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Abstract:  As one of the most important components of the wideband wireless access technique, orthogonal frequency division
multiplexing (OFDM) has a high usage rate of spectrum and combats inter-symbol interference (I1S1) in multi-path fading channel.
However, when there are frequency offsets during the signal transmission, the inter-carrier interference (ICl) is introduced, which
significantly degrades the performance. The existing ICI self-cancellation schemes such as PCC-OFDM are not optimum to
minimize the interference considering both noise and ICI. In this paper, a new metric named SINR (signal-to-interference-
and-noise ratio) is proposed. We discuss the optimization issue when a constant frequency offset exists and in time-varying
channels. The optimum weighting-coefficient-pair (OWCP) is obtained, which maximizes SINR theoretically through the alter-
nant iteration algorithm. Simulations show that the performance of OWCP-OFDM is better than that of PCC-OFDM, especially
when the frequency offset is large. Although the ICI self-cancellation scheme suffers bandwidth inefficiency, from the simulation
results we can also see that the performance of OWCP-OFDM is much better than that of the standard OFDM systems with the
same bandwidth efficiency when a frequency offset exists. Moreover, since the redundant modulation provides the capability to
suppress ICl as well as a receiving SNR gain, it can be considered as exchanging the bandwidth for SNR.
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INTRODUCTION the transmitter and the receiver, and the Doppler
frequency shift in wireless channels. The frequency
Orthogonal  frequency division multiplexing  qffset induces a loss of the orthogonality among sub-
(OFDM) is a promising technique for high data-rate  carries so that inter-carrier interference (ICl) is caused,
transmission (Cimini, 1985). In a classical OFDM  \yhich would significantly degrade the system
system, the entire bandwidth is divided into many performance (Russell and Stuber, 1995; Robertson
orthogonal subcarriers and information symbols are  and Kaiser, 1999a: 1999b: Li and Cimini, 2001).
transmitted in parallel over these subcarriers by using Several approaches to reducing ICI have been
computationally efficient fast Fourier transform developed, such as time-domain windowing (Li and
(FFT), then a cycle prefix is inserted to combat inter- Stette, 1995: Muschallik, 1996), frequency-domain
symbol interference (ISI). Hence the OFDM tech- equalization (Ahn and Lee, 1993; Al-Dhahir, 1996),
nology has a strong ability to cope with frequency- oy the |C| self-cancellation scheme (Armstrong,

selective channels. U_nfortunat_e.ly., one of the main 1999; Zhao and Haggman, 2001). Among these ap-
drawbacks of OFDM is its sensitivity to the frequency . .
proaches the I1CI self-cancellation scheme can achieve

offset, which comes from local oscillators between . . .
outstanding performance with an easy implementa-
. ) tion. This paper focuses on the further research of the
Project (No. 2006AA012273) supported by the Hi-Tech Research .
and Development Program (863) of China ICI self-cancellation scheme.
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The main idea of the ICI self-cancellation
scheme is ‘to modulate one data symbol onto a group
of subcarriers with predefined weighting coefficients’
(Zhao and Haggman, 2001). The ICI can be signifi-
cantly suppressed by this operation because the ad-
jacent subcarriers suffer the similar ICl. When the
weighting coefficients satisfy the polynomial (1-D)",
the scheme is called polynomial cancellation coding
(PCC), where D denotes one subcarrier delay in the
discrete frequency domain and L is the group length
(Zhao and Haggman, 2001). However, no paper
shows that the polynomial is the optimal weight co-
efficient to minimize the interference, and as a matter
of fact it is not the optimum one according to the
results shown in this paper.

Therefore, this paper focuses on designing the
optimum weighting coefficients. Firstly, we introduce
a new metric called signal-to-interference-and-noise
ratio (SINR) to evaluate the degree that both the noise
and the ICI affect the desired signal. Then we find the
optimum weighting-coefficient-pair (OWCP) which
can maximize SINR in theory. The reason to propose
the notation ‘weighting-coefficient-pair’ is that the
weighting coefficients in the transmitter and receiver
might be different in the process of maximizing
SINR.

The remainder of this paper is organized as fol-
lows. In Section 2, the system model of the ICI
self-cancellation scheme is described and the SINR
expression is derived. With the expression, we obtain
the OWCP based on maximizing SINR in Section 3.
Section 4 shows some numerical and simulation re-
sults. Finally, this paper is concluded in Section 5.

Notation: Superscripts “T’, ‘H’ and <" stand for
transpose, Hermitian, and conjugate, respectively. E[]
denotes expectation with the random variables. “*’

denotes the linear convolution operation. (SNS'S,)M,

denotes the (t, t")th entry of the matrix §S’S,.
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SYSTEM MODEL AND SINR ANALYSIS

Consider an OFDM system using the ICI
self-cancellation scheme as shown in Fig.1. Notice
that we use different weighting coefficients in the
transmitter and the receiver.

In the transmitter, the bit data are firstly modu-
lated to P QPSK symbols {Xi | k=0, 1, ..., P—1} for
each OFDM symbol. In order to suppress the ICI, we
insert a module of ICI cancellation modulation before
FFT. The procedure of the ICI cancellation modula-
tion is shown in Fig.2a in detail. Each QPSK symbol
is spread by the weighting coefficients {c; | t=0, 1, ...,
Q-1}. Then we have N symbols Syg+=XkC; as the
frequency subcarrier data, where N=PxQ. Convert
them into the time domain by the IFFT of N points,
and then the signal can be written as

1 inl j2an(kQ+t)/N 1 E QZ 2nn(kQ )/N
— = S ej n +t - = ej mn +t
n kQ+t
N =0 t=0 N k=0 t=0

M)

where superscript n denotes the time index, k denotes
the index of the original QPSK symbols, and t is the
index of weighting coefficients in the transmitter.

After S/P conversion and insertion of the cyclic
prefix, the signal is sent out. Here, we omit the ADC,
DAC and RF modules in the transceiver for
simplification.

In the receiver, the received sample signal is y.
Suppose that the maximal delay of the multi-path
channel is no longer than the cyclic prefix, then the
inter-symbol interference can be ignored. After re-
moving the cyclic prefix and FFT, we have

N i2 IN
I:zmQéfs = yne_J mmere) ! (2)
n=0
where s=0, 1, ..., Q-1; m=0, 1, ..., P—1.

S

Y
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ata out m i i ;
<] Demoduation [ Prs K ') cancellation = eer C=IECA Cyclic prefix L
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Fig.1 System model of the inter-carrier interference (ICI) self-cancellation scheme
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Fig.2 Module of ICI cancellation modulation (a) and demodulation (b)

Then the ICI cancellation demodulation is im-
plemented with the receiving weighting coefficients

{c;, |m=0, 1, ..., Q—1}, as shown in Fig.2b. We ob-
tain the sending symbols

’ —j2nn(mQ+s)/N
D y.e )]

Next, we discuss two-channel situations to see
that the sending and receiving weighting coefficients
can suppress the ICI if they are chosen well. One
situation is the carrier-frequency offset only and the
other is the time-varying multi-path channel.

When there is the carrier-frequency offset only,
the received signal is given by

j2rAfT,n/N

Yo = X8 W, (4)

n
where w, denotes the additive white Gaussian noise
(AWGN), Af is the carrier-frequency offset of the
local oscillators between the transmitter and the re-
ceiver, AfTs is called the normalized carrier-frequency
offset, and T, denotes the symbol duration.

Then, Eq.(3) can be rewritten as

1 [2RAFTIN 1 j2an(kQ+t)/ N
(X.cce e

s=0 k=0 t=0 n=0
Q-1 N-1 (5)

.e—jZnn(mQJrs)/N )+ Cr W e—j27m(mQ+s)/N
S .

n
s=0 n=0

For a time-varying channel, the received signal
is given by

Yn=Xn*Nn+Wp. (6)

Assume a time-variant impulse response of L
multi-paths,

Mmﬂ:imﬁ&—m, (7

where 7, is the delay of the Ith path, h,, is a zero-mean
complex Gaussian random variable which denotes the
time-variant complex path gain of the Ith path in the
nth instant. h, is an fs-limited complex Gaussian
process that is independent of different paths, where fq
is the Doppler frequency, and As=fqT; is called the
normalized Doppler frequency offset.

Then, Eq.(3) can be rewritten as

Q-IN-1P-1Q-1L- — 220(mQ+5)
j2nkl/N 4—j2n(mQ+s)/N
Z(cc X, h, e 2™ Ne

L

— N

N

W e—j2nn(mQ+s)/N . (8)

n
s=0 n:O

Egs.(5) and (8) can be rewritten equivalently as

Y =Y2+Y! 4w, 9)
where

Q-1 Q-1

Wm:z S mQ+s’ ZCZX Cats'
s=0 s=0 t=0

-1Q-1 Q-1

C XmCta(p—m)QH—s'
=0

'U

=0

»
—

EX=}

#l

T

When only the carrier-frequency offset exists,

1 N-1 .
_ _ZeJZnnAs/NeJZnnr/N ) (10)

a =
r
N 7=
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And for the time-varying Rayleigh channel,

1 i i,
) W hn‘le JZn(kQ+t)I/Ne JZnnr/N. (11)

The first item in the right-hand side of Eq.(9)
denotes the desired signal and the last two are con-
sidered as interference items. Y! is the ICI due to the
Doppler frequency or carrier-frequency offset. Wy, is
the white noise. Here, we define SINR to evaluate the
effect of interference Yn: and Wy, on a useful signal,

EYSF R

SINR=——— > :
ElY, 1+ E[IW, [T Py + Ry

(12)

Assuming the sending signals {Xi | k=0, 1, ...,
P—1} fulfill the independence condition and have zero
means, we have

O-f’ p:q1

13
0, p#dq. (13)

E[xpx;]={

Thus, the power of signal, ICI and noise can be
expressed as

a8 Q101
R=0:>>ccl) DD ccEla a1 (14)
s=0 s'=0 t=0 t'=0
11 Q-1Q-1
2 * *
Pa =02 > cl(cl) [thf
5=05'=0 t=0 t'=0
P-1 ) (15)
. E[a(p_m)Q+t—sa(P'—m)Q+t’—s’] )
p'=0,p'#m
Q -1Q-1
O_ C (CS,) . (16)
s=0s'=0

Next, we give the expression of the expectation
items in Egs.(14) and (15).
When there is the frequency offset only,

E[as Ay
eJZnnAs/Ne—JZnn(s —t)/N e JZnnAg/NeJZnn (s'-t")/N
) >
3 sm(n(s—t+Ag))sin(n(s’—t’+Ag))
sin(n(s—t+ Ag)/ N)sin(n(s'—t"+ Ag) I N)

(17)

A oo

NZ

For the WSSUS (wide-sense stationary uncor-
related scattering) channel, using the Jake’s model,
the cross-correlation function between h,; and hy
can be found as

Efh, by, 1= Ed(2nf,(n—1) /N)S( 1), (18)

Hence, the expectation item can be expressed as

1 N-1L-1
Ela,_a, ] :_ZE{ h,e -j2ntl/N - j2mn(s-t)/N
N n=01=0
N-1L-1
Zhn Iejznn IN gj2an'(s t)/N:|
n'=01" (19)
1 NN
WZ > [E 3y (2nfy (n—n)/N)
n=0 1=0 n'=0

.e —j2nl (t-t")/ e—]2n[n(s—t)—n’(s’—t’)]/N]

OPTIMUM WEIGHTING-COEFFICIENT-PAIR

In this section, the vector expression of the SINR
is derived, and we design the optimum sending
weighting coefficients c=[co, C1, ..., cQ,l]T and re-
ceiving weighting coefficients ¢’ =[c,, cl’,...,c(’gfl]T
by maximizing the SINR.

The power of signal can be written as

P, =o’(c)"Sc' =o’c"S, (20)
where
[ H& H&
€"'S,,C C SpoaC
S= : ,
H& HE
K Sg1oC t €'Sg404C
B H& H&
(ch S(’,voc’ ¢ Sgq.aC’
S'= :
! !
(C) SQ 10 c SQ 1,Q- 1€

The element of S_, is (S,.)., =Ela,a, ] The
is (gt,t')s,s’ = E[as—ta:’—t’]'
The power of ICI can be written as

element of S.,

Py =o(c)Ic' = eI, (21)
where
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A C O,OC C 0yQilC
I = : ,
HT HT
c"lg e o €Ml 04C
(Cr)H i“évocr (C/)H I~(’)'Q,1C’
"= : :
(C,)H r(,gfl,oc’ (C,)H |~(,371,Q71C,

The element of matrix I, is (), =

P-1 .
E(szoy o a(pfm)QHfta(pfm)QH,ﬂ,), and the element
& P-1 *
Of Is,s’ IS (Is,s’)t,l' = E(szo, p=m a'(p—m)Q+s—ta(p—m)Q+s’+t’)'

The power of noise is

Py =03(c)"1c, (22)
where g is the QxQ identity matrix, and o7 is the

channel noise variance.
Therefore, SINR can be rewritten in vector form

as
2/~ANH Qa7
SINR=—> = o6V ST
Pa+Pv o (€)' Ic"+0,(c) 1,c
. (23)
(C!)HS!C!

(€)' + ()" 1,¢'/SNR

where SNR =07 /o7 is the signal-to-noise ratio. The

OWCP c and c' can be optimized by maximizing
SINR in Eq.(23),

max SINR, s.t. c"c=Q and (¢)"c'=Q.

G ,cf

(24)

To avoid the dividing operation, Eq.(24) can be
transformed to the function below with factor y
involved:

E(y)= min (y(Pg +P,)/Q-(1-»)R+C), y €[0.1],

c(r)e’(»)
st c'c=1 (c"c' =1, (25)
¢, ¢’ =arg max  SINR,

{c. c¥y={e(r).c'(7)}

where C is a constant and we will see its function
below. First, we find E(y) and the corresponding {c, c'}
that make the sum of the weighted numerator and
denominator minimal when y varies among [0, 1].
Then choose {c, c'} from all the {c(y), c'(y)} pairs that

Zhao et al. / J Zhejiang Univ Sci A 2008 9(12):1676-1684

can maximize SINR.

The remaining issue is how to calculate E(y) and
{c(y), c'(y)} under each y. Here, the alternant iteration
algorithm is introduced for solving it.

Rewrite E(y) with two equivalent expressions:

E() = min {€)"(R()+Clg)c|
e (26a)
=_min {c"(R'()+Clg)c},
R() =07 {mﬁnq —(1—7)5},
(26b)

R'(y) = o2 {7|"+ I —(l—y)é'}.

1
SNR-Q

C is a large enough constant to make sure that
R(y)+Clg and R'(y)+Clq are positive definite Hermi-
tian matrices. The main idea of the alternant iteration
algorithm is to fix one of ¢ and c’, to look for the value
of the other one that minimizes the quadratic form in
Eq.(24), and then to switch the positions of ¢ and ¢’,
and do the same work until the convergence is
reached (see the convergence proof in Appendix A).

The detailed calculation procedure is described
as follows:

(1) Select an arbitrary vector ci(y), and then ini-
tialize Ri(y) according to Eq.(26a). Set i=0, and select
a small enough value 6>0.

(2) Calculate the smallest eigenvalue of R(y)+
Clq as Ej:(y), and let ¢/, () be the corresponding

eigenvector. ¢/ ,(y) makes (c')H(R(y)+CIQ)c' mini-
mum (see Appendix B).
(3) Substituting c/,,(y) into Eq.(26b), obtain

R ()

(4) Calculate the smallest eigenvalue of R'(y)+
Clq as Eis(y), and let ciso(y) be the corresponding
eigenvector.

(5) Substituting Cis2(y) into Eq.(26a), obtain
Rix2(y).

(6) If [Eir2(y)—Eisa(y)I<d, go to (8).

(7) Let i+1—i, go to (2).

(8) Save cisz(y) asc(y) and ¢/, (¥) asc'(y). Stop.

The above conclusion can be achieved when the
channel state information (CSI), such as SNR, chan-
nel paths L, the average gain E(l) of the Ith path, and
the Doppler frequency fg, is exactly known.

In practical wireless communications, it is usu-
ally difficult to obtain CSI. General results could be
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obtained by supposing a probability density function
of the unknown CSI and taking the integral operation
of Eq.(17) or Eq.(19).

NUMERICAL AND SIMULATION RESULTS

In this section, we present some numerical and
simulation results to show the performance im-
provement of OWCP-OFDM compared to
PCC-OFDM and ordinary OFDM.

Numerical results

To examine the performance improvement, we
compare the SINR of OWCP-OFDM, PCC-OFDM
and ordinary OFDM. To be fair, the ordinary OFDM
in the simulation has the same bandwidth efficiency
as others according to the sequence length.

Figs.3a and 3b present the comparison of SINR
when the length of the group Q is 2 and 3, respectively,
with a constant frequency offset. The SNR is set to 15
dB. From the figure, the SINR of OWCP-OFDM far

20

15

10

SINR (dB)

—a—QOWCP-OFDM with CSI know
—e—OWCP-OFDM general {r heory)
—+—OWCP-OFDM general (Simulation)
0 t —e—PCC-OFDM (Theory)
—»—PCC-OFDM (Simulation,
—&—O0Ordinary OFDM (Theo
—+—Ordinary OFDM (Simulation)

0 01 02 03 04 05 06 07 08 09
Normalized frequency offset

@
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surpasses the one of ordinary OFDM by 5~15 dB
when the CSI is perfectly known. And when there is
no frequency offset, a receiving SNR gain can be
clearly seen. However, in practical systems the fre-
quency offset should be unknown. Thus we assume it
is uniformly distributed among (0, 1). Then the
OWCP-OFDM is obtained in a general situation. Fig.3
shows that the SINR of the general one has less than 1
dB loss compared to the one with CSI known. It can be
clearly seen that the SINR of the PCC scheme falls
when the normalized frequency offset gets larger,
especially when Q is small. As the length of the group
increases, the ability of ICI cancellation gets stronger.

Fig.4 shows the comparison in a time-varying
multi-path Rayleigh channel, which is four-path and
follows negative exponential distribution. The similar
conclusions can be summarized through the contrast
of the two figures. But the SINR improvement is less
evident compared to Fig.3. General OWCP-OFDM is
derived by assuming that the normalized Doppler
frequency has a uniform distribution between 0 and 1.
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<r-""'"';_ ——3
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—a— OWCP-OFDM with CSI known
| —e— OWCP-OFDM general {r heory)
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Fig.3 Comparison of SINR due to the carrier frequency offset
(@) Group length Q=2; (b) Group length Q=3
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Fig.4 Comparison of SINR due to the Doppler frequency
(a) Group length Q=2; (b) Group length Q=3
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Simulation results

Here, our simulation results for the performance
of OWCP-OFDM via Monte Carlo simulation are
presented. The number of the subcarriers, N, is chosen
to be 256, and the length of the cyclic prefix is 32. The
QPSK constellation is adopted.

The relationship between symbol-error rate
(SER) and SNR is shown in Fig.5 with a constant
frequency offset. From the figure, the performance
matches the numerical results shown in Fig.4 on the
whole. In Fig.5, the error floor of ordinary OFDM is
clearly seen. Both OWCP-OFDM and PCC-OFDM
can eliminate the error floor of ordinary OFDM as

SER

—s—OWCP-OFDM (Q=3)
—a—PCC-OFDM (Q=3)
104} —e—OWCP-OFDM (Q=2)
—e—PCC-OFDM (Q=2)
—&—Qrdinary OFDM (equal Q=2)
-——&-—Qrdinary OFDM (equal Q=3)

0 5 10 15
SNR (dB)

@)

shown in Fig.5a with Ae=0.3. There is more than 1.77
dB SINR improvement when Q changes from 2 to 3,
because an extra ICI cancellation gain is provided.
However, in Fig.5b when A¢=0.8 and Q=2 the error
floor appears in the PCC scheme, whereas the
OWCP-OFDM still has a satisfactory performance.

Fig.6 shows SER vs SNR under the time-varying
multi-path Rayleigh channel. The channel condition
is the same as that in simulation. From Fig.6, we can
draw a similar conclusion that OWCP-OFDM has a
better ability to eliminate error-floor than
PCC-OFDM, especially when the normalized fre-
quency offset gets larger.
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1072}

& 1ne
4100}

107 F —e—OWCP-OFDM (Q=3)
—&8—PCC-OFDM (Q=3)
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(b)

Fig.5 SER vs SNR with a constant frequency offset
(a) Normalized frequency offset AfT,=0.3; (b) Normalized frequency offset AfT;=0.8

10°

107

1072}

SER

103}
—a— OWCP-OFDM (Q=3)
—a--PCC-OFDM (Q=3)

—e— OWCP-OFDM (Q=2)
1074} —e—PCC-OFDM (Q=2)

—&— Ordinary OFDM (equal Q=2)
—&—Qrdinary OFDM (equal Q=3)

0 5 10 15 20 25 30 35 40
SR (dB)

(@)

| —e— OWCP-OFDM (Q=3)
—a— PCC-OFDM (Q=3)
—a— OWCP-OFDM (Q=2)
—ea— PCC-OFDM (Q=2)
—a— Ordinary OFDM (equal Q=2)

1074F —a— Ordinary OFDM (equal Q=3)

0 5 10 15 20 25 30 35 40
SNR (dB)

(b)

Fig.6 SER vs SNR in the time-varying multi-path Rayleigh channel
(a) Normalized Doppler frequency A¢=0.3; (b) Normalized Doppler frequency A¢=0.8
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CONCLUSION

In this paper, we find the optimum weighting-
coefficient-pair to maximize SINR in theory when
frequency offsets exist and in time-varying channels.
From the simulation results, we can make sure that
this OWCP-OFDM can supply a steady gain of SINR
compared to the conventional method. A problem of
the self-cancellation scheme is the reduction of the
available bandwidth, but through the simulation we
can conclude that OWCP-OFDM has a much better
performance than the traditional OFDM system with
the same bandwidth efficiency. The complexity of the
proposed algorithm is derived from the alternative
iteration and the eigenvalue calculation, which is a
burden on a real-time system. However, because the
weighting-coefficient pair in the general situation also
has a satisfactory performance, the OWCP can be
designed and calculated by a computer in advance.
Then the transceiver will suffer no extra burden of
complexity. Therefore, the OWCP-OFDM system can
meet the demand of a high-speed broadband wireless
system perfectly.
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APPENDIX A: PROOF OF THE CONVERGENCE
OF ALTERNANT ITERATION ALGORITHM

We define a target function

T(c,c)=(c)"(R(»)+Cly)c'=c"(R'(y) +Cly)c, (Al)

where R(y) and R'(y) are defined in Eq.(26b).
The Hessen matrix H of T(c, c¢’) is achieved by

_ﬁ(éT(c,c')jH i(@T(c,c’))H

H = oc ac oc’ oc
o (aTe.c)) o (aT(e.c)Y
Loc\  oc' oc'\ oc

_Hll H12

= +Cl,,, (A2)
_H21 H22:| @

where Hyu=4R’, H»=4R. Because I, =1, and
S..=(SL,)", we have H,,=H, H,,=H}, and
H,, = H,, . Therefore, H is a Hermitian matrix.

We denote the SVD of H as H=UAU", where U
is a matrix with orthonormal columns and A is a di-
agonal matrix containing the singular values
Ao>A1>...>Aa0-1 ON its diagonal. Since we are dealing
with a Hermitian matrix, the A,s are also eigenvalues.

Therefore, if constant C is large enough, the As
are all positive. H is a positive definite matrix.

For the ith and (i+1)th iterations in the alternant
iteration process,

E(r)= (Ci,+l)H(Ri () +CIQ)Ci,+1'

! (A3)
Ei+l(7) = Ci+2(Ri'+1(7/) + CIQ)Ci+2'
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where Rij(y) and R/

i+l

(y) are obtained by substituting c;

and c/,,, respectively. According to Appendix B, it

can be concluded that E.1(y)<Ei(y), which respec-
tively means the minimum value in each iteration is
no larger than the minimum value in the last iteration.
Since we have proved that the Hessen matrix of T(c, c')
is a positive definite matrix, the equal sign can be
taken away, and then we obtain E;.1(y)<Ei(y). There-
fore, the {Ei(y)} is strictly decreasing.

Now we will show that the range of {Ei(»)} is
limited. From Eq.(26) we know that it can be written
as

(€)' (R(y)+Cl)c' = ()" (1, ®c")T (1, ®c)c'+C. (Ad)

Here we define a Q°xQ? Hermitian matrix

Ii(7/)0,0 |i(7/)0,(3-1
T= : : ,
é(}/)Q—l,O |i(7’)(371,(371
where R(y)=o? {)/f+ SN; o Iy —(l—y)é}

In Eq.(A4) ‘®’ denotes the Kronecker product.
When constant C is large enough, matrix T will be
positive definite. Thus we denote the SVD of T,

T-U"4U, (A5)

where U is a matrix with orthonormal columns and A
is a diagonal matrix containing the singular values
Mg A 2.2 /léz_l >0 on its diagonal. Then Eq.(A4)

can be rewritten as
(c)'"R(y)c = (c')H(IQ ®c'u HAU(IQ ®c)c'. (A6)

We notice that U(1o®c)c’ is a Q?x1 vector and
for every Q%x1 vector k,

{k”Ak <k"diag{4/, ... A3k, VkeC, (A7)

K" Ak 2 k"diag{4., ,, .. . Jk, VkeC,

Zhao et al. / J Zhejiang Univ Sci A 2008 9(12):1676-1684

and because

(€)' (1, ®cMHU"U(, ®c)c' =1, (A8)
thus we have
/1(;271 <C)'(R()+Cl)c' < A. (A9)

Therefore, {Ei(y)} is limitary and strictly decreasing,
which means its limit exists and it is convergent.

APPENDIX B

Let Z be the corresponding Lagrange multiplier
value,

P(c’,2) = ()" R(y)c’ + A(L-(c)"c), (BL)
where R(y)=R(y)+Cl can be a positive definite

matrix if C is large enough. Thus the minimum of
P(c’, 2) can be found by setting its derivative with
respect to ¢=0, that is,

0

—P(c',2)=R(y)c' - A¢' =0.
oc

(B2)

Thus the optimization problem is equivalent to solv-
ing an eigenvalue equation

R(y)c' = Ac, (B3)
where the optimum solution vector ¢’ is an eigen-
vector of matrix R(y) with corresponding eigen-

value A. Multiplying R(»)c’ by (c')", we obtain

)" R(y)c = . (B4)

Therefore, the eigenvector corresponding to the
minimum eigenvalue in, of matrix R(y) becomes

the optimal coefficient vector and the minimum
(C'R(y)c is

E(7) = Anin- (BS)
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