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Abstract:    Based on a multiobjective approach whose objective function (OF) vector collects stochastic reliability performance 
and structural cost indices, a structural optimization criterion for mechanical systems subject to random vibrations is presented for 
supporting engineer’s design. This criterion differs from the most commonly used conventional optimum design criterion for 
random vibrating structure, which is based on minimizing displacement or acceleration variance of main structure responses, 
without considering explicitly required performances against failure. The proposed criterion can properly take into account the 
design-reliability required performances, and it becomes a more efficient support for structural engineering decision making. The 
multiobjective optimum (MOO) design of a tuned mass damper (TMD) has been developed in a typical seismic design problem, to 
control structural vibration induced on a multi-storey building structure excited by nonstationary base acceleration random process. 
A numerical example for a three-storey building is developed and a sensitivity analysis is carried out. The results are shown in a 
useful manner for TMD design decision support. 
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INTRODUCTION 
 

In the field of structural engineering, decisions 
regarding design making consist in applying the so-
lution which best satisfies the required performance 
given the resources available. The typical approach 
used by many engineers is based on indirect or intui-
tive methods which depend on past experiences, 
subconscious motives, incomplete logical schemes, 
random selections and sometimes even intuitive 
simplified mechanical schemes. Such methods, 
maybe extremely pragmatic and applicable, generally 
do not offer high optimal performance solutions, 
which means that they only satisfy the given design 
requirement without effectively minimizing the re-
quired resources. An alternative approach in struc-
tural design is the optimal structural design (OSD), 
which consists in applying only a logical process 
mathematically expressed in support of decision 

making. The standard single objective optimization 
(SOO) consists in minimizing or maximising one 
objective function (OF) capable of describing system 
performances. In addition, it may be necessary to 
satisfy given constraints. The OF is defined by con-
struction and/or failure costs, total weight or one 
structural performance index. This alternative ap-
proach can provide at least one single optimal solu-
tion. The multiobjective optimization (MOO) ap-
proach is based on an OF vector whose dimension is 
greater than 1 and elements include different struc-
tural costs and performance indices. Unlike the SOO, 
the MOO produces a set of possible solutions and the 
designer must select only one possible solution that 
better agrees with the designer’s own decisions.  

Regarding structural problems where dynamic 
loads are intrinsically random, both OF and con-
straints may be expressed by probabilistic entities, 
such as covariances, spectral moments, probability of 
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failures and similar entities (Nigam, 1972). In this 
field, there is a wide class of structural engineering 
problems involving structural systems thought and 
designed to sustain dynamic actions, which can be 
suitably modelled as random events rather than de-
terministic ones, such as earthquakes, winds pressure, 
sea waves and rotating machinery induced vibrations. 
Structural responses to these actions are random 
processes, and thus the random vibration theory is the 
most reliable way to assess structural response in a 
probabilistic manner.  

Random dynamic analysis seems to be the most 
useful method to obtain suitable information con-
cerning structure response and reliability. In the field 
of structural engineering, probabilistic methodologies 
have gained increasing importance and are now fre-
quently used to assess structural safety problems. 
Probabilistic approaches can take into consideration 
structural parameters or loads and the effects of un-
certainty on structural response in all cases where 
mechanical and excitation parameters are intrinsically 
random quantities. Even if this approach may con-
siderably increase the difficulties in analysis, it is the 
only approach that can offer some essential design 
information that is not usually directly available by 
more conventional and less complicated deterministic 
approaches. Confident with these reasons and given 
the 60 years experiences in the field of structural 
dynamics, the deterministic approach (in which 
forces and structural responses are assumed as quan-
tities exactly known) has been replaced with the sto-
chastic approach, which allows a more representative 
and detailed structural response and safety evaluation.  

In the meantime, optimization methods have 
gained increasing importance in the field of structural 
design, typically based on the implicit assumption 
that all involved variables are deterministic. This 
“conventional” approach could fail when the real 
uncertain nature of some structural parameters is 
properly considered, reducing the optimal perform-
ance or at least making unfeasible the expected op-
timal goal. In the last decades, different approaches 
have been proposed essentially by using probabilistic 
methodologies due to computational and conceptual 
difficulties involved in treating uncertainty properly 
in structural optimization. In standard reliability 
based design optimization (RBDO) (Rackwitz et al., 
1995; Kuschel and Rackwitz, 2000), the OF is mini-
mized under probabilistic constraints instead of 

conventional deterministic ones. The proposed ap-
proaches for RDBO are essentially referred to 
time-invariant cases (Pedersen and Thoft-Christensen, 
1995; Polak et al., 1997; Gasser and Schueller, 1997). 
Only a few contributions deal with time-variant as-
pects (Rosenblueth and Mendoza, 1971; Kuschel and 
Rackwitz, 2000), in which reliability is determined by 
the out-crossing approach and by the context of 
well-known FORM or SORM. 

A simplified approach in structural optimization 
dynamic problems consists in assuming that loads are 
the only uncertain sources of uncertainty, when they 
have a clear undeterministic nature as in the case of 
earthquakes or wind actions. In the case of earth-
quakes or wind actions, these loads are suitably 
modelled by stochastic processes and the standard 
random vibrations theory can be adopted if all the 
other involved quantities are assumed as deterministic. 
Structural response characterization is so completely 
described by stochastic processes with deterministic 
parameters. With reference to seismic engineering 
and seismic protection devices,  many optimization 
applications have been developed in the last twenty 
years (Wirsching and Campbell, 1974; Constantinou 
and Tadjbakhsh, 1983a; 1983b; 1985; Park et al., 
2004; Marano et al., 2006; 2007a). A complete sto-
chastically defined optimum design method is also 
proposed by Marano et al. (2007b), in which a reli-
ability based optimum criterion was developed 
adopting a covariance approach. Both OF and con-
straints are defined in a stochastic way, where the 
latter imposes a limit to the failure probability asso-
ciated to the first threshold crossing of structural dis-
placement over a given value. A reliability based 
methodology for the robust optimal design of uncer-
tain linear structural systems subjected to stochastic 
dynamic loads was also presented by Papadimitriou et 
al.(1997) and Papadimitriou and Ntotsios (2005). 
System safety referred to structural displacements 
was used as structural performance index, under sta-
tionary white noise input conditions. The methods 
proposed by the authors also deal with robust solution 
evaluating both mean and covariance of OF, by using 
an MOO robust design. 

Moreover, all proposed methods for seismic de-
vices optimization are based on the minimization of a 
single OF that quantifies the protected systems re-
sponse reduction in respect of the unprotected con-
figuration. Moreover, the OFs are expressed in terms 
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of covariances, and the main limitation is the lack of 
information about final structural performance, which 
is unknown when expressed in terms of reliability. 
For instance, in the case of vibration protection de-
vices, the ratio between protected and unprotected 
structural displacement (or inertial acceleration) co-
variance is commonly used as OF. It is not at all pos-
sible to evaluate if a given required performance, 
commonly expressed as a limitation on maximum 
main system displacement or similar response meas-
ures, even if it is possible to immediately indicate the 
advantages in adopting a specific seismic protection 
device, is really achieved by using the protection 
strategy adopted.  

For this specific reason, the present work is fo-
cused on the structural optimum design criteria that 
directly involves in a performance based design (PBD) 
in the random vibrating structural problem. Without 
loss in generality, the optimum design of a vibrations 
control device is analysed as a case study regarding 
structures subject to seismic actions. Moreover it 
must also be taken into account that several OFs are 
involved in design decisions different from conven-
tional optimization (single OF). These functions are 
often in conflict with each other and for them it is not 
possible to define a universally approved criterion for 
“optimum” design as occurs in SOO. For this reason, 
Pareto dominance and Pareto optimality constitute 
very important notions in MOO problems, not only 
being able to furnish a single defined optimal solution 
(as in SOO), but giving a set of possible optimal so-
lutions satisfying, at the same time, with different 
performances, all designers’ objectives.  

In this work, an MOO procedure is adopted for 
the optimum design of seismic devices for linear 
structures subject to random seismic loads. This 
procedure adopts a 2D OF vector that is defined by 
using both standard deterministic costs and structural 
survival probability indices. An example is developed 
with the first OF element assumed as a deterministic 
device cost and the second one being the system 
failure probability. The failure is defined as the first 
crossing out of an admissible domain of one structural 
response during all seismic actions. Without loss in 
generality, the failure is the allowable top floor dis-
placement, but other structural responses could be 
easily used. 

The reliability evaluation is developed by using 
the state space covariance analysis, and the Poisson 

hypothesis is adopted to evaluate the mean threshold 
crossing rate for the safe domain. The device analysed 
for seismic protection is the standard tuned mass 
damper (TMD). A single TMD located at the top of a 
multi-degree of freedom (DOF) linear system, in 
which a multi-storey building is analysed. In detail, 
the base acceleration representing seismic actions are 
modelled by a nonstationary filtered white noise that 
can yield a quite realistic seismic loads model. In the 
optimization problem, the design vector is the col-
lection of TMD mechanical parameters including 
frequency, mass ratio and damping ratio. As stated 
before, the main innovation of the proposed approach 
consists in adopting the performance based seismic 
design (PBSD) in an MOO problem for the optimum 
design of a TMD in accordance with modern seismic 
technical codes. In addition, unlike the SOO approach, 
the proposed approach can give predesign informa-
tion, extremely useful in initial designer decisions and 
as the level of failure probability reduction by using a 
specific seismic control strategy.  

Using the MOO proposed in this work, the de-
signer can control performances and costs in different 
Pareto front locations, and define solution types to be 
adopted according to sensibilities and decisions. With 
more details and with reference to a TMD device, a 
piece of suitable information for designer is the 
minimum mass ratio (that is defined as the ratio be-
tween TMD and main structural masses) necessary to 
increase reliability under a given level structure. This 
is a fundamental element for deciding whether this 
mass ratio can be practically adopted or not. As an 
application of the proposed strategy, a multi-DOF 
system, representing a multi-storey plane frame in a 
simplified way, is protected by a TMD against 
earthquake loads. The TMD optimal solution has 
been obtained for different levels of admissible top 
floor maximum lateral displacement. 
 
 
STOCHASTIC ANALYSIS OF MULTI-DOF 
LINEAR SYSTEM SUBJECT TO RANDOM 
LOADS 
 

For a generic linear n DOF system excited by a 
forcing vector f(t) whose related stochastic process is 
the Gaussian with null mean value stochastic vector 
F(t), the well known differential matrix motion 
equation is  
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( ) ( ) ( ) ( ),t t t t+ + =My Cy Ky f�� �                 (1) 
 
where M, C and K are the deterministic mass, damp-
ing and stiffness matrices, respectively; ( ),ty��  ( ),ty�  
y(t) are the acceleration, velocity and displacement 
vectors, respectively, and the related stochastic proc-
esses are ( ),tY��  ( )tY�  and ( ),tY  respectively. 

The motion Eq.(1) can be written as a first order 
differential matrix equation by introducing the space 
state vector T( ) ( ( )  ( )) ,t t t=z y y�  and in the hypothesis 
of zero mean Gaussian input (as commonly assumed 
for earthquakes), the stochastic response is com-
pletely described by state space covariance matrix 
knowledge R(t). It can be evaluated by means of the 
Lyapunov Covariance Matrix Equation (Soong and 
Grigoriu, 1992) shown as follows: 
 

T( ) ( ) ( ) ( ),t t t t= +R AR R A B� +                 (2) 
 

where the matrix 
� � TT( ) ,t = 〈 〉 + 〈 〉B f z z f  and the 

system matrix and input vector are  
 

�
1 1 1,   ( ) .

( )
t

t− − −

⎡ ⎤ ⎧ ⎫
= ⎨ ⎬⎢ ⎥− −⎣ ⎦ ⎩ ⎭

I
A f

M K M C M f
0 0

=        (3) 

 
Furthermore, in order to find the best design 

under a given stochastic load process, the nb elements 
design vector (DV) b will be introduced to determine 
shape, sections or other mechanical structural features 
and, hence, determine the actual value of the stiffness, 
mass and damping matrices. 

With reference to a defined PBD index in a sto-
chastic way, the mechanical safety or reliability r(T) 
at time T is a natural solution. It is defined as the 
failure survival probability, in which the failure is a 
partial or total damage in the interval [0, T]. With 
reference to a variety of interpretations (generally not 
only of a mechanical nature) of this condition, it is 
obvious that the definition of failure plays a central 
role in the reliability evaluation. Usually, the collapse 
can be associated to the threshold crossing probability 
and is more precisely determined by the first time 
crossing of a structural response parameter s(t) 
through a given threshold value β. 
 

OPTIMIZATION CRITERIA 
 

In all engineering fields, designers attempt to 
find solutions that conjugate performance and satis-
faction of several requirements. Designers can obtain 
the optimum within the imposed conditions using 
standard optimization techniques. In the field of 
structural engineering, structures designed in this way 
are safer, more reliable and less expensive than tradi-
tionally designed structures. Generally speaking, the 
structural optimization problem could be formulated 
as the selection of a set of design variables (that are 
the design parameters that characterize the structural 
configuration), collected in the above so-called DV b, 
over a possible admissible domain Ωb. With reference 
to SOO problem, the optimal DV can minimize a 
given OF and satisfy the assigned constraint condi-
tions. Deterministic-based optimization is aimed to 
minimize structural weight or volume, subject to 
given deterministic constraints generally referred to 
general stresses and/or displacements. An additional 
probabilistic constraint is considered in the case of 
reliability-based design, related to structural per-
formance. Reliability theory is afterwards introduced 
into structural engineering and structural optimization 
in order to consider all existing sources of uncertainty 
in a more rational way. These sources can influence 
structural response as well as the circumstance that 
the loadings applied to a structure are not quantities 
exactly known. Therefore, the reliability is recog-
nized as a performance constraint in structural engi-
neering, and an optimum design should generally 
balance both cost and performance which concerns 
structural reliability. Probabilistic constraints in SOO 
usually define the feasible region of the design space 
by restricting the probability that a deterministic 
constraint is violated within the allowable probability 
of violation. 

Moreover, not a single “efficiency” index (as in 
SOO) in many real engineering problems are in-
volved, but several ones that could be related to 
structural cost or weight, structural performances and 
other similar criteria. Each of these indices is typi-
cally in conflicting with the others, and it is not pos-
sible to define a universally approved criterion of 
“optimum” as in SOO, where optimization is achiev- 
ed by assuming that one “efficiency” index must be 
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minimised and the other ones must be considered as 
problem constraints. Moreover, the choice of the 
index to be minimised and the indices to be trans-
formed into constraints is questionable. The above-
mentioned question depends strongly on designer’s 
opinion and experience. On the contrary, the MOO 
gives the opportunity to the designer to evaluate a set 
of possible solutions that satisfy more than one index, 
but with different performances. The definitions of 
these solutions are usually known as the Pareto 
dominance and Pareto optimality criterion, and con-
stitute a fundamental point in the MOOPs. Regarding 
the Pareto optimality definition, it is assumed that a 
design vector b* is Pareto optimal if no feasible vector 
b exists, which would decrease some criteria without 
causing a simultaneous increase in at least one other 
criterion. Unfortunately, this concept almost always 
fails to give a single solution, but rather a set of solu-
tions called the Pareto optimal set. The vector b* 
corresponding to the solutions included in the Pareto 
optimal set is called non-dominated. Essentially, de-
fining the generic “efficiency” index as ( ),iOF b a 
typical minimization-based MOOP is assumed as 

 

1 2min{ ( ), ( ),..., ( )}.MOF OF OF
Ω∈ bb

b b b           (4) 

 

Given two candidate solutions { , }j k Ω∈ bb b , if 

 
{1,..., },     ( ) ( )

                             {1,..., }: ( ) ( ),

j ki i

j ki i

i M OF OF

i M OF OF

∀ ∈ ≤ ∧

∃ ∈ <

b b

b b
     

(5) 
 

and defined the two objective vectors 
 

1( ) { ( ),..., ( )},j j jMOF OF=v b b b            (6) 

1( ) { ( ),..., ( )}.k k kMOF OF=v b b b            (7) 

 

Vector ( )jv b  is said to dominate vector ( )kv b  (de-

noted by ( ) ( )j kv b v b≺ ). Moreover, if no feasible 

solution ( )kv b  exists that dominates solution ( ),jv b  

( )jv b  is classified as a non-dominated or Pareto op-
timal solution. In other terms, the candidate solution 

j Ω∈ bb  is a Pareto optimal solution if and only if 

: ( ) ( ).k k jΩ∃ ∈ bb v b v b≺                   (8) 

 

More simply, j Ω∈ bb  is a Pareto optimal solu-

tion if a feasible vector ,k Ω∈ bb  which would de-

crease some criteria without causing a simultaneous 
increase in at least one other criterion (Coello, 1999), 
does not exist. Unfortunately, the Pareto optimum 
almost always does not give a single solution but 
rather a set of solutions and it cannot proceed in an 
analytical way. The collection of all Pareto optimal 
solutions is known as the Pareto optimal set or Pareto 
efficient set. The corresponding objective vectors are 
instead described as the Pareto front or trade-off sur-
face. Normally, the decision on the “best solution” to 
be adopted is formulated by the so-called (human) 
decision maker (DM). The case in which the DM does 
not have any role and a generic Pareto optimal solu-
tion is considered acceptable (no-preference based 
methods) is extremely rare. On the other hand, several 
preference-based methods exist in literature, although 
this particular aspect of research tends to have been 
somewhat overlooked.  

In this case, the MOOP is defined by 
 

find ,Ω∈ bb                                                   (9) 

which minimizes ( , ).OF tb                          (10) 
 

The OF vector is defined as 
 

{ }1 2( , ) ( , ), ( , ) ,OF t OF t OF t=b b b            (11) 
where  

( )2 ( , ) ( ( , )) 0 | ,OF t Pr G Tτ τ= ≥ <b S b      (12) 
 

and G(S(b,τ)) is the required reliability limit state 
function for the structural system. 
 
 
MULTIOBJECTIVE PERFORMANCE RELIABI- 
LITY OPTIMIZATION OF TMD IN SEISMIC 
PROTECTION 
 

Traditional optimum design of TMD is based on 
protected system mean-square response. In this study, 
a performance reliability optimum design is devel-
oped for a TMD positioned on a simple 1 DOF linear 
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structural system. The innovation of this approach is 
that the optimization has to be performed by satisfy-
ing a design performance expressed in a full stochas-
tic way by a limitation on failure probability. It is 
well-known that a TMD can be designed to control a 
single structural model only. Given the properties of 
the mode that needs to be controlled, the problem is 
essentially the same as designing a TMD for a SDOF 
structure. Therefore, structure is described by means 
of a single DOF system and is equipped with a linear 
single TMD with the aim of reducing undesirable 
vibrations caused by dynamic loads acting at its 
foundation, which are here modelled by means of a 
general filtered white noise stationary stochastic 
process. 

In order to improve TMD efficiency, it is im-
perative to define the optimum mechanical parame-
ters (i.e., the optimum tuning frequency, damping and 
mass ratio) of TMD. Although the basic design con-
cept of TMD is quite simple, the parameters of TMD 
system must be obtained through an optimal design 
procedure in order to satisfy performance require-
ments. For these reasons, the determination of opti-
mal design parameters of TMD to enhance the control 
effectiveness has become very crucial. 

A performance reliability based optimization is 
adopted to carry out an optimum TMD design. More 
precisely, a minimum of the mass ratio, that is, the 
ratio of the added mass on the mass of the structure, is 
investigated, together with the minimization of a 
performance index on structural reliability. The 
choice of the mass ratio as function to be minimized 
depends on the fact that this quantity can be strictly 
related to the total cost of the vibration control device. 
In general, it is evident that limiting the TMD mass is 
a primary necessity of the designer, both in me-
chanical and in civil engineering. Increasing TMD 
mass will certainly increase location volume and total 
structure vertical dead load, and will also increase 
stiffness and damping connections and similar con-
nections. So, a primary strategy in TMD design is to 
evaluate the minimum mass that this device needs to 
satisfy the given required performances. Moreover, 
this aspect is directly related to the circumstance that 
in the usual range of mass ratio between TMD and 
primary structure, by increasing this parameter, vi-
brations control efficiency will increase. This ten-
dency is not strictly monotonic, because a minimum 
exists and corresponds to the optimal mass ratio, but 

usually the value is too great to be realistically and 
economically applicable in applied engineering 
(Marano et al., 2007b).  

The second OF vector element that is expressed 
as a structure reliability performance index is related 
to the failure probability associated to the crossing of 
the protected system displacement over an allowable 
limit, and is a function of designer’s decision. The 
minimum reliability level utilized to define the con-
straint is also assigned according to designer’s deci-
sions that depend on the risk level assumed as being 
acceptable for each given condition. 
 
 
STATE SPACE MODEL OF THE SYSTEM 
 

A standard way in modelling TMD is carried out 
by a mass-dashpot-spring system (the secondary 
system) attached to the top of a linear multi-DOF 
system (Fig.1). The main scope is to reduce unac-
ceptable vibrations in the main structural system, i.e., 
the damage level and failure probability. In this spe-
cific case, the base excitation acting on the building is 
treated as a nonstationary filtered stochastic process. 
It is quite important to represent the evolutive nature 
of response processes, given the effect that this 
characteristic has on structural reliability. Simplicity 
and less computing cost could be obtained by treating 
the process as a stationary one, but it could overes-
timate the real final reliability, so that the engineering 
decision based on the optimization criteria could be 
strongly different from the real physical phenomenon. 
Therefore, a time-modulated input process is here 
adopted for base acceleration description, and the 
system motion equations of the system in Fig.1 are 
 

( ) ( ) ( ) ,t t t+ + = − bMX CX KX Mr X�� � ��           (13) 
 
where M, C and K are, respectively, the deterministic 
mass, damping and stiffness (n+1)×(n+1) matrices. 
The (n+1) vectors X=(x1,x2,…,xn,xT)T, 1 2( , ,x x=X� � �  

T
T..., , )nx x� �  and T

1 2 T( , ,..., , )nx x x x=X�� �� �� �� ��  collect the 
displacements, velocities and accelerations of n floors 
and of the TMD relative to the ground, and finally r = 
(1, …, 1)T.  

The TMD mechanical characteristics are de-
scribed by parameters mT, kT and cT, respectively, the 
mass, the stiffness and the damping of the TMD. 
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Introducing the space state vector Z= 

T
f f( ) ,X X X X� �  the system matrix A is 
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To describe the earthquake ground acceleration, 

the nonstationary Kanai-Tajimi (K-T) stochastic 
seismic model (Tajimi, 1960) is used in this work. 

This model has found wide application in random 
vibration analysis of structures because it provides a 
simple way to describe ground motions characterized 
by a single dominant frequency. The model is ob-
tained by the use of a simple filtered white noise lin-
ear oscillator, which in its original formulation treats 
earthquakes as stationary random processes. However, 
accelerograms clearly show their strongly nonsta-
tionary nature both in amplitude and frequency con-
tents, so that a generalized nonstationary K-T model 
is given by enveloping the stationary input stochastic 
process (in this case a stationary Gaussian white noise 
process w(t), which is supposed to be generated at the 
bed rock) through a deterministic temporal modula-
tion function φ(t), which controls the time amplitude 
variation without affecting the earthquake frequency 
content. 

Following the above considerations, the total 

acceleration ( )tbX��  acting at the base of the structure 
is given by summing the contribution of inertial force 

f ( )tX��  of the K-T filter and the time-modulated white 
noise excitation φ(t)w(t) as follows, 

 

f

2
f f f f f f

( ) ( ) ( ) ( ),

( ) 2 ( ) ( ) ( ) ( ),

t t t w t

t t t t w t

ϕ

ξ ω ω ϕ

⎧ = +⎪
⎨

+ + = −⎪⎩

bX X

X X X

�� ��

�� �
 (16) 

 
where Xf(t) is the displacement response of the K-T 
filter, ωf is the K-T filter natural frequency and ξf is 
the K-T filter damping coefficient.  

Regarding the modulation function φ(t), differ-
ent formulations have been proposed in literature. In 
this paper, the one proposed by Jennings (1964) is 
used and has the following form: 
 

2

2
1 1

1 2
( )

2

( / ) ,      ;
( ) 1,                ;

e ,     ,t t

t t t t
t t t t

t tβ

ϕ
− −

⎧ <
⎪

= ≤ ≤⎨
⎪ >⎩

         (17) 

 
where td=t2−t1 is the time interval, and the peak ex-
citation is constant. Parameters are assumed as t1=3 s, 
t2=15 s and β=0.4 s−1. 

The Power Spectral Density (PSD) intensity 
constant S0 can be related to the standard deviation 

xσ
b��

 of ground acceleration (Crandall and Mark, 1963) 

by means of the following relation: S0 = 2
f2 /xξ σ

b��
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Fig.1  Schematic model of a multi-DOF structural system
equipped with a TMD 
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2
f f[π(1 4 ) ]ξ ω+ , and assuming PGA = 3 .xσ

b��
 The re-

lation between PGA and spectral density is 
 

2 2
f f

0 2 2 2
f f f f

2 ( ) ( )0.0707 ,
3 (1 4 ) (1 4 )

PGA PGAS ξ ξ
ξ ω ξ ω

= =
π + +

  (18) 

 
where ξf and ωf are the damping ratio and pulsation 
frequency of the filter. 

In the present study, in order to perform the 
sensitivity analysis, a stochastic model is considered 
for a typical earthquake expected on the ground, 
having moderate-high flexibility. The given earth-
quake is characterized by an energy content concen-
trated in the range of 1~4 Hz with PGA equal to 0.35g 
(the value that generally represents a ground motion 
of high intensity). The K-T model has values of ωf= 
3π rad/s, ξf=0.45 and S0=175.5 m2/s3. 

The Liapunov Eq.(2) can be solved by numerical 
way obtaining the evolutionary response covariance 
matrix. As stated above, a performance reliability 
criterion is here adopted to perform the optimum 
design of a TMD device in the protection of a general 
multi-storey building subject to a filtered nonstation-
ary base acceleration input process. The structural 
performance required concerns structure reliability 
associated to the maximum lateral building dis-
placement. The possibility to satisfy a required limi-
tation of maximum lateral displacement has been 
investigated with a TMD device placed at the top 
storey of the building whose cost has to be limited by 
minimising its mass. 

The optimum design is aimed to define TMD 
mechanical characteristics such as the frequency ωT 
and the damping ratio ξT, which are collected in the 
design vector b=[ωT, ξT]T. 

Indicating with γm the mass ratio is defined as the 
TMD mass with respect to the total building one 
 

f

m TMD
1

/ ,
n

i
i

m mγ
=

= ∑                      (19) 

 
where nf is the total floors number and mi is the storey 
of each mass.  

Possible strategy that could be adopted for the 
structural optimization of TMD mechanical parame-
ters is the minimization of γm and of the system failure 
probability, here related to the crossing of the top 

storey lateral displacement over a fixed allowable 
value. In this case, indicating with Pf(b, xadm, T) the 
structure failure probability at time T (the end of 
structural vibrations), it is assumed that the conven-
tional structural failure takes place when the building 
top storey lateral displacement xn crosses a fixed 
threshold value xadm. This performance index (or its 
complementary reliability r(b, xadm, T)=1−Pf), with 
respect to the first exceeding of a threshold value xadm 
must be evaluated. Giving the assumption that r(b, 
xadm, 0)=1 at the beginning of the seismic action, the 
approximate Poisson formulation of the exact Rice 
(1944; 1945)’s formula  for a symmetric barrier gives 
 

adm0
2 ( , , )d

f adm( , , ) 1 e ,
T

x
P x T

ν τ τ+− ∫= −
b

b          (20) 

 
where the threshold crossing rate ν+(b, xadm, T) is, 
assuming that the above stochastic processes are 
Gaussian with null mean values, 
 

[ ]
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where 
 

(1) ( , ) ( , ) / ( , ),
nn
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n n
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( , )

n
tσ X b  and ( , )

n
tσ X b�  are the standard deviations 

of ( , )n tX b  and ( , )n tX b�  and ( , )
n n

tρX X b�  is their 

correlation factor. 
The MOO problem is hence defined by collect-

ing in an OF vector both the deterministic cost index 
and the reliability measure, so that the multi-objective 
optimal criteria could be stated as 



Marano / J Zhejiang Univ Sci A  2008 9(1):15-25 23

find ,Ω∈ bb                                                     (27) 

which minimizes m f( , ) { , ( , )},OF T P Tγ=b b   (28) 
 
yielding a numerical problem that can be solved with 
the abovementioned methods. Due to the relatively 
regular solution of the problem, the standard weight 
method has been here adopted in the Pareto optimal 
set definition. 
 
 
NUMERICAL RESULTS 
 

Numerical results of TMD optimum design are 
shown in this section. Mechanical characteristics 
regarding the storey masses and lateral stiffness of the 
main structure with three DOF are reported in Table 1. 
The damping matrix is assumed as a proportional one. 
System natural periods are respectively 0.47, 0.18 and 
0.14 s. 
 
 
 
 
 
 

 
 
The optimum design of TMD is aimed to evalu-

ate the design vector b, b=[ωT, ξT]T, that simultane-
ously minimizes the performances expressed by 
Eq.(28). A Pareto optimum front is obtained by solv-
ing the original problem.  

The plot of the objective functions whose non-
dominated vectors are in the Pareto optimal set is 
called the Pareto front. Fig.2 shows the Pareto fronts. 
The minimized mass ratio γm is plotted on the x-axis 
and corresponds by Pareto standard to the minimum 
of failure probability Pf plotted on the y-axis. The 
other optimum TMD parameters, ωT and ξT, are re-
spectively plotted in Figs.3a and 3b. Different lines in 
Figs.2~3 correspond to various admissible structural 
roof displacements xadm, which correspond to 8 and 9 
cm. Results obtained can be therefore adopted to 
develop a performance-reliability based optimum 
design of TMD. More precisely, for a given limit 
value of fP�  the optimum solution bopt is obtained, 
which minimizes γm and satisfies the required per-

formance (for example the horizontal line for fP�  is 
10−2 which corresponds to rmin=0.99). It can be ob-
served that a higher performance level in terms of 
reliability requires a higher mass ratio. Moreover, it is 
possible to deduce that for some values of maximum 
roof displacement, the optimality cannot be reached 
by using a TMD. This means that a solution does not 
always exist. On the other hand, in some cases, the 
required performance is attained without using the 
TMD vibrations control strategy. It is obvious that 
different results depend on the particular values of fP�  
and xadm. Therefore, the proposed method represents a 
useful support for designer decisions, offering a 
complete and clear scenario of all possible solutions 
regarding both limit displacements and required re-
liability. 

 
 
 
 
 
 
 
 
 
 
 

The optimum design vector elements values are 
reported in Figs.3a and 3b. In Fig.3a the optimum 
TMD frequency ratio is reported on the y-axis, i.e., 
the ratio of the optimum TMD frequency opt

TMDω  with 
respect to the structural frequency ωs. The x-axis 
gives the optimum mass ratio γm. In Fig.3b, the op-
timum TMD damping ratio opt

TMDξ  is plotted on the 
y-axis, whereas the x-axis furnishes the optimum 
mass ratio γm. 

In Figs.3a and 3b, it can be deduced that all op-
timum solutions depend only on the mass ratio but not 
on the admissible displacement xadm. This result is 
quite reasonable given that the optimum solution is 
essentially related to the mass ratio, and in any case 
tends to find the couple of optimal TMD mechanical 
parameters capable of maximizing the vibrations 
reduction. On the contrary, the failure level for a 
given mass ratio depends passively only on the ad-
missible displacement, so that the optimal solution is 
not directly related to failure probability.  

Table 1  Mechanical characteristics regarding the
storey masses and lateral stiffness of the main struc-
ture with three DOF 

 Stiffness (×106 N/m) Mass (×103 kg)
First floor 5 6 
Second floor 4 6 
Third floor 3 4.2 
 

Fig.2  Pareto fronts for different admissible displacements
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Moreover, by observing these figures, it is pos-

sible to notice that when γm grows, two different 
trends can be noticed for the DV elements. Firstly, the 
optimum TMD frequency ratio (i.e., the ratio of the 
optimum TMD frequency opt

TMDω  with respect to the 
structural frequency ωs) decreases. It starts from a 
value quite close to 0.95 (TMD is nearly in resonance 
with the main structure) and reaches a value of about 
0.70. On the contrary, the optimum TMD damping 
ratio opt

TMDξ  grows as mass ratio increases, from 0.07 
up to about 0.21 (for γm=0.10), following an ap-
proximately parabolic law. 
 
 
CONCLUSION 
 

This study has focused on a performance 
reliability-based optimum design of linear elastic 
multi-DOF structures subject to random loads. Unlike 
traditional design methods based on the minimization 
of system mean-square response, a reliability-based 
performance index is considered in the proposed 
design to be a more useful and efficient support in 
making engineering decision. This approach has been 
adopted for defining an MOO criterion based also on 
system performance reliability. 

As a case study, the optimum design of me-
chanical characteristics of TMD has been analysed. 

The criterion selected for the optimum design is based 
on the minimization of the mass of the vibrations 
control device and on a performance reliability asso-
ciated to the system displacement crossing beyond a 
given allowable displacement.  

The original 1D optimum design has been 
transformed into a multi-dimensional criterion. The 
Pareto fronts have then been obtained. The sensitivity 
analyses carried out by varying the admissible dis-
placement have shown that the optimum solution 
does not always exist, and that in some cases the 
required performance is obtained without using the 
TMD strategy. The results obtained can be used as a 
suitable decision making support for designers in 
evaluating the efficiency of TMD systems to obtain 
assigned required performances in vibrations control. 
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