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Abstract:    Power integrity (PI) has become a limiting factor for the chip’s overall performance, and how to place in-package 
decoupling capacitors to improve a chip’s PI performance has become a hot issue. In this paper, we propose an improved trans-
mission matrix method (TMM) for fast decoupling capacitance allocation. An irregular grid partition mechanism is proposed, 
which helps speed up the impedance computation and complies better with the irregular power/ground (P/G) plane or planes with 
many vias and decoupling capacitors. Furthermore, we also ameliorate the computation procedure of the impedance matrix 
whenever decoupling capacitors are inserted or removed at specific ports. With the fast computation of impedance change, 
in-package decoupling capacitor allocation is done with an efficient change based method in the frequency domain. Experimental 
results show that our approach can gain about 5× speedup compared with a general TMM, and is efficient in restraining the noise 
on the P/G plane. 
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INTRODUCTION 
 

Power integrity (PI) has become a limiting factor 
for the overall performance of modern chip design 
due to the current surges caused by simultaneous 
switching noise (SSN). As an indispensable part of 
the power delivery system (PDS), the power/ground 
(P/G) planes provide coupling paths for large current 
flows. And a robust P/G plane design is crucial for 
meeting performance targets and guaranteeing reli-
able operations. To ensure the robustness of the de-
sign, it is essential to make an exact analysis of the 
noise on the P/G plane pairs and optimize the P/G 
planes design to mitigate the noise. Adding 
in-package decoupling capacitors is one of the most 
efficient ways of improving the in-package PI. 

Many methods have been proposed for the 
analysis and optimization of P/G planes. A 3D 
full-wave field solver can provide a very accurate 
solution, but is too time and memory consuming 
(Fang et al., 1993). To improve the efficiency of 
full-wave simulators, other methods have been used 
such as multilevel Green’s function interpolation 
method (MLGFIM) (Wang et al., 2004), precorrected 
fast Fourier transform (FFT) (Phillips and White, 
1997) and sparse-matrix canonical grid (SMCG) (Li 
et al., 2001). But MLGFIM is used to extract the 
capacitances in RF ICs while precorrected FFT and 
SMCG are efficient only if the circuit traces are 
densely packed. The cavity resonator model is pro-
posed in (Na et al., 2000). However, its restriction to 
very regular P/G planes limits its application to the 
initial design stage or to some specific cases. There 
also have been many works (Lee and Barber, 1995; 
Kim and Swaminathan, 2001; 2002; Wang et al., 
2006) aimed at speeding up the analysis of the P/G 
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planes with an arbitrary structure. Wang et al.(2006) 
systematically combine the cavity model with the 
segmentation method. Lee and Barber (1995) and 
Kim and Swaminathan (2001; 2002) develop the 
transmission line method and the transmission matrix 
method (TMM), respectively. But all these three 
methods are restricted to segment partitioning with a 
regular shape.  

In-package decoupling capacitor optimization is 
a nonlinearly constrained discrete optimization prob-
lem while most existing approaches are trial-and-error 
methods. The most comprehensive works on auto-
matic in-package decoupling capacitor optimization 
are by Chen and He (2007) and Zheng et al.(2003). 
They use a macro-model based simulated annealing 
algorithm to decide the optimal value of decoupling 
capacitors at different locations to obtain the target 
impedances at chip I/O ports. MOR (model order 
reduction) technique (Zheng and Pileggi, 2002) is 
used when building packages’ macro-models. 

In high performance microprocessors, the 
package may have many vias, decoupling capacitors, 
irregular geometries and multiple plane layers. The 
complex structure and various border effects restrict 
the size of the segment in regular partition when dis-
cretizing the P/G planes. A small enough segment 
would guarantee the accuracy at the cost of memory 
and CPU time. In this paper we propose an irregular 
partition strategy in which the P/G planes can be par-
titioned into different rectangular shapes according to 
the vias, decoupling capacitors or other details of the 
structures. Such a strategy is more practical and effi-
cient, because a larger segment can be used for 
non-critical regions and a smaller one for regions full 
of vias or decoupling capacitors. We integrate this 
strategy into TMM to analyze the multi-layered P/G 
planes with complex structures. Based on the im-
proved TMM method, we have proposed a method-
ology for in-package decoupling capacitor optimiza-
tion on a multi-layered P/G plane. Compared with 
previous work, our method can obtain more accurate 
results with less CPU runtime. The main contributions 
of this paper are summarized as follows: 

(1) We propose an irregular partition strategy to 
divide the P/G planes. This strategy partitions the 
planes with different-sized segments depending on 
the specific structures or requirements. 

 

(2) We apply the irregular partition strategy to 
the TMM method. Based on that, we simplify the 
computation procedure of TMM and give a fast flow 
for multi-layered P/G planes analysis. 

(3) We use the improved TMM for fast decoup-
ling capacitance allocation. A methodology to guide 
the decap optimization is also proposed. When de-
coupling capacitors are added or removed, we use a 
matrix refinement technique to speed up the trans-
mission matrix update. Experimental results show 
that our methodology can optimize the target im-
pedance very efficiently and accurately. 
 
 
BACKGROUND 
 

Since the P/G planes in the package and board 
can be represented as a cascade of unit cells, the TMM 
can be used to simulate arbitrarily shaped, electrically 
large structures efficiently. The response of the P/G 
planes at specific ports can be computed by multi-
plying the individual square matrices. For multi- 
layered P/G planes, each individual square matrix is 
based on a pair of P/G planes. In the TMM, the 
problem of obtaining the individual square matrices 
of a pair of P/G planes is tackled in the following 
two-step procedure (Kim and Swaminathan, 2001; 
2002). 

(1) The P/G plane pair is divided into unit cells 
with a lumped element model for each cell. Then the 
distributed network of RLCG elements can be gener-
ated from the spice model for the unit cells as shown 
in Fig.1. Either the T or Π equivalent circuit for the 
unit cells can be used. 

(2) The transmission matrix for the distributed 
network of RLCG elements can be derived in terms of 
node voltages and port currents using Eq.(1) (Kim and 
Swaminathan, 2002): 
 

outin

outin

,
⎡ ⎤⎡ ⎤

= ⎢ ⎥⎢ ⎥
⎣ ⎦ ⎣ ⎦

VV
T
II

                            (1) 

where 
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

A B

C D

T T
T

T T
                              (2) 

 
is the transmission matrix of Eq.(1), and is derived 
according to the definition of the transmission matrix. 
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IRREGULAR PARTITION BASED TMM 
 
Motivation of irregular partition 

When using a regular partition strategy on a re-
alistic package structure, the size of the regular seg-
ments must meet the requirements below: (1) Seg-
ments should be small enough so that different 
ports/vias/decoupling capacitors could be located at 
different segments; (2) For irregularly shaped P/G 
planes, the size of segments is limited by the small 
apertures, splits and flexural boundary.  

Actually, for P/G planes, large segments would 
also work well for general parts of the planes without 
vias or decoupling capacitors, while small segments 
are necessary only for some specific parts of the 
planes with decoupling capacitors or apertures. Thus, 
a TMM based on irregular partition may make the 
partitioning procedure more suitable for realistic 
structures of packages. It makes finer partition only in 
specific parts of the planes with coarser partition in 
general parts. 
 
Methodology of irregular partition based TMM 
for a pair of P/G planes 

Fig.2 shows the irregular partition of a pair of 
P/G planes. On rectangular P/G planes there are ports 
and decoupling capacitors (“decap” for short) at dif-
ferent locations. The methodology of irregular parti-
tion for a single pair of P/G planes is as follows:  

(1) Partition the planes according to the coordi-
nates of decoupling capacitors and ports as shown in 
Fig.2a. 

(2) Divide the remaining parts of the P/G planes 
as shown in Fig.2b. We should try to partition the  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
remaining parts of the planes regularly and coarsely. 
In order to obtain good accuracy, the maximum size 
of unit cells must be 10 times less than the wavelength 
of the highest frequency of interest. It can be observed 
that the finer partition was only made around the 
decoupling capacitors and ports. This will make the 
calculating process more effective with slight accu-
racy loss. 

Even though the unit cells after partition are not 
uniform any more, we can still use the SPICE model 
of unit cells similar to that in (Kim and Swaminathan, 
2001; 2002) as shown in Fig.3. However, the equa-
tions for computing the parameters of the model must 
be modified correspondingly. 

Parameters in Fig.3b can be computed as (Chen, 
2001)  
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Fig.1  Equivalent circuit for a pair of P/G planes using ∏ model for unit cells 
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Fig.2  Idea of irregular partition 
(a) Make nodes at specific locations; (b) Divide the re-
maining part of the package 
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where ε0 and μ0 are the permittivity and permeability 
of free space, respectively; εr is the relative permit-
tivity of the dielectric and σc is the metal conductivity. 
Rver dc and Rhor dc are resistances of steady DC current 
in the vertical and lateral directions respectively in the 
quasi-static model. Lver and Lhor are inductances in the 
vertical and lateral directions respectively in the 
quasi-static model. 

Rac accounts for the skin effect on both conduc-
tors. The equations to compute Rac are 
 

0 0
ver ac hor ac

c c

π π
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b a
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where Rver ac and Rhor ac represent Rac in the vertical 
and lateral directions, respectively. 

Now that all the parameters of a single unit cell 
have been derived, we can obtain the equivalent dis-
tributed network of the whole P/G plane by combin-
ing the equivalent distributed RLCG circuits of all the 
unit’s irregularly partitioned cells according to the 
principles of getting RLCG series-parallel circuits. 
Then the transmission matrix of the P/G plane pair 
can be obtained. 
 
Methodology of irregular partition based TMM 
for multi-layered P/G planes 

We now analyze multi-layered P/G planes based 
on the method for a single pair of P/G planes. It is 
important to note that when partitioning each plane 
pair must have the same number of rows and columns 
of nodes. Only in this way can we guarantee the cas-
cade of each pair of P/G planes when creating the 
overall transmission matrix. Because of different  

specifications, the partition of each plane pair is dif-
ferent. Thus it may be necessary to modify the parti-
tion of some P/G plane pairs to fit the demand men-
tioned above.  

The methodology of irregular partition for 
multi-layered P/G planes is as follows:  

Step 1: According to the specification for each 
plane pair, partition each pair of P/G planes using the 
irregular partition methodology mentioned above. 
Assume there are n pairs of P/G planes. Mi and Ni are 
the number of rows and columns of nodes of the ith 
pair of P/G planes after partition, respectively. Each 
plane pair is divided into (M1−1)×(N1−1), (M2−1)× 
(N2−1), …, (Mn−1)×(Nn−1) unit cells, respectively. 

Step 2: Modify the partition of each plane pair. 
The aim of modification is to divide each plane pair 
into (M−1)×(N−1) unit cells by increasing the number 
of rows and columns in the necessary plane pairs 
based on the partition in Step 1. Here, M=max(M1, 
M2, …, Mn) and N=max(N1, N2, …, Nn). Take the ith 
pair of P/G planes, which is divided into 
(Mi−1)×(Ni−1) unit cells in Step 1, as an example. 
Assuming Mi<M and Ni<N, we should insert M−Mi 
rows and N−Ni columns into the partition result. As an 
increasing number of rows and columns mean finer 
partition and higher accuracy, we can insert the extra 
partition lines at any part of the plane pair. After 
modification, the transmission matrices of each P/G 
plane pair, which are of the same size of 
(2MN)×(2MN), can be generated. 

Step 3: Construct the transmission matrices for 
vias and decoupling capacitors. The transmission 
matrices for them are (2MN)×(2MN) matrices (Kim 
and Swaminathan, 2002). 

Step 4: The overall transmission matrix of the 
multi-layered P/G planes can be obtained by multi-
plying the individual matrix. It is a (2MN)×(2MN) 
matrix.  

Though the number of nodes for some plane 
pairs may be increased in Step 2, the dimension of the 
overall transmission matrix of the multi-layered P/G 
planes derived by irregular partition is still much 
smaller than that of regular partition. This is because 
regular partition generates more nodes than irregular 
partition in each plane pair. As the dimension of the 
package increases, the efficiency advantage of ir-
regular partition based TMM will be more obvious. 
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Fig.3  Unit cell and equivalent circuit (∏ model) 
(a) Unit cell; (b) Equivalent circuit of unit cells 
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TMM BASED IN-PACKAGE DECOUPLING 
CAPACITOR OPTIMIZATION 
 
Incremental update of impedance matrix 

The insertion or removal of decoupling capaci-
tors will change the impedance matrix and further 
affect the in-package noise. Thus, the impedance 
matrix of the planes is updated corresponding to the 
decoupling capacitors allocation. Here we use a ma-
trix refinement technique to speed up the impedance 
matrix update when decoupling capacitors are added 
or removed. 

Fig.4 shows the realistic structure of n multi- 
layered P/G plane pairs. The power planes and 
ground planes are connected through vertical vias, 
respectively. While the bottom plane pair is con-
nected to the PCB by balls, and the chips and de-
coupling capacitors are put on V1 and G1, respectively 
(Chen and He, 2007). SSN shows up when a rapid 
switching of current occurs in inductive parasitic 
circuit elements of the P/G planes (Lee et al., 2005). 
As the bottom of the package connects to the PCB, 
we consider these I/Os connecting the package to the 
PCB in the bottom plane of the package to be the 
inductors of SSN. Therefore, in our methodology for 
optimization, the observation ports are the ports on 
chips and the excitation ports of SSN are I/Os on the 
bottom plane pair. 
 
 
 
 
 
 
 
 
 
 

According to the realistic structure of P/G planes 
shown in Fig.4, the overall transmission matrix for the 
structure to be optimized can be expressed as follows 
(Kim and Swaminathan, 2002):  
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where n represents the number of P/G plane pairs, Cp 
represents the “C” part of the transmission matrix of 
the P/G planes without decoupling capacitors. 

The impedance matrix can be derived using the 
relation between the transmission matrix and the 
impedance matrix (Kim and Swaminathan, 2002): 
 

1.m
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For a chip with N ports, the effective impedance of 
port i can be defined as (Zheng et al., 2003) 
 

eff 1
( ) ( ) ,N

i ij jj
Z f Z f W

=
= ∑                  (7) 

 
where Wj denotes the relative switching intensity of 
partition j (Zheng et al., 2003). Zij is the transfer im-
pedance from port j to port i. Our objective is to re-
strain the SSN on the observation ports by optimizing 
Zij. To achieve that, we need to obtain the transfer 
impedance matrix ZB first. 

From Eq.(5), 
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From Eqs.(5), (6) and (8), we have 
 

( ) 11
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From Eq.(8), Cma and Amb can be derived before 
inserting any decoupling capacitor. In other words, ZB 
only depends on Ccap. Without computing Cma and Amb 
in each iterative process, the computation efficiency 
could be improved. 
 
Methodology for decoupling capacitor optimiza-
tion  

In many earlier works, the optimization method 
can only optimize one port’s noise every time. In this 
paper, we develop the methodology in (Zheng et al., 
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Fig.4  Structure of multi-layered power distribution
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2003) to optimize noises of several ports simultane-
ously. We formulate the following in-package de-
coupling capacitor optimization problem: given a set 
of decoupling capacitors and some user-defined tar-
get impedances at the specific on-chip ports, find the 
set of decoupling capacitors with the lowest possible 
cost. The allocation of decoupling capacitors should 
ensure that the peak of impedances is below the target 
impedances. Expressed mathematically, the formu-
lation can be written as 
 

peak target,
1

min subject to max( ) , 1,2, , ,k

n
j

i k
i

P Z Z k m
=

≤ ∀ =∑ …  

(10) 
 

where n is the number of the decoupling capacitor 
ports and Pi is the price of the decoupling capacitor at 
port i. peak

kjZ  is the peak of the effective impedance at 

port jk as defined in (Zheng et al., 2003); m is the 
number of observation ports; Ztarget,k is the target 
impedance at port jk. 

Four common types of surface mount package 
decoupling capacitors are used for the analysis here 
(Zheng et al., 2003; Na et al., 2004).  

We combined the TMM with simulated an-
nealing which is a stochastic optimization procedure 
accommodating the open cost function to solve the 
problem above (Zheng et al., 2003). The cost func-
tion for this problem is 
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In Eq.(11), WP and WZ,k are the adjusting 

weights for decoupling capacitor cost and target 
impedances, respectively. To enforce the require-
ments of target impedances during the annealing 
process, WZ,k increases dynamically when peak

kjZ  is 

greater than the target impedance and is zero when 
the impedance requirement is satisfied. 

The flow for iterative decoupling optimization is 
shown in Fig.5. 
 
 
EXPERIMENTAL RESULTS 
 

We implement the algorithms in Matlab 6.1 and 
conduct experiments on a 3.2 GHz Pentium IV 
Windows Server with 3.2 G RAM. 

 
 
 
 
 
 
 
 
 
 
 
 
 
Accuracy and efficiency of irregular partition 
based TMM  

1. Test structure: a pair of regular planes 
To check the accuracy of irregular partition 

based TMM, the results have been compared with a 
technique based on the analytical solution (Na et al., 
2000) and the regular partition based TMM. The test 
structure is a plane pair having dimensions of 
62.8000 mm×62.8000 mm with a 25.12 μm thick FR4 
dielectric, and the relative permittivity εr=4. The 
conductor planes are made of copper (σc=5.8×107 S/m) 
with a thickness of 30.144 μm . The excitation point 
(Port 1) is located at (x=0, y=3.7680 mm) and the 
observation point (Port 2) is at (x=30.1440 mm, 
y=30.1440 mm). For this test case, the dielectric loss 
was assumed to be negligible. In regular partition 
based TMM, using a unit cell size of 
2.5120 mm×2.5120 mm, the rectangular plane was 
divided into 625 cells. The propagating modes were 
set to m=n=100 in the analytical solution in (Na et al., 
2000). Figs.6a and 6b show the regular partition and 
irregular partition of the P/G plane pair, respectively. 
As shown in Fig.7, the irregular partition based 
method showed good agreement with the regular par-
tition based method and the analytical solution. 
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tioning (b) of the P/G plane pair 
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2. Efficiency of irregular partition based TMM 
With the number of cells decreased, the runtime 

will be reduced, but the accuracy will be reduced too. 
Table 1 shows that irregular partition based TMM 
leads to much less runtime with slight accuracy loss. 
Using the same test structure as that in the above 
subsection, we partition the plane pairs irregularly in 
different maximal grid sizes. Table 1 compares the 
runtime and the results of computation. The spectrum 
here is from 1.0×108 to 2.5×109 Hz. From Table 1, we 
see that a speedup 5× can be obtained using irregular 
partition based TMM while the relative errors are 
below 10%. 
 
 
 
 
 
 
 
 
 
 
 

 

3. Irregular partition based TMM for the analysis 
of multi-layered P/G planes 

In the structure, the conductor planes stack up in 
the order V1/G1/V2 as shown in Fig.4. Each plane pair 
is the same as that in the subsection “Test structure: a 
pair of regular planes”. Port 1 is located at (2.5120 
mm, 0) between planes V1 and G1; Port 2 is located at 
(15.0720 mm, 17.5840 mm) between planes V2 and G1. 
In the regular partition based method, we divide each 
P/G plane into 2.5120 mm×2.5120 mm unit cells. And 
there are 625 unit cells in each pair. In the irregular 
partition based method, we take the location of vias 
and ports into consideration. Then we make the 
maximal grid size to be 3.7680 mm×3.7680 mm. 
There are 306 segments in each pair after segment 
division. Fig.8 shows the comparison of impedances 
of this structure. It demonstrates that the solution of 
irregular partition based TMM matches well with that 
using the regular based method. Moreover, the ir-
regular partition based TMM takes 156.2 s while the 
regular partition based TMM takes 1107.1 s. 

 
Efficiency of decoupling capacitor optimization 
using irregular partition based TMM 

The test structure for optimization consists of 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

100

10−1

10−2

10−3

Regular partition 
Irregular partition 

|Z
11

| (
Ω

) 

108                                       109 
Log frequency (Hz) 

|Z
12

| (
Ω

) 

(a)
 
 
 
 
 
 
 
 
 
 
 
 
 

(b)

Fig.8  Self impedance (Z11) (a) and transfer impedance
(Z12) (b) of multi-layered P/G planes 
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Table 1  Efficiency and accuracy of the irregular parti-
tion based TMM 

Maximal grid size 
(mm×mm) 

Number 
of cells 

Relative 
runtime 

(%) 

Relative 
error Z11 

(%) 

Relative 
error Z12 

(%) 
2.5120×2.5120* 625 100 0 0 
3.0144×3.0144 539 57.10 1.76 2.16 
3.3158×3.3158 441 42.70 3.32 4.08 
3.7680×3.7680 361 23.61 5.31 6.51 
4.1950×4.1950 289 14.47 7.97 10.24 
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Fig.7  Self impedance (Z11) (a) and transfer impedance
(Z12) (b) of a pair of P/G planes 
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five 279.40 mm×228.60 mm rectangular pairs of P/G 
planes as shown in Fig.4, where the conductor planes 
stack up in the order V1/G1/V2/G2/V3, with the FR4 
dielectric εr=4.5. The dielectric thicknesses of V1/G1, 
V2/G2 and V3/G2 plane pairs are all 109.22 μm. And 
the dielectric thickness of V2/G1 and V3/G3 plane pairs 
are both 337.82 μm. The conductor planes are made 
of copper (σc=5.8×107 S/m) with a thickness of 
30.144 μm, and the dielectric loss tangent tan δ=0.02 
at 1 GHz. In our experiment we use the same de-
coupling capacitors as (Zheng et al., 2003), which are 
also summarized in Table 2. Here some numbers 
correlated with the quality are used to represent the 
price. The numbers are not the actual price. We 
pre-define 16 ports for decoupling capacitors inser-
tion on the planes. 
 
 
 
 
 
 
 
 
 

The target impedance to be restricted is Zeff, 
which is the effective impedance at the on-chip port as 
defined in Eq.(7). Excitation points are located at the 
bottom plane pair connecting to the PCB board. In 
practice, when different types of decoupling capaci-
tors work together, the frequency range of effective-
ness is roughly 1 kHz to several hundred MHz. In this 
paper, the spectrum to be optimized is 10~200 MHz. 

Fig.9 shows the optimization results of Port 1. 
 

 
 
 
 
 
 
 
 
 
 

 
 
 

Table 3 shows the optimization results of three 
ports. After optimization, 11 decoupling capacitors 
are needed to meet the SSN target. The locations of 
decoupling capacitors and ports are shown in Fig.4, in 
which the numbers beside the decoupling capacitors 
represent the types of decoupling capacitors as shown 
in Table 2. The 0 in Fig.4 denotes that no decoupling 
capacitor is inserted at the pre-defined ports.  
 
 
 
 
 
 
 
 
 
 
CONCLUSION 
 

In this paper, an irregular partition scheme was 
proposed to make the TMM more efficient for realis-
tic structures of P/G planes. Then, based on the im-
proved TMM, we proposed a method for fast de-
coupling capacitance allocation, which can ensure the 
peak impedance below the target impedance with low 
cost. To make the TMM suitable for the iterative 
optimization process we also used a methodology for 
the impedance matrix update whenever decoupling 
capacitors at specific ports are inserted or removed. 
Experimental results show that the proposed methods 
have great efficiency and accuracy in practical ap-
plications. 
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