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Abstract:

In this paper, we consider the set partitioning problem with matroid constraint, which is a generation of the

k-partitioning problem. The objective is to minimize the weight of the heaviest subset. We present an approximation algorithm,
which consists of two sub-algorithms—the modified Edmonds’ matroid partitioning algorithm and the exchange algorithm, for the
problem. An estimation of the worst ratio for the algorithm is given.
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INTRODUCTION

The partitioning problem has been studied by
several researchers (Edmonds, 1965; Hwang, 1981;
Hwang et al., 1985; Burkard and Yao, 1990). Gener-
ally, this problem can be described as follows. Let E
be a finite set and P={ly, I, ..., I} be a partition of E,
that is, the subsets Iy, I, ..., I, are nonempty, pairwise
disjoint and their union equals E. Now, let F be a
real-valued function defined on the partitions of E.
We ask for a partition P~ which minimizes the objec-
tive function F(P): F(P")=min{F(P): P is a partition
of E}.

Although the integer m may be fixed or unfixed,
we assume m be fixed in this paper. In order to
guarantee subsets Iy, I, ..., I, are nonempty, we al-
ways assume m<|E|.

Usually an objective function is defined in two
ways: one is called a ‘sum type’ and defined as
F(P)=f(ly)+f(l)+...+f(ly), where f is a real-valued
function defined on the subsets of E (Burkard and Yao,
1990; Lee and Liman, 1993); the other is called a
‘bottleneck type’ and defined as

F(P)=max{w(l): k=1, 2, ..., m}, (1)
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where w is a positive function defined on E and w(l)=
> eciW(e) for any subset | of E (Graham, 1969; Babel
etal., 1998). We call w(e) the weight of element e and
w(l) the weight of subset I.

If subsets of a partition P are required to be in-
dependent with respect to a given matroid (Welsh,
1976), P is called a ‘matroid partition” and the cor-
responding problem is called a “partitioning problem
with matroid constraint’.

Edmonds (1965) and Burkard and Yao (1990)
considered partitioning problems with matroid con-
straint. With the objective that the constructed parti-
tion P={ly, Iy, ..., In} is lexicographically maximum,
i.e., [l1] is maximum, |l,| is as large as possible subject
to |l3| being maximum, and so on, Edmonds (1965)
produced a polynomial algorithm. With a certain
sum-type objective function, Burkard and Yao (1990)
gave us a Greedy-like algorithm by which the optimal
partition can be produced under certain order proper-
ties. So the problems discussed in (Edmonds, 1965;
Burkard and Yao, 1990) are polynomially solvable.

In this paper we also consider a partitioning
problem with matroid constraint, but the objective is
the bottleneck type, which is different from those
discussed in (Edmonds, 1965; Burkard and Yao,
1990). We call it the “‘min-max partitioning problem
with matriod constraint’, simply denoted as MMP.
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The problem is NP-hard (Garey and Johnson, 1978).
We will give an algorithm to compute the approxi-
mate solution to this problem.

In Section 2 we describe the problem and present
our algorithm denoted as ‘Algorithm A’, which con-
sists of two sub-algorithms: one is the modified Ed-
monds’ matroid partitioning algorithm (MEPA for
short), which produces a feasible partition; the other
is the exchange algorithm (EXA for short), which
improves the objective value by exchanging elements
among subsets of the partition produced by MEPA.
Then in Section 3 we give an estimation of the worst
ratio for Algorithm A.

PROBLEM DESCRIPTION AND ALGORITHMS

Let E be a finite set and M=(E, P be a given
matroid defined on the set E, where @ is the collec-

tion of all the independent sets. We always denote the
rank and closure of a subset | by r(l) and o(l) , re-
spectively. Let w: E—R be a positive weight function,
where R is the set of positive real numbers.

Now we describe the MMP as follows.

Given a finite set E, a matroid M=(E, P), a posi-
tive weight function w defined on E, an integer m>2
and an objective function F defined as Eq.(1), find an
optimal feasible partition P° such that F(P")=
min{F(P): P is a feasible partition}.

When we take M=(E, @) with P=2F, MMP is just
the partitioning problem without any constraint. The
famous scheduling problem P||Cpin (Graham, 1969)
can be reduced to this problem.

When we take M=(E, @) with P={IcE: |l|<k} for
a given integer k, MMP is just the k-partitioning
problem. So, MMP is a generation of the
k-partitioning problem (Babel et al., 1998).

Therefore, MMP is NP-hard.

With the same method as that in (Edmonds,
1965), it can be proved that MMP has feasible solu-
tion if and only if the inequality

|SIKm-r(S) @)

holds for every ScE, where r(S) is the rank of S.
Edmonds (1965) wrote an algorithm for con-

structing a matroid partition. Edmonds’ partitioning

algorithm (EPA) can be found in (Lawler, 1976).

Because EPA does not take account of the weights of
elements, it is not suitable for our problem. Therefore,
we modify EPA such that each element is put with the
subset whose weight is the lightest possible among I,

I, ..., In.
The following is the sub-algorithm MEPA:

Step 0: Set U=E, I;=9, i=1, 2, ..., m.

Step 1 (Construction of sequence Sg, Sy, ...)

Step 1.0: Set Sp=E and j=1.

Step 1.1: Find the index k such that w(l)=min{w(l;):
[1iNSj-1|<r(Sj-1), 1<i<m}. If there is no such subset I, stop (E is
not partitionable).

Step 1.2: Set Sj:ijlﬁO'(lkﬁijl), |(J):k

Step 1.3: If UCS;, set j=j+1, go to Step 1.1; otherwise,
choose ecU\S; such that w(e)=max{w(e): ecU\S;} and go to
Step 2.

Step 2 (Augmentation of partition)

Step 2.0: Set U=U—e.

Step 2.1: If I,;+e is independent, set I;;=I,;+e and go to
Step 2.3.

Step 2.2: Find the unique circuit C(e)<l g +e, and choose
e'eC(e)\Sj1 such that e’ is the lightest element in C(e)\S;y; set
lig=hg+e—e and j=j—1, e=e’, go to Step 2.1.

Step 2.3: If U#J, go to Step 1; otherwise, we have a par-
tition of the given set E.

In the above algorithm, 1y, I, ..., I, are subsets of
the constructed partition P. The set U stores the ele-
ments which are not yet assigned to the partition
currently. I(j) is the label to indicate that I is the
subset to accept the element removed from the subset
||(j+1) in Step 2.

The main difference between EPA and MEPA
lies in the following two aspects:

(1) The newly selected element in MEPA is
added to the set whose weight is the lightest possible
among |y, Iy, ..., I So the heaviest m elements, de-
noted as ey, €y, ..., €y IiN E, are added to Iy, 1y, ..., I,
respectively, at the beginning.

(2) In Step 2.2, when I;+e contains a circuit C(e)
and an element needs to be removed from C(e)\S;,
we choose the lightest. Furthermore, we can prove
that C(e)\S;-1 contains at least two elements in Re-
mark 1.

Remark 1  In Step 2.2, there are at least two ele-
ments in the subset C(e)\Sj-1.

Proof  From EPA we know that C(e)\S;; is not
empty. If there is only one element xeC(e)\S;-1, then
C(e)—xcSj1, therefore  xeo(C(e)—x)=o(Sj-1)=Sj-1.
That is a conflict.
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As a result, the heaviest element in I, will not
be chosen and removed by Step 2.2, i.e., each subset I;
will keep its heaviest element g; since it is assigned to
li at the beginning. Therefore the feasible solution

produced by MEPA, denoted as P° ={I, I7,..., 12},
has the following property:

gel’, i=12,..,m (3)

Example 1 Let m=2 and M be the graphic matroid
defined on the edge set E={ey, €,, €3, €4, €5, €6, €7, €}
of the graph G as shown in Fig.1.

€

€g €3

€1 €s

€7 €5

€4

Fig.1 Graph G

The weights are given as: w(e;)=a, w(ez)=a—3,
w(es)=a—7, w(es)=a—8, w(es)=10, w(es)=9, w(e;)=4,
w(eg)=1, where a is a real number large enough. Ob-
viously, 1, = {ey, €4, €s, g}, I, ={e,, €3, €, €7} is an
oetimal partition with the optimal objective value
C =2a+3. Performing MEPA, we add elements ey,
€, .., €7 to the partition directly and obtain
1) ={e,.e,.6} I) ={e,.e,,e,e} Buttheassignment
of eg is needed to execute Step 2.2: first we add it to
19 and find the unique circuit C(eg)={e,, €3, eg}; then
we choose and move e3 from 1) to 1; finally we get
the partition 1= {ey, €4, €, €3}, 1)={es, €5, €7, g}
with the objective value C* = w(l]) = 3a-6.

The example shows that Step 2.2 may seriously
deteriorate the result. Therefore we want to adjust the
feasible partition P° produced by MEPA. The ad-
justment is based on the idea that when removing the
heaviest element from the heaviest subset and when
its weight is still greater than the lightest subset, we

move the heaviest element to the lightest subset.
The following is the sub-algorithm EXA:

Step 3.0: Set I, =1° for i=1, 2, ..., m. Find the indices a

and p# such that w(l,)=max{w(l;): i=1, 2,
min{w(l}): i=1, 2, ..., m}.

Step 3.1: Find the heaviest elements z, and z,in subsets I,
and lg, respectively. If w(z,)<w(zs) or w(l,—z,)<w(lz), stop.

Step 3.2: 1,=1,~2z,. If I5+2, is independent, 15=15+2,, go to
Step 3.3; else find the unique circuit C(z,)cls+z,, and choose
xeC(z,)\a(l,) such that w(x) is the smallest one except for z,,
and set 1;=ls+z,~X, 1,=1,+X.

Step 3.3: If w(l)<max{w(l;): i=1, 2, .., m}, or
w(lg)=min{w(l;): i=1, 2, ..., m}, stop; else find the index f such
that w(lz)=min{w(l;): i=1, 2, ..., m}, go to Step 3.1.

o M} W(lp)=

Example 2  Consider Example 1 again. By MEPA,
we get the partition 1= {ey, 4, €, €3}, 17 ={e2, €, &7,
es} with the objective value C”=3a-6. Because
w(l \e)) >w(l)), we move the element e; in I to
I7, and choose and move element eg in 17 to 1. by
Step 3.2. Then we get the partition 1,={eq, €, €3, €},
I,={e,, es5, e;, e} with the objective value
C"=w(l,)=2a+11. So the result is improved greatly.
Now combining MEPA with EXA, we get Al-
gorithm A. The following remarks are needed for
proving the correctness of EXA and estimating the
approximation ratio of Algorithm A.
Remark 2 In Step 3.2 there must be an element in
C(z.)\o(1,) besides the element z,.
Proof  Otherwise, we would have C(z,)-z,co(l.),
then z,e0(C(z,)~z,)<o(a(l,))=0(l,), but by Step 3.2,
z.¢0(l,). That is a conflict.
Remark 3  The algorithm EXA must be completed
after up to m—1 executions of Step 3.2.

Proof Let P°={1°,12,...,1°} be the matroid parti-
tion obtained by MEPA, P'={I}, I},... '} be the
partition after the tth execution of Step 3.2 and z; be
the heaviest elementin 1| fori=1, 2, ..., m. Obviously
we have z’ =g by Eq.(3). Suppose o and f; be the
indices such that w(l}, ) = max{w(l;): i=1, 2, ..., m},
w(l}, ) =min{w(l{): i=1, 2, .., m}. Let index set
A'={k: w(z,)<w(z, ), 1<ksm}.

Now we have the following facts:

Q) AL c{o,+L g +2,...,m}, and | A |<m-1;

(2) If A'=@, this implies w(z} ) <w(z},), then

P'is the final partition according to Step 3.1;
(3) If P'is not the final partition, then we can
prove a=a.
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In fact, if aorq, then w(l, )<w(l,)=

max{w(l/):i=1,2,.., m}, the EXA will stop ac-
cording to Step 3.3 and P' is the final partition. So we
can prove fact (3) by mathematical induction.

Now, let us prove A'c4"" and |4'|<|4"|. In fact
if ked', then Koy, fg, and w(zi')=w(z}) <
w(z,)<w(z'), so kea"™. On the other hand,

Sraed ™\
Therefore, 4" will become empty after no more
than m—1 executions of Step 3.2.

ESTIMATION OF THE WORST RATIO FOR
ALGORITHM A

In this section we will analyze Algorithm A and

give an estimation of the worst-case ratio. We adopt
the notions used in the proof of Remark 3.
Lemma 1 Suppose P={ly, I,, ..., In} is the matroid
partition of the set E obtained by Algorithm Aand a,
are the indices of the heaviest and lightest subsets in
the partition P, respectively, i.e., w(l,)=max{w(l;):
i=1, 2, ..., m}, w(lp)=min{w(l;): i=1, 2, ..., m}, then
one of the following inequalities must be satisfied:

w(l, —z,)<w(l,), (4)
w(z,) <w(z,), ()
w(l, )< w(l), (6)

where z, and zzare the heaviest elements in subsets I,
and | respectively.
Proof Suppose P={ly, I, ..., In} is the final partition

which is obtained from the partition P'={I],
I, ..., 1.} by Step 3.2. That is, if Itﬂt +z;t is inde-
pendent, then

_qt t
|a, = |a( -2,

otherwise,

=1 +7

I B 2 %

ot t
X, | _Il—z%+x,

o a

where x is chosen as in Step 3.2. For iZay, S, 1, = 1.

It is easy to obtain

w(z,)>w(z,), (7
w(l, \z,)<w(l), i=12,...,m. )

To prove Lemma 1, it is sufficient to show that if
neither Eq.(4) nor Eq.(5) holds, then Eq.(6) must
hold.

Now assume that neither Eq.(4) nor Eq.(5) holds.
It is easy to see that one of the following must hold:

w(l, ) <max{w(l;):i=12,.., m}, 9)
w(l,)=min{w(l;):i=12,.., m}. (10)

If Eg.(9) does not hold, then e=«;, and Eq.(10)
holds, which implies f=4. From the inequality Eq.(7)
we obtain w(z,)<w(zp), i.e., the inequality EQq.(5)
holds. It is a conflict. Therefore Eq.(9) must hold,
which implies o#a. If a=f, then Eq.(4) holds ac-
cording to Eq.(8). It is a conflict. Therefore we have
atarand a#f3. Hence, w(l,) =w(l,) <w(l, ) +w(l})
=w(l,)+w(l,), Eq.(6) holds.

Let C* denote the objective value obtained by
Algorithm A and C” denote the optimal value. We
have the following main theorem:

Theorem 1  The inequality

cA 1 rm m
—<max<2-——, , —
C m r+m-1 2

(11)

holds for every instance, where r is the rank of E.
Proof LetP={ly, I, ..., In} be the partition produced
by Algorithm A, « and 8 be the indices of the heaviest
and lightest subsets of P, respectively, i.e.,
w(l)=max{w(l;): i=1, 2, ..., m}, w(lg)=min{w(l;): i=1,
2, ..., m}. Obviously, C*=w(l,). By Lemma 1, one of
the inequalities Egs.(4)~(6) holds.
If the inequality Eq.(4) holds, then

£< Zizlw(li) N zim[w(la)*_w(li)]

c°™ mC mC
cq (m-Dw@,) _, 1
mC m
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If the inequality Eq.(5) holds, then

ch < z:ilw(li) n (m_l)W(Ia)_ZimW(li)
cC"” mC w(l,)+Y w(l;)
w(l,)—w(l,)
w(l,)/(m=1)+w(l,)
w(z,) -w(z,)
rw(z,)/(m-1)+w(z,)

*

rm
<—.
r+m-1

If the inequality Eq.(6) holds, then

g_w(la)<W(|a)+zi¢aW(|i)<mC* m
c c 2C” T2c 2
So the inequality Eq.(11) holds.

CONCLUSION

We consider in this paper the set partitioning
problem with matroid constraint. The objective is to
minimize the weight of the heaviest subset. The
problem is the generation of the famous scheduling
problem P||Cpin and the k-partitioning problem. We
present an approximation algorithm for the problem

and give an estimation of the worst ratio for the
algorithm.

There still remains for further study the solution
of the problem where the objective is to maximize the
weight of the lightest subset.
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