR,d)=d.

(2) If the length of R is greater than 1, and
sum(R)>d, then

(1, H(E,(R),d —1)
(=11, H(E,(R).,d—t+1)
H(R,d)= : :
H(E,(R),d 1)

H(E,(R),d)

m,_x1

0-1

m,x1

where =min(£(R),d), m; is the row size of H(E»(R),
d—t+i) for i=0,1,---,z. Without loss of generality,
(t=0)-1, , = when H(Ex(R),d—t+i)=.

(3) If sum(R)<d, then H(R,d)=2.

2. Algorithm for generating D(R,r)

Let /=min(sum(R),r), and H(R,k) is the top I
rows of H(R,k), for the row size of H(R,k) being 2/ or
2/-1.

(1) If sum(R)=2k—1, then

[ H(R,t) |
H(R,t—1)
D(R,r)= : .
H(R,k+1)
| H(Rk) |

(2) If sum(R)=2k and £k, then

[ H(R,t) |
H(R,t-1)
D(R,r) = : .
H(R,k+1)
| H(Rk) |

(3) If sum(R)=2k and r=k, then D(R,r) = H(R, k).

3. Algorithm for generating M(f)

Consider the f{x) depicted in Eq.(4), and denote
by (x'"); the ith element in the full monomial base x|,
C; the ith element of C, Mj; the element in the jth row
and the kth column of M(f). Set i=1 and g=1 for ini-

tialization. Denote by vy an indictor function for
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L, j#k,
v, =
*ol2, j=k

Step 1: Let R=R((x"),) and D=D(R,r).
Determine the row size of D and denote it by /. If /=1,
then j =L (D), k= L,(J — D), My=M;~v;C/2, and
go to Step 4; if >1, set m=1, =0.

Step2: Let j=L (D,), k=L (J-D,), My=M,;=
Vir0y, =110, and g=g+1.

Step 3: Set m=m+1. If m<l/, go to Step 2; else, let
J=L,(D), k=L,(J-D,), My=M=v(C/2-1).

Step 4: Set i=i+1. If i>c(n+r,r), M(f) is accom-
plished; else go to Step 1.

CONTROL SYNTHESIS

Lemma 2 (Parrilo, 2000) Let (f)j=12.....s» (80)i=12.....6
(A))i=12.... be finite families of polynomials in R,.
Denote by [ the cone generated by (f))=12.... s, G the
multiplicative monoid generated by (gx)i=12.... ,, and H
the ideal generated by (/)11 2, Then, the following
properties are equivalent:

[(x)=0, j=12,-s
xeR"|g,(x)#0, k=12t
h(x)=0, [=12,---,u

(1) The set

is empty.

(2) There exist feF, geG, heH such that
frg®+h=0 VxeR".

First, we consider the single input control system
depicted as

x = f(x)+ g(x)u(x), (€))

where f(x)eR!, g(x)eR™ and u(x)eR,. As-
sume that the system Eq.(9) satisfies f{0)=0, «(0)=0.
u(x) is designed to stabilize the system Eq.(9) to the
original point x=0 for any initial state. The control
law for the system Eq.(9) is given in Theorem 2.
Theorem 2  If there exists a Lyapunov function
V(x)=x"Px, positive polynomials so(x) and s;(x), and
a polynomial p(x) with suitable order satisfying the
following conditions:

P>¢l, ceR", (10)

Z, =—s,a(x) - p(x)f(x)-(x)e %, (11)
im @) o fim 2™ (12)
0 f(x) 0 f(x)

where a(x)=VV-fix), f(x)=VV-g(x), and /(x) satisfies

I(x)#0 Vxe R, then the controller

u(x) {—(a(x) @)/ ). B =0
0, p(x)=0,

stabilizes the system Eq.(9).
Proof From Eq.(10), we have

ellx 5V (x) < A, (P x I,

hence, V(x) satisfies the positive definition of the
Lyapunov function. The derivative of V(x) along the
system Eq.(9) is

V(x)=VV-f+VV-gu=a(x)+ B(x)u.
Substituting Eq.(13) to ¥ gives

=5y(x), B(x)#0,

B(x)=0. (14

a(x),

V(x)= {

From Eq.(14), one can see that if

a(x)<0, Vxe Q(x)={xeR"| f(x)=0, x =0} (15)

is true, ¥ (x) <0 holds Vx € R’ . Therefore, if the

condition Eq.(15) holds, the control law given in
Eq.(13) stabilizes the system Eq.(9) globally. Condi-
tion Eq.(15) is equivalent to

(xeR" |a(x)20, [(x)£0, B(x)=0'=. (16)

By Lemma 2, Condition Eq.(16) can be further pre-
sented as: there exist s,,5, €2 and p(x)e R, sat-

isfying
5, (x)a(x) +5,(x) + p(x) f(x) + I (x) = 0. (17)

Obviously, Condition Eq.(17) is equivalent to the
condition Eq.(11).

Condition Eq.(11) is checked by M(&1)>0, and
M(E,) is decomposed by our algorithm and solved by
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PENBMI. Condition Eq.(12) guarantees that u(x) is
continuous when x—0.

For multi-input control systems, we can obtain
similar results. Consider a multi-input system in the
form

f= Y g, (8)

where fix) e R", f(0)=0, gi(x) e R

. s uix) €R,,
u0)=0, for i=1,2,...,m. The control law is given in
Theorem 3, which is obtained by a similar method as
that in Theorem 2.

Theorem 3  If there exists a Lyapunov function
V(x)=xTPx, positive polynomials so(x) and s;(x), and
polynomials p; ., .(x)€ R, satisfying the following

conditions:
P>¢l, ceR", (19)
E, ==sa(x)=(x)= Y p(x)b(x)e X, (20)
i=1

111'1'1 bi (X)O.’(X) — 111'1’1 bi (x)so (x) —

s 07 i:1927'“am7
x>0 ﬂ(X) x>0 ﬂ(X)

e2y)

where b (x)=VV . -g.(x), p(x)= Zilbf (x), a(x)

and /(x) are the same as those defined in Theorem 1.

Then the controller u(x)=[u,(x) u,(x) -+ u, (x)]"
with
ACICIRE NI
u,(x) = B(x) i=1,2,...,m (22)
O’ IB(x) = 03

stabilizes the system Eq.(18).

APPLICATION IN ATTITUDE CONTROL

The complete attitude dynamics of a rigid body
obeys the differential equation (Tsiotras, 1998; Di-
marogonas et al., 2006):

{a') =J'S(@)Jo+J u, @3

6 =G(o)o,

where weR’ denotes the angular velocity vector in a
body-fixed frame, ueR’ is the acting torque vector,
JeR** is the symmetric inertia matrix, and ock’ is
the modified Rodrigues parameter vector. Comparing
to (Prajna et al, 2004), the kinematic description
using the modified Rodrigues parameter remains
valid for eigenaxis rotations up to 360°, whereas the
description in (Prajna et al., 2004) is not suitable
when the eigenaxis rotations exceed 180°. The matrix
S(-) denotes a skew-symmetric matrix representing
the cross product between two vectors, i.e., S(v)w=
—vx@. S(w) and G(o) in matrix forms are given by

0 o -o
Sw=-0, 0 o |,

o, -o 0

l-o'o

G(a)z%[ I, —S(O‘)+O‘O’T].

We apply Theorem 3 and polynomial decompo-
sition to numerically construct a stabilizing controller
for the system Eq.(23). Assume J=diag(4, 2, 1) for a

real system. In our construction, let x =[@' o']",

choose £=0.1, s1=1, p123(x) € R, and

6 6
P(x)=¢Y x +&). x'
i=1 i=1

with &1, £>0 and &+6,>10"*. By solving Egs.(19) and
(20) with PENBMI, we obtain

[10.99 0 0 8.29 0 0
* 827 0 0 6.34 0
po * * 0 6.92 0 0 5.40
* * * 98.17 0 0
* * * * 96.95 0

Choose sy(x)=f(x), then the controller u(x) is given
definitely in Eq.(22) when P is solved. The proposed
controller derives good performance for attitude
control as shown in Figs.la~1c.
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Fig.1 Evolution of w (a), evolution of o (b) and control
action u (c) for the closed loop system Eq.(23)

CONCLUSION

The proposed polynomial decomposition algo-
rithm is a general-purpose framework for positive
polynomial validation. Any polynomial which can be
decomposed into sum of squares form can be checked
by matrix inequalities after polynomial decomposi-
tion. A control law for polynomial nonlinear systems
is addressed based on positive polynomial validation.
The numerical example shows that the proposed
control law achieves effective performance for atti-
tude stabilization control.
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