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Abstract:    An analytical sandwich beam model for piezoelectric bender elements is derived based on the first-order shear de-
formation theory (FSDT), which assumes a single rotation angle for the whole cross-section and a quadratic distribution for 
coupled electric potential in piezoelectric layers. Shear coefficient is introduced to correct the effect of transverse shear strain on 
shear force and the electric displacement integration. Static and free vibration analyses of simply-supported bender elements are 
carried out for the sensor function. The results illustrate the high accuracy of the present model compared with the exact 2D 
solutions.  
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INTRODUCTION 
 

Piezoelectric bender element is one of the typical 
electromechanical transducers, which is capable of 
converting mechanical energy to electrical energy and 
vise versa. In the field of soil mechanics and geo-
technical engineering, bender elements offer a con-
venient approach for determining shear wave veloci-
ties of soil sediments (Leong et al., 2005). In labora-
tory, bender elements (actuator and sensor) are can-
tilever fixed; shear waves triggered by the transmitter 
(i.e., actuator) propagate through soil sample to the 
receiver (i.e., sensor), and the arrival of shear waves is 
judged by the output electric signal of the receiver. 
Although bender elements are widely used nowadays 
(Zhou and Chen, 2005; 2007), there are considerable 
errors in the travel time determination (Arulnathan et 
al., 1998), which is partly attributed to the lack of 
understanding of the electromechanical responses of 
bender elements, especially that of the receiver. 
Therefore, the study of sensor function of bender 
elements is important to the interpretation of bender 

element testing.  
Usually, bender element consists of two thin 

piezoceramic elements glued on each side of a con-
ductive metal shim, a typical so-called piezoelectric 
sandwich structure. There are two types of bender 
elements: the series type and the parallel type (Lee 
and Santamarina, 2005). In the series type, the poling 
directions of the two piezoelectric layers are opposite 
each other and the bender element is connected at the 
outer electrodes as shown in Fig.1a. In the parallel 
type, the two piezoelectric layers have the same pol-
ing direction as shown in Fig.1b, both outer electrodes 
are grounded, and the core wire is connected to the 
metal shim. 

Unfortunately, until now there are no exact so-
lutions to dynamic problems of such type of piezo-
electric cantilever beams, and most of the vibration 
analyses for similar structures were carried out based 
on simplified models (Fernandes and Pouget, 2003; 
Lau et al., 2005; Zhou et al., 2005a; 2005b; 2007). 
Based on the first-order shear deformation theory 
(FSDT), this paper established an analytical sandwich 
beam model for piezoelectric bender elements with 
thick piezoelectric layers. Static and free vibration 
analyses of simply supported bender elements were 
carried out for the sensor function, and the numerical 
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results validated the efficiency of the present model 
by comparison with the exact 2D solutions. Since the 
forced vibration analysis could be readily obtained by 
mode superposition based on free vibration solutions, 
the present work forms a solid base for the sensor 
function analysis of bender elements.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
BASIC EQUATIONS 
 

For orthotropic piezoelectric layers in bender 
elements, when a plane stress beam is considered in 
the x-z plane (σy=τxy=τyz=0, Dy=0), the fundamental 
equations can be reduced from 2D piezoelasticity 
(Ding et al., 1997) by further omitting the transverse 
normal stress (σz=0) as follows: 
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where σx (τxz), ux (uz), Dx (Dz) and φ represent the stress 
components, displacement components, electric dis-
placement components and electric potential; 11,c  33ε  

and 31e are reduced modulus, piezoelectric constant 
and dielectric constant, respectively. 
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In Eqs.(2) and (3), i is an integer representative 

of poling direction in the piezoelectric layer. i=2 when 
the poling direction coincides with the positive z co-
ordinate, and i=1 otherwise. Without losing generality, 
we assume the poling direction of the upper layer is 
always the same as the positive z coordinate. 

For the elastic metal layer, the governing equa-
tions can be deduced from Eqs.(1) and (2) by omitting 
the third equation of Eq.(1) and assuming 31e =e15=0 
in Eq.(2). Furthermore, one may assume 11c E=  and 

55 /[2(1 )]c E ν= +  for isotropic materials, where E is 
the Young’s modulus and ν the Poisson’s ratio. 
 
 
DISPLACEMENT ASSUMPTIONS AND FORCES 
 

According to the first-order shear deformation 
theory, the displacements in bender elements are as-
sumed as 
 

( , , ) ( , ),  ( , , ) ( , ),       (5)z xu x z t w x t u x z t z x tψ= = −
 
where w is the displacement of the neutral axis, and ψ  
is the bending rotation as shown in Fig.2. 
 
 
 
 
 
 
 
 
 
 
 

In general, the electric potential can be associ-
ated with the applied electric potential on the elec-
trodes and the induced electric potential in the piezo-
electric layer. In consideration of the poling directions 
and functions of bender elements, we propose the 
following functions: 

Fig.1  Piezoelectric bender elements 
(a) Series type; (b) Parallel type 
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Fig.2  Piezoelectric bender element: coordinates and
geometry 
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where Vm(x,t) is the amplitude at surfaces of the ex-
ternal applied voltage G(x,z,t) (where subscripts ‘A’ 
and ‘B’ denote the top and bottom piezoelectric layer, 
respectively), and g(z) is the through-the-thickness 
distribution of G(x,z,t), which is well acknowledged 
as a linear distribution; Φm(x,t) is the amplitude of 
induced electric potential φ(x,z,t) on the midline of 
piezoelectric layers, and f(z) is the corresponding 
through-the-thickness distribution. To satisfy the 
Maxwell equation in closed circuit conditions, the 
induced electric potential should be in quadratic 
shape. Therefore g(z) and f(z) are proposed as (Wang 
et al., 2001; Ding and Jiang, 2005): 
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Substituting Eqs.(5) and (6) into Eqs.(2) and (3) 

yields the stress and electric displacement compo-
nents in piezoelectric layers, 
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The stress components in the elastic layer can be 
obtained similarly  
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Then the shear force Q and moment M can be 

expressed as 
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Since the transverse shear strain calculated from 

Eq.(5) merely is a constant and represents the value of 
the neutral axis, a shear coefficient k=8/9 is intro-
duced into b21 and b22 in Eq.(11) to account for the 
nonlinear distribution according to FSDT (Ti-
moshenko, 1922). 
 
 
BEAM EQUATIONS OF BENDER ELEMENTS 
 

Multiplying the first equation of Eq.(1) by z, 
integrating over the cross section, and making use of 
Eqs.(5)~(6) and other stress components, one obtains  

 
2 2

21 12 22 42 13 232 2

24 14

( )

( 1) ( ) ( 1) ,i i
A B A B

wb b b b b b
x x t

m b b V V
x x

ψ

Φ Φ

⎛ ⎞∂ ∂ ∂
− + − − + −⎜ ⎟∂ ∂ ∂⎝ ⎠
∂ ∂⎡ ⎤ ⎡ ⎤⋅ + − = + − + −⎣ ⎦ ⎣ ⎦∂ ∂

(13)                                                                                           
2 2

21 43 22 232 2

2 2

242 2    ( 1) ( 1) ,i i
A B A B

b b w b b
x t x

p b V V
x x

ψ

Φ Φ

⎛ ⎞∂ ∂ ∂
− − − −⎜ ⎟∂ ∂ ∂⎝ ⎠

∂ ∂⎡ ⎤ ⎡ ⎤⋅ + − = + + −⎣ ⎦ ⎣ ⎦∂ ∂

 

(14) 
 

where m and p are the external couple and force per 
unit length respectively, and  
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where ρ and ρp are the densities of elastic and piezo-
electric layer respectively.  

The satisfaction of Maxwell equation of piezo-
electric layers can be ensured approximately in a 
weighted sense by integration over the cross section, 
namely 
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Substituting the electric displacements Dx and Dz 

into Eq.(16) yields 
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For the sensor function, the piezoelectric layers 

are in open circuit and the electric potentials on the 
outer electrodes are non-zero and unknown, so that Dz 
=0 on the outer surfaces. According to Eq.(8d), it is 
readily obtained 
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Eqs.(13), (14), (17) and (19) give the governing 

equations of piezoelectric sandwich beam. For series 
arrangement with opposite poling directions, i=1 and 
the external voltage is applied antisymmetrically (i.e., 
VB=−VA, ΦB=−ΦA). For parallel type with identical 
poling directions, i=2 and the external voltage is ap-
plied symmetrically (i.e., VB=VA, ΦB=ΦA). Hence 
Eqs.(13), (14), (17) and (19) can be reduced to 
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Obviously, there is no fundamental difference 

between the analyses of series and parallel types of 
bender elements, since the governing equations are 
the same. The main difference lies in the profile di-
rections of electric variables.  

 
 

SOLUTIONS FOR SIMPLY SUPPORTED 
BENDER ELEMENTS 

 
Assume m=0, and express the uniform load p as 

sinusoidal series as follows 
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where j is a purely imaginary unit. 

To satisfy the simply-supported boundary con-
ditions, w=0, σx=0 and Φ=0, the displacement w, 
rotation ψ, electric potential Φ and surface voltage 
can be expressed as follows: 
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Substituting Eqs.(25) and (26) into Eqs.(21)~ 

(24), yields 
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To check the performance of the present solu-

tions for sensor function, two key issues are to be 
examined based on Eq.(27) and the exact 2D solu-
tions: the first one is the accuracy of electric potential 
under applied static force, because in practical tests 
the output voltage is the main measurement; the 
second one is the free vibration characteristics, based 
on which forced vibration analysis could be per-
formed. Note that the exact 2D solution is obtained 
according to state space approach (SSA) (Zhou, 2007; 
Lee and Jiang, 1996). The length of the bender ele-
ment for calculation is L=1 m, the piezoelectric ma-
terial is PZT-5A, and the metal shim is copper (Zhou 
et al., 2005a).  

 
Static responses of sensor function 

The static responses could be obtained by setting  
ωn=0 in Eqs.(25)~(28). A uniform surface force den-
sity, p=1 N/m2, is applied to the element with open 
circuit. Fig.3a and 3b show the electric potential at 
x=0.5L for parallel and series types respectively, 
where the thickness-to-length ratio 2(h+h1)/L is 0.2. 
As shown in Fig.3, the present solution compares with 
the 2D solution very well, with the maximum error of 
5.6% on the outer surfaces.  
 
Free vibration of sensor function 

For free vibration analysis, the right-hand side of 
Eq.(27) should vanish. Then solving Eq.(27) gives the 
frequencies of flexural vibrations for a given n. Fig.4 
shows the frequency ratio /n nω ω∗  of the first 5 modes 
for different values of thickness-to-length ratio R, 
where nω∗  is the 2D solution. It is found from Fig.4 
that the accuracy of the present model is very high, 
with error being less than 2% even as R=0.5. 
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CONCLUSION 
 

In the present study, the piezoelectric bender 
elements are investigated and an analytical sandwich 
beam model is established based on the first-order 
shear deformation theory (FSDT). The model com-
bines an equivalent single-layer approach for the 

mechanical displacements with a layerwise assump-
tion for the electric potential, and introduces shear 
coefficient to account for the nonlinear distribution of 
transverse shear strain on the cross-section. Static and 
free vibration analyses of simply supported bender 
elements are presented for the sensor function. The 
comparison with 2D solutions proves the accuracy of 
the present model. This work offers an efficient model 
for sensor function analyses of bender elements. 
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