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Abstract: A tensor-based updated Lagrangian (UL) formulation for the geometrically nonlinear analysis of 2D beam-column
structures is developed by using curvilinear coordinates, which has considered the effects of the deformed curvature. Between the
known configuration C, and the desired configuration C,, a configuration C," derived by rigid-body motion of C, is introduced to
eliminate the element-end transverse displacements between C," and C,. A stiffness matrix is obtained in C,"; and then by a
transformation defined by the element-end displacements, the stiffness matrix in C,” is transformed into that in C,. Comparing the
stiffness matrix with that in the conventional UL formulation for a 2D beam element, the initial displacement stiffness matrix
emerges, which results from the deformed curvature within the element. Numerical examples have verified the accuracy and
efficiency of the present formulation, and the results show that the deformed curvatures have significant effects when deformations
are large.
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INTRODUCTION

The geometrically nonlinear analysis of frames
has been widely studied (Bathe and Bolourchi, 1979;
Hsiao and Hou, 1987; Meck and Hoon Swee, 1984;
Meek and Xue, 1996; Stolarski and Belytschko, 1982;
Yang et al., 2007). The commonly used formulations
are total Lagrangian (TL) formulation, updated La-
grangian (UL) formulation and co-rotational (CR)
formulation (Crisfield, 1991; Hsiao et al., 1999; 1z-
zuddin, 1996; 2001).

If the effect of axial forces is not considered, the
deflection of a beam is found to be cubic polynomials,
so cubic polynomials are naturally used as shape
functions in the finite element analysis of frames.
These shape functions are the Hermitian polynomials
(HPs). Since the beam elements interpolated by HPs
have a consistent linear stiffness matrix with the
classical beam theory, they have attracted many
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scholars’ attention. Bathe and Bolourchi (1979) and
Yang and McGuire (1986) developed UL beam ele-
ments just based on the HPs. However, numerical
tests indicate that available UL beam elements in-
terpolated by HPs are almost the same as those in-
terpolated by the linear polynomials, although they
seem to be more accurate than the linear interpola-
tions. For the benchmark problem of Williams’ toggle
(Williams, 1964), in order to get a good correlation
with Williams’ analysis, the UL beam elements in-
terpolated by HPs must be eight elements per member
(Teh and Clarke, 1998) or ten elements per member
(Yang et al., 2007), showing the poor efficiency of the
elements. Many scholars (Saleeb ef al., 1992; Bathe,
1996) discarded the HPs and turned to the low order
linear interpolation.

The conventional UL formulations for beam
analysis did not consider the effect of deformed cur-
vature within the element on the displacement and
geometric stiffness matrices, i.e., it is assumed tacitly
that each element is “straight” before each load
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increment. Because of this tacit simplification, more
elements are required to achieve adequate accuracy
for a nonlinear problem, as indicated by some litera-
ture (Teh and Clarke, 1998). In the investigation of
nonlinear buckling and postbuckling of elastic arches,
Pi and Trahair (1998) found that the effects of
prebuckling deformations on the buckling loads are
significant for shallow arches. According to the lit-
erature available to the authors, there is little research
on the effect of deformed curvature in the geometri-
cally nonlinear analysis. This paper will develop a
new beam element based on the UL formulation in
which the effect of deformed curvature on element
stiffness matrices is included. Numerical examples
show that the new element can achieve a similar
convergence rate under much fewer elements used.

CONFIGURATIONS AND COORDINATE SYS-
TEMS

For each element, the following three configu-
rations are adopted (Fig.1):

(1) Configuration 1 (C;)—a known balanced
state. In the UL formulation, the deformations and
strains are referred to this configuration, and the tan-
gent stiffness matrix is obtained in this configuration.

(2) Configuration 2 (C;)—a desired deformed
state.

(3) CR configuration (Cz*)—a configuration
obtained through an imaginary rigid-body motion of
C;. The line joining the centroids of both end sections
in C, is aligned with that in C,.

Three coordinate systems below are adopted
(Fig.1):

(1) Element coordinates XY—in C,, the origin is
located at the end cross-sectional centroid of Node A,
and the X axis passes through both end cross-sectional
centroids.

(2) Element CR coordinates xy—in C, ", the base
vectors corresponding to x and y are i; and #,, respec-
tively; the origin is located at the end cross-sectional
centroid of Node A; the x axis passes through both
end cross-sectional centroids. In this paper, it is in this
coordinate system that the equation of virtual work is
established, then by transformation defined by the
element-end displacements, the displacements and
rotations are transformed to those in the frame of XOY,

and then the equation of virtual work in C; is
obtained.

(3) Element cross-sectional coordinates ¢,
¢&—the orthogonal base vectors are £, and ny in Cz* or
t and n in C,; they are moving coordinates; the origin
is located at the cross-sectional centroids, ¢ and ¢,
coincide with the cross-sectional normal vectors, and
n and n are the cross-sectional principal axial unit
vectors.

Imaginary rigid
body motion

A }1 / B, X

Fig.1 Configurations and coordinate systems of
a 2D beam element

KINEMATICS

Geometry

The following assumptions are made in the
derivation of the beam element: (1) The beam is
prismatic and slender, and the Euler-Bernoulli hy-
pothesis is valid; (2) The cross-section of the beam is
bi-symmetric; (3) The material is isotropic and linear
elastic.

The C," of the beam is described by a family of
cross-sections, the centroids of which are connected
by a centroidal axis, and the centroidal axis is defined
as

r) =xi, + U, (X)i, (0<x <), (D)

where / is the length between both end cross-sectional
centroids in C; or Cz*. The tangent vector of the cen-
troidal axis is

vy =i +uli,, 2)
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where the superscript “”’ denotes the differentiation
with respect to x, sic passim.
The unit vector is

L R

t, = =i+ ——1, = cos 6,i, +sin 6,i,,
! !

\/l+uy0 \/1+uy0

©)
where 6 is the angle between £, and the x axis.

An arbitrary point on the cross-section is de-
scribed by the unit vector ny, orthogonal to £, and the
coordinate & Denote the arbitrary point in C,” by r’,

r'=r) +n,é=xi + U ob, +nyd, 4)
in which
n, =—sin @i, + cos i,. )

After deformation, the position vector rOO in Cz*

moves to ry in C,, and ry can be represented as
ry=(x+u )i+ W, +u,)i, (6)

where u, and u, are incremental displacements from
Cz* to C,, which are functions of x.
In C,, the tangent vector of the centroidal axis is

v=(+u) )i, + (), +u,)i,. (7
The normalized vector v is denoted by ¢,

B (I+ul)i, + (u;0 + 14_;)1'2
JU+ ) + (), +u)? ()
= cos(b, + )i, +sin(b, + 0)i,,

where 0y+0 is the angle between ¢ and the x axis, and 6
is the incremental angle from Cz* to C,.

In Eq.(6), after the incremental deformation, the
position vector of the point (x, &) at C, becomes

F=r+né&=x+u)i+u,+u,)i, +ng, )
where

n =—sin(6, + 0)i, + cos(6, + 0)i,.

(10)

Deformations and strains
From Eq.(4), the covariant base vectors in C,
can be obtained as

0

g = %V = (v, + n&)cos 6, = (1— £0] cos O, )t,, (11)

or’ s .
g, =¥=n0 =—sin6,i, +cosb,i,, (12)

where
ny,=—6t,. (13)
The covariant metric tensor g, in Cz* is
[gaﬁ]{glgl glgz} (14)
£:81 5:5

where gg,=(1-£6" ocos 60)2, 2.g,=1, and g,2,=0.
From Eq.(9), the covariant base vectors in C; can
be obtained as

or ,
G, =%= (v+n'&)cosh,
1+u'
=cosl | ——2— &£, +0) |t, 15
oos@ray 5@+ (1)
or . , .
G, = % =n =—sin(f, + O)i, + cos(6, + 9)i,,
where
n'=—(0;+ 0. (16)
The covariant metric tensor G,g in C, is
GG GG
|:Gaﬂ:|= 171 e (17)
G2G1 GZGZ
where
GG —cos 0| — " s 100 2
o *l cos(6 +6,) ’ " (18)
G,G,=1, GG,=0.

In the curvilinear coordinate, the components of
the stains can be defined as (Washizu, 1982)



Zhang et al. / J Zhejiang Univ Sci A 2008 9(11):1480-1489 1483

1

faﬁ =3

5 19)

(Gaﬂ - gaﬂ)‘

Neglecting the third order and the higher order
terms, we have the following strain expressions,

S =u —6"§+%(u;2 +0°+ 078

(20)
-ul(0'+6,)E+6,0+ 9(;9'52 R
f12=f21=0’ f22=0~ (21
The determinant of [g,s] is
g=|g.,|=(1-&6cos6,) ~1-26,¢.  (22)
The contravariant metric tensor is
" | (1-£6cosb,)> 0
Iigﬂ]:[gaﬁJ :|: 00 ’ 1
(23)

1420 0
=

From Eqs.(11) and (23), the contravariant base
vectors can be obtained as

gl _ glugﬂ _ gllgl +g12g2
=(1-£6, cos8,)' (cos i, +sin,i,)
~ (1+ 6,9, + 6,1,

gz _ gZ;zg# _ g21g1 _'_gzzg2 —g =n,
=—sin i, +cosb)i, = —0,i, + i,.

(24)

STRESSES, GEOMETRICAL PROPERTIES AND
STRESS-STRAIN RELATIONS

Stresses in the cross-section and the resultant
* . .
In C, , the cross-sectional area is

dA=d§g2 X8 =dA1gl +dA2g2 +dA3g3. (25)

In Eq.(25), it is assumed that the width of the
cross-section is unit length; g; and g are covariant
and contravariant base vectors corresponding to the

direction of the width, and they are unit vectors

d4, =d&yg, d4,=0, d4,=0. (26)
In Eq.(26), g is defined by Eq.(22).
The relation between the resultants, stresses and
the area is as follows:
dP=7"d4 g +7"d4g,. 27)
Let
dP =dFi, +dFi,. (28)
Multiplying Eq.(27) by g' and g* respectively,
and considering Eq.(28), we obtain

'd4, = (1+ Q.&)dF. + 6,dF
{ 1 0 (el (29)

t%d4, =-6,dF, + dr,,

where the directions of dF, and dF), are defined by
Eq.(28).
The resultants of the cross-section can be de-
fined by
F=[ar, £ =[ar,

M=-[&F. (30)

Geometrical properties
The parameters of cross-sections are defined as
follows:

A=[dg, 1=[gde 31)

In Eq.(31), it is assumed that the cross-sectional
width is the unit length. Eq.(31) defines the cross-
sectional area 4 and the second moment / of cross-
sectional area.

Stress-strain relation

For homogenous, isotropic, linear and elastic
material, the incremental stress-strain relation is as
follows (Washizu, 1982):

i_ Eu
I+ )1 =2p)
+G(g"g" +g"8") fo-

g"g" fom
(32)
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Based on the convenient beam-column theory
(Washizu, 1964), here yields
AT =0, At” =0, AT” =0. (33)

From Eq.(32), six equations can be obtained.

Considered Eq.(33), the system of equations is solved.

Then Eq.(23) is substituted into the solution, and the
following can be obtained

AT = B(") £~ EQA+4E0) - (34)

PRINCIPLE OF VIRTUAL WORK IN C,"

In curvilinear coordinate, Washizu (1982) pre-
sented the expression of principle of virtual work:

IH 7! ﬁldV—IIp'SrdS:O, (35)

" is stress in C,, and measured in C, ; f;; is

strain in C,, and measured in Cz*; p is the traction on
the end cross-section; or is virtual displacement of a
point on the end cross-section; V' is a volume of the
beam in Cz*; S is the union of both end cross-sections
at Nodes A and B in C,.

where 7'

2 11

In Eq.(35), the gravity is ignored, and "z can
be broken into
22'”=AT“+]T”, (36)

where Az'' is the incremental stress from Cz* to C,,
and '7'"" is the real stress in C, .

Substituting Eq.(36) into Eq.(35), we get the
following equation

[[["ofav = [[[ ‘"o, av + [[[ Ac"of,dv.  (37)

Substituting Egs.(20), (21) and (29) into the first
term of the right-hand side of Eq.(37), neglecting the
second and higher order terms about the deformation,
we obtain

[[['="8f,av = [[] ‘"o, d,de =

E‘E[
A

- j(f;+Ma;>6<u;)dx+J(M+ a:ja(esdx (38)

+ [ F.0,5(0)x

equivalent element-end forces in C;

+ [ Mo 0")dx + % [F, {8(14;2) +8(6%) + §6(9’2)}dx

to form the geometric stiffness matrix in C

Substituting Eqs.(20), (21) and (34) into the
second term of the right-hand side of Eq.(37), ne-
glecting the second and higher order terms related to
the deformation, we have

[[[ac"sf,,ar
= [[[ac"sf,, Jgdédx

1 12 1 12
= B [8a dx-+—El [8(6)dx (39)

to form the linear stiffness matrix in C,

+  EA[0,3(u,0)dx ~ EI [ 6;5(u,6)dx.

to form the initial displacement stiffness matrix in C;,

Substituting Eqs.(38) and (39) into Eq.(37), and
then substituting Eq.(37) into Eq.(35), we get the
equation of virtual work expressed by displacement.

In Eq.(38), it is assumed that F is uniform
within the element, and that M is linearly distributed,
namely

F.=Fy, M=-M,n +Myn,, (40)
where
n=1-t, n,=t, (41)
where =x/I, F,g is the axial force at Node B, M, and
Mpy are the moments at Node A and Node B, respec-
tively.

Note that in Eqs.(38) and (39) incremental dis-
placements are only dependent upon the axial dis-
placements and rotations, so it is just necessary to
consider the interpolation of axial displacements and
rotations. The interpolations of «, and 0 are as follows:
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uxz[n1 0 n, 0]”,9:[0 ny 0 ”4]"’ (42)
where

u= [uxA 0, ugz Gy ]T >

n,=1-4t+3¢7, n, =3¢ -2t

(43)
(44)

In Eq.(42), u,s and u,g are the x-direction in-
cremental displacements at Node A and Node B in Cz*,
6, and 05 are the incremental rotations at Node A and
Node B, respectively.

The interpolation for the deformation is

Gy = Opan; + Oppny, (45)
where 6y, and 6y are the deformed rotations at Node
A and Node B (Fig.1), n; and n4 are the first differ-
entiation of Hermitian function with respect to x.

Substituting Eqs.(40) and (42)~(45) into Eqs.(38)
and (39), by virtue of Eqs.(37) and (35), we have the
equation of virtual work in C, .

S(u" Wk, +k, +k)u= S(u")’Q0-5(u")'Q, (46)
where
T
2Q:|:2EcA 2MA 2FxB ZMB:I ) @7
1Q :[IF;A IMA lFxB 1]V[B:|T :
STIFFNESS MATRIX IN C,

Eq.(46) is the equation of virtual work in C, in
finite element formulation, from which the tangent
stiffness matrix can be derived. Since the configura-
tion of C, " is unknown, we cannot adopt the stiffness
matrix in this configuration. It is essential to obtain
relations of displacements and rotation between C,
and Cz*.

Relations of displacements and rotations at both
ends between C; and C;,’

In Eq.(46), the expression is only dependent
upon the element-end displacements. Since the
movement from Cj to Cz* is a rigid-body motion, the
displacements in the coordinates xoy and XOY satisfy
the following relation:

1485
u cosw sinw ||u
=l 1 (48)
u, —sin®w cosw || u,
where
L Uy —U Uy, — U Uy —U
o=arcsin—2—A—x BT8R (49)
[+ugy—u, / /

In Eq.(49), uxa, uxg and uya, uyp are the X-direc-
tion and the Y-direction incremental displacements at
Node A and Node B from C; to C,, respectively.

In Eq.(46), u is only dependent upon the ele-
ment-end displacements of u,, and independent of
those of u,, so it is just necessary to consider the re-
lation of u, with uy and uy. Taking account of the first
equation of Eq.(48), we have

2
Uy —U
= ino~ Uy ZUya
U, =y, cosa)+uydsmw~um( ; j

(50)

+um”m_“M(1—“m;”“j(a=AJm.

The incremental rotations satisfy the following
relation at both ends

0 =9 —w=9 _ Uy Uy +uYB_uYA Uyg —Uxa
a a a Z Z l
(a=A,B), (51)
where 9, (a=A, B) is the incremental rotation at ends
A or B from C; to C,.

Linearization of the incremental displacements
and rotations from C; to Cz*

Since it is a rigid-body motion from C; to Cz*,
there are no stresses to be produced during the
movement. It is just necessary to transfer the element-
end displacements from the coordinate frame xoy to
the coordinate frame XOY. By this, the virtual work in
C, is obtained. If the nonlinear relations in Eqgs.(50)
and (51) are directly substituted into Eq.(46), a system
of nonlinear equations will appear. So it is necessary
to linearize the relations in Egs.(50) and (51). Con-
sidering the linear terms in Eqs.(50) and (51), we have

Up=Uypn, Upg = Uyg,

Uy — U
—g _Hm Tl
9A_'9A H

/

Up —U
0y = 9, ==

(52)
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Eq.(52) can be expressed in a matrix form as

u=LU, (53)
where u is referred to Eq.(43), and
/I 00 0 O O
110 1.7 0 -1 0
L=- , (54)
/10 0 0 / 0 O
01 00 -1/
U= [uXA Uy G Uy Uy SB]T . (55)

The relation of element-end forces between xoy

and XOY is
F=L'Q, (56)
where Q is the element-end forces in C," and referred

to Eq.(47), F is the element-end forces in C;, and
expressed as

Zhang et al. / J Zhejiang Univ Sci A 2008 9(11):1480-1489

Substituting Eq.(53) and its transpose into
Eq.(46), we get the incremental system of equations

in C1

LT(ke +kg +kd)LU:LT 2Q—LT 1Q. (58)
Rewrite it as
(kg + kg +ky)U = ’F-'F, (59)
where
ky = LTkeL, ks = LTkgL, ky = LdeL, (60)
F=I" 2Q, 'F=I" 1Q. (61)

Eq.(60) has presented the tangent stiffness matrix in
Ci, and it is obvious that the stiffness matrix in
Eq.(59) is rigid-body-qualified (Yang et al., 2003). In
Eq.(60), kg is the elastic stiffness matrix and is iden-
tical with the literature (Przemieniecki, 1968), kg is
the geometric stiffness matrix, and kp is the initial
displacement stiffness matrix. kg and kp are as

F= [FXA Foo M, Fy Fy MB]T‘ (57)  follows:
[ Fy M, +M, M, Fy M, +M, M, ]
N o o o P o
M, +M, F, 12F, F, 6F, M,+M, Fo 12F,] F, 6FgI
P S AP 10 AP I sl AP 10 AP
M, F_XB+6FXBI 2FXBZ+4FXBI M, Fy 6Fgl _FXBZ+2FXBI
k, = ) 10 A4r 15 Al / 10 AP 30 Al . (62)
Fyy M, +M, M, Fyy M, +M, M,
o P l e P N
My tMy  Fy 12Fy Fy 6Fyl  MyvMy Fy 12F Fy 6Fyl
P 51 AP 10 Ar P 51 AP 10 AP
My F_XB+6FXBI _FXBZ+2FXBI My _Fy 6Fgl 2FXBI+4FXBI
L ) 10 AF 30 Al [ 10 AP Al
0 3a, la, 0 3a, la, | [0 3a, la, 0 3a, la, |
3a,, 0 0 -3a, 0 0 3a,, 0 0 -3q, 0 0
1 _2EI la,, 0 0 —la, 0 0 _EA la,, 0 0 —a, 0 0 63)
" r| 0 3a, -la, O 3a, -la,| 30/| 0 3a, -la, 0 3a, -la,|
—3a, 0 0 3a,, 0 0 —3a, 0 0 3a,, 0 0
| la, 0 0 —a, 0 0 | | la, 0 0 —la, 0 0 |




Zhang et al. / J Zhejiang Univ Sci A 2008 9(11):1480-1489 1487

where a1 =0oat+6op, a21=200a60B, a12=00A*2008, a41=
400a—0os, a14~4008—0o.

Comparing the tangent stiffness matrix in this
paper with the literature (Yang et al., 2007), we can
find that in the present UL formulation kp, emerges in
the tangent stiffness matrix and is dependent on the
existed deformation.

NUMERICAL EXAMPLES

The most satisfactory method of solving the
nonlinear problem is to combine incremental methods
with an iteration technique. The iteration strategy
involved in the analysis is the Newton-Raphson
method. All the displacements are controlled by the
arc-length method suggested by Crisfield (1991).
Presented below are the calculations with their results
performed on some classical examples.

Williams’ toggle

Williams (1964) solved analytically and ex-
perimentally the toggle shown in Fig.2. Yang et
al.(2007) analyzed the toggle by employing the finite
element approach. The present load-deflection curves
are shown in Fig.3. With one element per member, the
present results are in very close agreement with the
analytical solution of Williams and the solutions of
Yang et al(2007). Fig.3 has also given the
load-deflection curve without consideration of the
deformed curvature. The example shows that the
present beam element is efficient, and that the de-
formed curvature has a significant effect on the
results.

19.13 m
—
I:Eﬁ,lhnm

E=71012.46 N/mm?®

F,v

=9.80 mm
328.53 mm |
| T ]

Fig.2 Geometry and material of Williams’ toggle

L 328.53 mm |

Shallow circular arch under concentrated load
Gjelsvik and Bodner (1962) solved analytically

and experimentally the shallow circular arch shown in

Fig.4, and Stolarski and Belytschko (1982) analyzed

the arch by employing nonlinear finite element me-
thod. Bathe and Bolourchi (1979) solved the arch by
the UL formulation with twelve elements for half of
the arch. In present analysis, the arch is divided into
four elements for half of the arch. Fig.5 shows the
load-deflection curves with and without consideration
of the deformed curvature.

—— Williams (1964)" analytical results
=8 One element per member by UL (Teh and Clarke, 1998

—e— Present analysis for one element per member with
consideration of the deformed curvature

—a— Present analysis for one element per member without

350 consideration of the deformed curvature

300
250 I
200
150 I

Load P (N)

100 [
S50

{]|I|I|I|I|I|I| PR |
0 2 4 6 8 1012 14 16 18 20

Deflection v (mm)

Fig.3 Load-deflection curves of Williams’ toggle with
h=9.80 mm

p| Hh=4.8 mm, B=25.4 mm (width),
R=3381.1 mm, L=863.6 mm,
H=27.7 mm, E=68944.1 N/mm’

Fig.4 Geometry of shallow circular arch under con-
centrated load

CONCLUSION

In this paper we have developed a tensor-based
finite element model for the geometrically nonlinear
analysis of 2D beam-column structures, which has
considered the deformed curvature. Numerical ex-
amples presented herein clearly show the validity and
accuracy of the present beam element.

The salient features of the present work are
summarized as follows:

(1) The formulation has considered the effect of
deformed curvature within the element that is ignored



1488 Zhang et al. / J Zhejiang Univ Sci A 2008 9(11):1480-1489

—e— Gjelsvik and Bodner (1962)

—+— Stolarski and Belytschko (1982)

—2— Bathe and Bolourchi (1979)

—a— Present analysis with four elements for half the arch
250 with consideration of the deformed curvature
| =%~ Present analysis with four elements for half the arch

without consideration of the deformed curvature
200 ]

0 . L . 1 L | L .
0 10 20 30 40 50
Deflection w (mm)
Fig.5 Load-deflection curves of shallow circular arch
under concentrated load

in the conventional UL formulation. In the present
beam element, the initial displacement stiffness ma-
trix has been explicitly presented. If the deformation
is large, the stiffness matrix has significant effects on
the results. The present formulation has better com-
putational efficiency, because for obtaining the results
with similar accuracy the structural member can be
subdivided into fewer elements than that without
considering the effect of deformed curvature within
the element.

(2) The formulation was referred to as a direct
approach, since the element stiffness matrices were
derived directly from the stress-strain relations of the
incremental theory, which has the advantage of being
physically interpretable compared with other estab-
lished methods. The geometric stiffness matrix and
the initial displacement stiffness matrix were dem-
onstrated to be qualified for simulating the behaviors
of initial element-end forces and moments undergo-
ing rigid rotations.

(3) The formulation has adopted the rotation in-
terpolation which is consistent with the HPs interpo-
lations for transverse displacements, and the present
beam element has a consistent linear stiffness matrix
with the classical beam theory.
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