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Abstract:    We compare the optimal operating cost of the two bicriterion policies, <p,T> and <p,N>, for an M/G/1 queueing 
system with second optional service, in which the length of the vacation period is randomly controlled either by the number of 
arrivals during the idle period or by a timer. After all the customers are served in the queue exhaustively, the server immediately 
takes a vacation and may operate <p,T> policy or <p,N> policy. For the two bicriterion policies, the total average cost function per 
unit time is developed to search the optimal stationary operating policies at a minimum cost. Based upon the optimal cost the 
explicit forms for joint optimum threshold values of (p,T) and (p,N) are obtained. 
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INTRODUCTION 
 

Queueing systems with vacations effectively 
arise in the stochastic modeling of many computers 
and communication systems, manufacturing/produc- 
tion, and inventory systems. Several excellent surveys 
on vacation models have been done by Doshi (1986). 
In general, in order to control the length of the vaca-
tion period we either use a timer T [known as T policy 
by Heyman (1977)] or a queue length N [known as N 
policy by Yadin and Naor (1963)]. Considerable ef-
forts have been devoted to studying the two types of 
controllable queueing models by (Teghem, 1987; 
Gakis et al., 1995; etc.). This has also given rise to a 
vast and rich literature, from which we can review the 
survey by Tadj and Choudhury (2005). One particular 
interest is a randomized control over the length of 
vacation period, which can be achieved by consider-
ing T policy or N policy. In this paper we examine the 
randomized control of T policy and N policy, and 
carry out comparison on the minimum cost criterion 
for two bicriterion policies.  

 

The server deactivates and leaves for a vacation 
with fixed length of time T whenever the system is 
empty. After a vacation period of length T, the server 
returns to the system. It begins to serve if there is at 
least one customer on the waiting line; otherwise, the 
server waits another period of length T and so on until 
at least one customer is present. This kind of control 
policy is called ‘T policy’ and the T policy for the 
M/G/1 queueing system was investigated by (Levy 
and Yechiali, 1975; Heyman, 1977; Gakis et al., 
1995). Recently, Tadj (2003) has studied an M/G/1 
quorum queueing system under T policy with a reli-
able server where ‘quorum’ is a bulk service that the 
server waits until the number of waiting customers 
reaches a fixed accumulation level γ (γ≥1). Ke (2005) 
studied a variant T policy for the M/G/1 queueing 
system with an unreliable server and startup where a 
single server may take at most J vacations repeatedly 
until at least one customer appears in the queue upon 
returning from a vacation, and the server needs a 
startup time before starting each of his service periods. 
The optimization work of a variant T policy for the  
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M[x]/G/1 queueing system with at most J vacations 
and startup/closedowns was examined by Ke (2008). 
Our vacation policy in this paper differs from the T 
policy discussed by the authors mentioned above. We 
consider the <p,T> policy for an M/G/1 queueing 
system with second optional service where a single 
server randomly reactivates when at least one cus-
tomer appears in the queue upon returning from a 
vacation.  

Yadin and Naor (1963) first introduced the con-
cept of an N policy, which turns the server on 
whenever N (N≥1) or more customers are present, 
while turns the server off only when none is present. 
For a reliable server, the N policy M/G/1 queueing 
system was first studied by Heyman (1968) and was 
developed by several researchers (Tijms, 1986; 
Teghem, 1987; Takagi, 1991; Lee et al., 1994a; Gakis 
et al., 1995; Wang and Ke, 2000). Analytic steady 
state solutions of the N policy M/Hk/1 queueing sys-
tem were first obtained by Wang and Yen (2003). For 
an unreliable server, Wang (1995; 1997) and Wang et 
al.(1999) derived analytic steady state solutions of the 
N policy M/M/1, the N policy M/Ek/1, and the N 
policy M/H2/1 queueing systems, respectively. Wang 
et al.(2004) extended Wang and Yen (2003)’s system 
to an unreliable server case. As for N policy queueing 
systems with vacations/startup, the readers may refer 
to (Kella, 1989; Lee and Srinivasan, 1989; Takagi, 
1991; Medhi and Templeton, 1992; Lee et al., 1994b; 
1995; Lee and Park, 1997; Zhang et al., 1997; Hur 
and Paik, 1999; Ke, 2003), and so on. Our N policy in 
this paper differs from the N policy discussed by the 
authors mentioned above. We consider the <p,N> 
policy for an M/G/1 queueing system with second 
optional service where a single server randomly re-
activates when queue length reaches a predetermined 
threshold since the end of the busy period.  

For the optimization work of T policy and N 
policy, Table 1 summarizes some important results 
from the past literature. 

Recently Madan (2000) has investigated an 
M/G/1 queueing system with a second optional ser-
vice, in which some of arrivals may require a second 
optional service immediately after completion of the 
first essential service. In (Madan, 2000), the service 
times of the first essential service were assumed to be  
 

a general distribution and those of the second optional 
service were exponential. Also he cited some impor-
tant applications in daily life situations. Madan 
(2000)’s work was extended to ‘optional service’ with 
general distribution case by Medhi (2002). 

In this paper, we examine the finding of the two 
optimal bicriterion policies that yield the minimum 
average cost for an M/G/1 system with holding cost 
and setup cost, where a holding cost of Ch per unit 
time is for each customer in the system and a fixed 
charge of Cs is to activate the server. It is assumed that 
customers arrive according to a Poisson process with 
rate λ. A more general case for a customer service is 
considered. All arriving customers require the essen-
tial service. However, some customers may further 
demand a second optional service. On completion of 
the essential service, the customer may leave the 
system with probability 1−p or may opt for the second 
optional service with probability p. The times of the 
essential service and the optional service are assumed 
to be random variables S1 and S2, respectively. Ar-
riving customers form a single waiting line based on 
the order of their arrivals; that is, they are queued 
according to the first-come, first-served (FCFS) dis-
cipline. The server can only provide either the essen-
tial or the optional service for one customer at a time. 
A customer who arrives and finds the server being 
busy or on vacation must wait in the queue until 
he/she is available. After all the customers are served 
in the queue exhaustively, the server immediately 
takes a vacation and adopts two bicriterion policies:  

(1) If customers are found in the queue after T 
time units have elapsed since the end of the busy 
period, the server serves the customers (i.e., starts his 
busy period) with probability p or leaves for a vaca-
tion of the same length T with a probability 1−p. 
When a busy period begins, the server is kept in the 
active state until the system is empty. If no customers 
are found we say a busy period of zero occurs. In 
either case, the server takes another vacation with the 
same length after the end of a busy period. This is 
so-called <p,T> policy.  

(2) If the number of arrivals reaches N, the server 
serves the waiting customers with probability p or 
keeps going on vacation (idle) with probability 1−p. 
This is so-called <p,N> policy. 
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Table 1  Some results of optimization work for T policy and N policy systems 
Control policy and 

queueing types References Solutions of the  
optimal policy 

Techniques for  
optimization Remarks 

Case 1: 
T policy for 
M/G/1 queueing 
type 

Heyman, 1977 • Show that the optimum 
solution exists 
• Explicit closed-form of the 
optimum solution is ob-
tained 

• The optimum solution is 
obtained using the ‘first 
derivative test’ (FDT) and 
the ‘second derivative 
test’ (SDT) from a Cal-
culus handbook (Stewart, 
1995, p.197, 203) 

• Single decision variable 
• Show that the T policy is 
not superior to N policy 
based on the optimum cost 
criterion 

Case 2: 
N policy for 
M/M/1, M/Ek/1, 
M/H2/1, M/Hk/1, 
M/G/1 queueing 
systems  

Wang, 1995; 
1997; Wang et 
al., 1999; 2004; 
Wang and Ke, 
2000; Wang and 
Yen, 2003 

• Show that the optimum 
solution exists but find the 
approximate 
• The approximate optimum 
solution is obtained and this 
existing optimum solution is 
not an explicit form 

• The approximate opti-
mum solution is obtained 
using inequalities and the 
concept of the FDT from 
a Calculus handbook 
(Stewart, 1995, p.197) 

• Single decision variable 
• The proof for the existence 
of optimum solution is not 
severe and completed 

Case 3: 
N policy for 
M/G/1 queueing 
type with vaca-
tion/setup 

Kella, 1989; Lee 
and Srinivasan, 
1989; Lee et al., 
1994a; 1994b; 
1995 

• Show that the optimum 
solution exists 
• One cannot obtain the 
explicit closed-form of the 
optimum solution 

• A procedure (algorithm) 
is developed to find the 
optimum solution 

• Single decision variable 
 

Case 4: 
N policy for 
M/G/1 queueing 
type with vaca-
tion/setup 

Hur and Paik, 
1999; Ke, 2003 

• One cannot show that the 
optimum solution exists 
• One cannot obtain the 
explicit closed-form of the 
optimum solution 

• A procedure (algorithm) 
is developed to find the 
possible optimum solu-
tion 

• Single decision variable 
 

Case 5: 
N policy for 
M/G/1 queueing 
type with vaca-
tion/setup  

Lee and Park, 
1997; Zhang et 
al., 1997; Ke, 
2008 

• One cannot show that the 
optimum solution exists 
• Possibly find some prop-
erties of the total average 
cost 
• One cannot obtain the 
explicit closed-form of the 
optimum solution 

• A procedure (algorithm) 
is developed to find the 
possible optimum solu-
tion 

• Two decision variables* 
 

Case 6: 
<p,T> and <p,N> 
policies for 
M/G/1 queueing 
system 
 

 

This paper • Show that the optimum 
solution exists for the <p,T>  
and <p,N> policies, respec-
tively 
• Explicit closed-forms of 
the two optimum solutions 
are obtained 
• Provide an analytical and 
numerical comparison on 
optimum cost between the 
<p,T> policy and the <p,N> 
policy 

• The optimum solutions 
of two random control 
policies are derived 
merely using the FDT and 
the ‘test for monotonic 
functions’ (see Sections 5 
and 6), rather than using 
the SDT for function of 
two variables (Stewart, 
1995, p.196, 814) 
• For the optimization of 
two variables considered 
in this paper, the FDT and 
the ‘test for monotonic 
functions’ are easily im-
plemented with no con-
straints 

• The two bicriterion policies
considered in this paper are
new 
• Note that the exact optimal 
solution of Case 2 can be 
deduced as a special case of 
the results developed in this 
paper  
• Two decision variables* 
• We analytically show that 
the <p,N> policy is superior 
to the <p,T> policy based on 
the optimum cost criterion
• We perform an analytical 
and numerical comparison 
for two bicriterion policies
• The optimum solutions of 
two random control policies 
are easily computed for 
practitioners and managers

* It is very difficult to obtain the analytical optimum solutions of two thresholds for the controllable queueing systems including combined T 
policy and N policy (Lee and Park, 1997; Zhang et al., 1997; Hur et al., 2003; Tadj and Ke, 2005) 
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The organization of this paper is as follows. First, 
we present some results of the classical control poli-
cies for M/G/1 system with second optional service. 
Second, we develop some important system charac-
teristics for the <p,T> policy and <p,N> policy M/G/1 
system with second optional service, which is such as 
the expected length of the idle period, busy period, 
busy cycle, and the expected number of customers in 
the system. Third, we construct a total average cost 
function per customer per unit time for the two bic-
riterion policies and then obtain the explicit forms for 
the joint optimum values of (p,T) and (p,N) under the 
minimum cost criterion. Finally, we perform ana-
lytical comparison on the optimum cost criterion for 
two bicriterion policies. 

 
 

CLASSICAL CONTROL POLICIES FOR M/G/1 
SYSTEM WITH SECOND OPTIONAL SERVICE 
 

In this section, we respectively develop the sys-
tem characteristics for the T and N policies M/G/1 
system with second optional service by means of 
results of (Heyman, 1977; Wang and Ke, 2000; Medhi, 
2002). 

 
Some results for the T policy 

We denote by IT and BT the idle and busy periods, 
respectively, for the T policy M/G/1 system with 
second optional service. Let CT denote a busy cycle, 
which is a sum of consecutive idle and busy periods. 
From (Heyman, 1977; Medhi, 2002), we have the 
following formulas: 

 
[ ] ,TE I T=                                       (1) 
[ ] /(1 ),TE B Tρ ρ= −                        (2) 
[ ] /(1 ),TE C T ρ= −                           (3) 

 
where 1 2( [ ] [ ]).E S rE Sρ λ= +  

Moreover, let LT represent the expected number 
of customers in the T policy M/G/1 system with 
second optional service. Utilizing the results by 
Heyman (1977) and Medhi (2002) again, we obtain  

 
2 2( 1)

:
2 2(1 ) 2

V
T

cT TL L
ρλ λρ

ρ
+

= + + = +
−

,           (4) 

where  

2 2
2 1 1 2 2

2
1 2

[ ] 2 [ ] [ ] [ ] 1,
( [ ] [ ])V

E S rE S E S E Sc
E S rE S

+ +
= −

+
 

2 2( 1)
2(1 )

Vc
L

ρ
ρ

ρ
+

= +
−

. 

 
Some results for the N policy 

We develop important system characteristics for 
the N policy M/G/1 system with second optional ser-
vice. Let us define the following notations: IN the idle 
period random variable, BN the busy period random 
variable, CN the busy cycle random variable (idle 
period + busy period), and IN the expected number of 
customers in the N policy M/G/1 system with second 
optional service.  

Similar to analysis in previous section and using 
the arguments by Wang and Ke (2000), we obtain the 
following results: 

 

[ ] /NE I N λ= ,                                   (5) 
[ ] /[ (1 )]NE B Nρ λ ρ= − ,                    (6) 
[ ] /[ (1 )]NE C N λ ρ= − ,                      (7) 

( 1) / 2 ,NL N L= − +                          (8) 
 

where ρ, 2
Vc  and L are given in the previous subsec-

tion. 
 

 

<p,T> POLICY FOR M/G/1 SYSTEM WITH 
SECOND OPTIONAL SERVICE 
 

We denote by (I2T, B2T) and (Ip,T, Bp,T) the idle and 
busy periods, for the 2T policy and <p,T> policy 
M/G/1 systems with second optional service, respec-
tively. Let C2T and Cp,T be a busy cycle period for 2T 
policy and <p,T> policy M/G/1 systems with second 
optional service, respectively. It should be noted from 
(Feinberg and Kim, 1996) that the system character-
istics of a <p,T> policy are a convex combination of 
the system characteristics of T policy and 2T policy 
systems. From Eqs.(1)~(3), we obtain 

 

, 2[ ] [ ] (1 ) [ ] (2 ) ,p T T TE I pE I p E I p T= + − = −   (9) 

, 2[ ] [ ] (1 ) [ ]

(2 ) /(1 ),
p T T TE B pE B p E B

p Tρ ρ

= + −

= − −
                (10) 

, 2[ ] [ ] (1 ) [ ]

(2 ) /(1 ).
p T T TE C pE C p E C

p T ρ

= + −

= − −
                (11) 
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Thus we have the number of busy cycles per unit time 
 

,1/ [ ] (1 ) /[(2 ) ]p TE C p Tρ= − − .           (12) 

 
Let ,TΨ 2TΨ  and ,p TΨ  represent the cumulative 

amount of time that all customers spent in the system 
during a busy cycle for T policy, 2T policy and <p,T> 
policy M/G/1 systems with second optional service, 
respectively. Employing the results of (Feinberg and 
Kim, 1996), we obtain 

 

[ ] [ ] .
2 1T T T
T TE L E C L λΨ

ρ
⎛ ⎞= = +⎜ ⎟ −⎝ ⎠

       (13) 

It follows that 
 

, 2[ ] [ ] (1 ) [ ]

3(2 ) 2 .
1 2

p T T TE pE p E

T L p T p

Ψ Ψ Ψ

λ
ρ

= + −

⎛ ⎞⎛ ⎞= − + −⎜ ⎟⎜ ⎟− ⎝ ⎠⎝ ⎠

    (14) 

 
By the similar arguments of (Feinberg and Kim, 
1996), the expected number of customers in the <p,T> 
policy M/G/1 system with second optional service is 
given by 

 

,
,

,

[ ] (2 3 / 2) .
[ ] 2

p T
p T

p T

E T pL L
E C p

Ψ λ −
= = +

−
        (15) 

 
Eq.(15) can be expressed as a convex combination of 
characteristics of T policy and 2T policy systems. 
That is, 

 

, 21 ,
2 2p T T T

p pL L L
p p

⎛ ⎞ ⎛ ⎞
= + −⎜ ⎟ ⎜ ⎟− −⎝ ⎠ ⎝ ⎠

        (16) 

 
which confirms the results of (Feinberg and Kim, 
1996). 
 
 
<p,N> POLICY FOR M/G/1 SYSTEM WITH 
SECOND OPTIONAL SERVICE 
 

In this section, we develop important system 
characteristics for the <p,N> policy M/G/1 system 
with second optional service. Let us define the fol-
lowing notations: Ip,N the idle period random variable, 
Bp,N the busy period random variable, Cp,N the busy 

cycle random variable, and Lp,N the expected number 
of customers in the <p,N> policy M/G/1 system with 
second optional service.  

Following the analysis in Section 3 and using the 
arguments by Wang and Ke (2000), we have that 

 

,[ ] ( 1 ) / ,p NE I N p λ= + −                        (17) 

,[ ] ( 1 ) /[ (1 )],p NE B N pρ λ ρ= + − −         (18) 

,[ ] ( 1 ) /[ (1 )],p NE C N p λ ρ= + − −            (19) 

and 

,
( 1 2 ) .

2( 1 )p N
N N pL L

N p
+ −

= +
+ −

                (20) 

 

Eq.(20) can be expressed as a convex combination of 
characteristics of N policy and N+1 policy systems. 
That is, 
 

, 11
1 1p N N N

pN pNL L L
N p N p +

⎛ ⎞ ⎛ ⎞
= + −⎜ ⎟ ⎜ ⎟+ − + −⎝ ⎠ ⎝ ⎠

, 

 
which confirms the results of (Feinberg and Kim, 
1996). 
 
 
OPTIMAL <p,T> POLICY 
 

In this section, we construct a total average cost 
function per customer per unit time for the <p,T> 
policy M/G/1 system with second optional service, in 
which p and T are decision variables. Our objective is 
to determine the joint optimal thresholds, say (p*,T*), 
to minimize this cost function. Since E[Bp,T]/E[Cp,T] 
=ρ and E[Ip,T]/E[Cp,T]=1−ρ are independent of p and T, 
we consider the following cost elements: Cs the setup 
cost for per busy cycle, and Ch the holding cost per 
unit time for each customer present in the system. 

Employing the definition of each cost element 
and its corresponding system performance, the total 
average cost function with (p,T) is given by 

 

1 h , s ,

h h s

( , ) / [ ]

(2 3 / 2) 1 .
2 (2 )

p T p TF p T C L C E C

T pC L C C
p T p

λ ρ

= +

− −
= + +

− −

   (21) 

 
To find the joint optimal threshold values (p*,T*), 

first we let 0 s h(1 ) /( )T C Cρ λ= −  and t=T/T0. Then 
Eq.(21) can be re-expressed as  
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1 h h s
3 1 1( , ) (1 ) .
2 2

F p T C L C C t t
p t

λ ρ
⎛ ⎞⎛ ⎞= + − + −⎜ ⎟⎜ ⎟− ⎝ ⎠⎝ ⎠

 (22) 
Moreover, we define  

 

3 1 1( , )
2 2

f p t t t
p t

⎛ ⎞= + −⎜ ⎟− ⎝ ⎠
.              (23) 

 
Obviously, the following results can be obtained: 
(1) As 0<t<1, f(p,t) is an increasing function in 

p∈[0,1]. It implies 
 

0 1

1min ( , ) (0, )
2p

f p t f t t
t≤ ≤

= = + , 0 1t< < .      (24) 

 
(2) As t=1, f(p,t)=f(p,1)=3/2, for p∈[0,1]. 
(3) As t>1, f(p,t) is an decreasing function in 

p∈[0,1]. It yields 
 

0 1

1min ( , ) (1, )
2p

tf p t f t
t≤ ≤

= = + , 1t > .        (25) 

 
Set ( ) 1/(2 ),g t t t= +  0 1.t< <  Then 
 

2

0,     0 1/ 2,
1( ) 1 0,       1/ 2,

2
0,     1/ 2 1.

t

g t t
t

t

⎧< < <
⎪⎪′ = − = =⎨
⎪> < <⎪⎩

 

 
According to the ‘first derivative test’ (FDT), we 

have 
 

min (1/ 2) 1/ 2 2 / 2 2g g= = + = .      (26) 
 

Set 1( ) ,
2
th t

t
= +  t>1. Then 

 

2

0,     1 2,
1 1( ) 0,       2,
2

0,       2.

t

h t t
t

t

⎧< < <
⎪⎪′ = − = =⎨
⎪> >⎪⎩

 

 
Using the FDT again, we have 

 
min ( 2) 2 / 2 1/ 2 2.h h= = + =         (27) 

 
Subsequently based on Eqs.(22)~(27), we deduce that 

1 h h s

h h s

0 0

min (1 ) min

2 (1 )

(0, / 2) (1, 2 ).

F C L C C f

C L C C

F T F T

λ ρ

λ ρ

= + −

= + −

= =

        (28) 

 
Summarizing the above results, we have the fol-

lowing theorem: 
Theorem 1    Let (p*,T*) be the joint optimal threshold 
values that minimize the total average cost Eq.(21). 
Then * *

0( , ) (0, / 2)p T T=  or 0(1, 2 ).T  That is,  
 

(p*,T*) = ( )s h0, (1 ) /(2 )C Cρ λ−   

or             (p*,T*) = ( )s h1, 2 (1 ) /( ) .C Cρ λ−  
 

Note that, when (p*,T*)= ( )s h0, (1 ) /(2 ) ,C Cρ λ−  

it is exactly the same as the result of the classical T 
policy for M/G/1 queue (Heyman, 1977). 

 
 

OPTIMAL <p,N> POLICY 
 

In this section we find the joint optimal thresh-
olds (p*,N*) that minimize the total average cost 
function for the <p,N> policy M/G/1 system with 
second optional service. As before, Cs and Ch repre-
sent setup cost and holding cost, respectively. Then 
the total average cost function with two thresholds 
(p,N) becomes 

 

2 h , s ,

h h s

( , ) / [ ]

( 1 2 ) (1 ) .
2( 1 ) 1

p N p NF p N C L C E C

N N pC L C C
N p N p

λ ρ

= +

+ − −
= + +

+ − + −

  (29) 

 
To find the joint optimal threshold values (p*,N*), 

we set k0=2λCs(1−ρ)/Ch and x0 = 00.5 0.25 .k− + +  
Then taking partial differentiation on Eq.(29) with 
respect to p, we have  

 

2 h
02

( , ) ( ( 1)).
2( 1 )

F p N C k N N
p N p

∂
= − +

∂ + −
   (30) 

 

This implies that for any p in (0,1), 
 

0
2

0

0

0,     ( 1) ,
( , ) 0,     ( 1) ,

0,     ( 1) .

N N k
F p N N N k

p
N N k

> + <⎧
∂ ⎪= + =⎨

∂ ⎪< + >⎩
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Apparently, the following outcomes can be de-
duced: 

(1) As N(N+1)<k0, F2(p,N) is an increasing 
function in p∈[0,1]. Based upon the ‘test for mono-
tonic functions’ (Stewart, 1995), it asserts 
 

sh
2 2 h0 1

(1 )
min ( , ) (0, ) .

2 1p

CC
F p N F N C L N

N
λ ρ

≤ ≤

−
= = + +

+
 

(31) 
 

(2) As N(N+1)>k0, F2(p,N) is a decreasing func-
tion in p∈[0,1]. From the ‘test for monotonic func-
tions’, it ascertains 
 

2 20 1

sh
h

min ( , ) (1, )

(1 )
    ( 1) .

2

p
F p N F N

CCC L N
N

λ ρ
≤ ≤

=

−
= + − +

       (32) 

 
(3) If there exists an integer N0>0 such that 

N(N+1)=k0, then  
 

(i) 2 0 h h 0( , )F p N C L C N= +  for p∈[0,1];  
(ii) N0=x0;  
(iii) 2 0 2 0 2 00 1

h h 0

min ( , ) (0, ) (1, )

.                 (33)
p

F p N F N F N

C L C N
≤ ≤

= =

= +

 

 

(4) Define sh
h

(1 )
( ) ,

2 1
CC

N C L N
N

λ ρ
α

−
= + +

+
 

N<x0. Note that N(N+1)<k0 is equivalent to N<x0. 
Then 

0h( ) ( 1) 1 0,
2 ( 1)

kCN N
N N

α α
⎛ ⎞

− − = − <⎜ ⎟+⎝ ⎠
 

and hence 

( ) sh
0 h 0

0

(1 )
min [ ] [ ] ,

2 [ ] 1
CC

x C L x
x

λ ρ
α α

−
= = + +

+
 (34) 

 
where [x0] denotes the greatest integer less than or 
equal to x0. 

(5) Define sh
h

(1 )
( ) ( 1) ,

2
CCN C L N

N
λ ρ

β
−

= + − +  

N>x0. Then 

0h( 1) ( ) 1 0,
2 ( 1)

kCN N
N N

β β
⎛ ⎞

+ − = − >⎜ ⎟+⎝ ⎠
 

and hence 

( ) sh
0 h 0

0

(1 )
min [ ] 1 [ ] .

2 [ ] 1
CCx C L x
x

λ ρ
β β

−
= + = + +

+
 (35) 

Based upon Eqs.(31)~(35), we derive that 
 

( ) ( )

h h 0 2 0 2 0

0 0 0 0

sh
2 h 0

0

2 0 2 0

0

(0, ) (1, ),  
  if  ( 1) for some integer ;

(1 )
min [ ]                   (36)

2 [ ] 1
0, [ ] 1, [ ] 1 ,

   if  ( 1) for all integers .

C L C N F N F N
k N N N

CCF C L x
x

F x F x
k N N N

λ ρ

⎧ + = =
⎪

= +⎪
⎪ −⎪= + +⎨

+⎪
⎪= = +⎪
⎪ ≠ +⎩

 
In a practical M/G/1 system, there does not exist 

an integer N0 satisfying k0=N0(N0+1). Therefore, we 
obtain the following theorem: 
Theorem 2    Let (p*,N*) be the joint optimal thresh-
old values that minimize the total average cost 
Eq.(29). Then (p*,N*)=(0, [x0]) or (1, [x0]+1). That is, 
 

( )* *
0( , ) 0, 0.5 0.25p N k⎡ ⎤= − + +⎣ ⎦  

or           ( )* *
0( , ) 1, 0.5 0.25 1 ,p N k⎡ ⎤= − + + +⎣ ⎦  

 
where k0=2λCs(1−ρ)/Ch. 

Note that, when (p*,N*)= ( )00, 0.5 0.25 ,k⎡ ⎤− + +⎣ ⎦  

it is an exact optimum threshold solution for the 
classical N policy M/G/1 system. The optimum 
threshold solution previously studied is approximated 
for the N policy M/G/1 queue (Wang, 1995; 1997; 
Wang and Ke, 2000; Wang and Yen, 2003; Wang et al., 
1999; 2004). 

 
 

COMPARISON ANALYSIS OF OPTIMAL <p,T> 
POLICY AND OPTIMAL <p,N> POLICY 
 

Fixing the level values of 2
Vc , Ch, Cs, λ and ρ, we 

have shown that  
(1) In <p,T> policy, the minimum total average 

cost is  
 

1 1 h h 0min .m F C L C k= = +               (37) 
 
(2) In <p,N> policy, the minimum total average 

cost is 
 

0h
2 2 h 0

0

min [ ] .
2 [ ] 1

kC
m F C L x

x
⎛ ⎞

= = + +⎜ ⎟+⎝ ⎠
   (38) 
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Using 
  ( ) ( )( )0 0 0 0 0[ ] [ ] 1 [ ] 1 [ ] 2x x k x x+ < < + +  

yields 
  ( ) ( )0 0 0 0 0 0[ ] [ ] 1 2 2 [ ] 1 ,x x k k k x+ + < < +  

and 

  
( )

( )
0 0 000

00 0 0

[ ] [ ] 1[ ]
2.

[ ] 1 [ ] 1
x x kxx

xk k x
+ +

+ = <
+ +

 

 
It finally follows that 
 

00
1 2 h 0

00

[ ]11 0.
2 [ ] 1

kx
m m C k

xk

⎛ ⎞⎛ ⎞
⎜ ⎟− = − + >⎜ ⎟⎜ ⎟⎜ ⎟+⎝ ⎠⎝ ⎠

  (39) 

 
We therefore establish the theorem below: 
Theorem 3    Setting the same level values of 2

Vc , Ch, 
Cs, λ and ρ in <p,T> policy and <p,N> policy, the 
minimum total average cost in <p,N> policy is less 
than that in <p,T> policy. That is, m2<m1. 

In order to examine the above theorem numeri-
cally, we produce Table 2 for numerical comparison 
of m1 and m2.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
CONCLUSION 
 

In this paper, we showed that the optimum solu-
tion exists for the <p,T> and <p,N> policies, respec-
tively. Explicit closed-forms of the two optimum 

solutions were obtained. We also provided an ana-
lytical and numerical comparison of optimum cost 
between <p,T> policy and <p,N> policy. More im-
portantly, we analytically showed that the <p,N> 
policy is superior to the <p,T> policy based on the 
optimum cost criterion. Past studies merely provided 
an approximate optimum threshold value for classical 
N policy M/G/1 queueing systems, but their exact 
optimum threshold value can be deduced as a special 
case of the results developed in this paper. 
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