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Abstract: We construct the membership functions of the fuzzy objective values of a controllable queueing model, in which cost
elements, arrival rate and service rate are all fuzzy numbers. Based on Zadeh’s extension principle, a set of parametric nonlinear
programs is developed to find the upper and lower bounds of the minimal average total cost per unit time at the possibility level.
The membership functions of the minimal average total cost are further constructed using different values of the possibility level.
A numerical example is solved successfully to illustrate the validity of the proposed approach. Because the object value is ex-
pressed and governed by the membership functions, the optimization problem in a fuzzy environment for the controllable queueing

models is represented more accurately and analytical results are more useful for system designers and practitioners.
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INTRODUCTION

Queueing models with a control operating policy
are effective approaches for performance analysis of
computer and telecommunication systems, manufac-
turing/production systems and inventory control
(Kleinrock, 1975; Kella, 1989; Lee and Srinivasan,
1989; Buzacott and Shanthikumar, 1993; Gross and
Harris, 1998). One of the well-known control oper-
ating policies of queueing models is the N policy,
meaning that the server is turned on when N (N>1) or
more units are in presence, and off when the system is
empty (Yadin and Naor, 1963). Optimality of N policy
(the optimal value of N) has also been shown by many
researchers (Kella, 1989; Lee et al., 1994a; 1994b;
1995; Lee and Park, 1997; Pearn et al., 2004; Wang et
al., 2004; Arumuganathan and Jeyakumar, 2005;
Choudhury and Madan, 2005). This has also given
rise to a vast and rich literature, from which we can
review the survey by Tadj and Choudhury (2005).
Recently Tadj et al.(2006a; 2006b) used an embedded
Markov chain to investigate an M/G/1 quorum
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queueing system with N policy and Bernoulli vaca-
tion schedule. They also performed optimization
work on thresholds of the quorum N policy. Choud-
hury and Paul (2006) investigated the N policy
MP/G/1 queueing system with a second optional
service channel and further derived a procedure to
obtain an optimal operating policy using a linear cost
structure. Note that the cost function of control oper-
ating policies for queueing models mainly depends on
the holding cost of a customer in the system and the
setup cost of a server (Yadin and Naor, 1963; Heyman,
1968; Bell, 1971). The optimal value of N attempts to
minimize the sum of the two main costs.

Existing research works, including those men-
tioned above, have been developed to search for the
optimal operating policy of queueing models when
the cost elements, and the arrival and service patterns
are known exactly. However, in many real-world
applications, these parameters may not be estimated
precisely. For example, the holding cost of a customer
and the setup cost of a server are more suitably de-
scribed in linguistic terms such as high, moderate, or
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low. In fact the main barrier to implementing cost
models for controllable queueing systems is that it
may be difficult to obtain a reliable estimate of the
holding cost of a customer and the setup cost of a
server (Hillier and Lieberman, 2001; Taha, 2003).
Moreover, the arrival and service patterns may only
be characterized subjectively; that is, the arrival and
service are typically described in everyday language
summaries with a central tendency, such as “the mean
arrival rate is around 5 per day”, or “the mean service
rate is about 10 per hour”, rather than with complete
probability distributions. In other words, these system
parameters are both possibilistic and probabilistic.
Thus, the control operating policy of queueing models
with fuzzy parameters is potentially much more use-
ful and realistic than the commonly used crisp queues
(Zadeh, 1978; Li and Lee, 1989). By extending the
usual crisp queues with a control operating policy to
fuzzy environments, such queueing models become
appropriate for a wider range of applications (Zhang
et al., 2005). In contrast, Zhang (2006) studied the
batch scheduling problem using fuzzy-logic-based
methodology. Buckley et al.(2001) treated the queue-
ing design problems of an M/M/c queueing system
with fuzzy arrival rate and service rate, in which fuzzy
cost elements are superimposed on the descriptive
models to optimize c.

The queueing control problems with fuzzy en-
vironment are considered in this paper. We develop an
approach that provides the objective value for the
controllable queue with a control operating policy and
fuzzy parameters, i.e., fuzzified exponential arrival
rate, service rate, and fuzzy cost elements. Through
a-cuts and Zadeh’s extension principle, we transform
the fuzzy objective value to a family of crisp objective
values. As a varies, the family of crisp objective
values is described and solved using parametric
nonlinear programming (NLP). The NLP solutions
completely and successfully yield the membership
functions of the average cost per unit time.

MODEL DESCRIPTION

Consider a queueing system in which arrivals
occur at a single-server facility as a Poisson process
with rate 1, and all service time is independent and
identically distributed according to an exponential
distribution with rate x. After all the customers are
served in the queue exhaustively, the server operates

N policy. The server reactivates as soon as the number
of customers in the queue reaches a threshold N since
the idle period initiates. In practical use, we often
search for the optimum value of the control threshold
N, say N”, to minimize the following function:

F(N)=C,L(4, 4, N) +C,/2(4, i, N), (1)

where Q(A, 1, N)=Nu/[A(u— )] is the average
length of a busy cycle, L(A, x, N)=(N-1)/2+A/u+
wl(u—2) is the average system size, Cy, is the holding
cost per unit time for each customer (unit) in the
system, and C; is the setup cost per busy cycle (Yadin
and Naor, 1963; Heyman, 1968; Choudhury and Paul,
2006).

The cost minimization problem in Eq.(1) can be
illustrated mathematically as

‘P(ﬁ,,u,Ch,CS)=rL1i51{ChL(ﬂ,,u,N)+CS 1 (A, 11,N)}.
)
Suppose that the arrival rate A, service rate g,

holding cost Cy, and setup cost Cs are approximately
known and can be represented by the fuzzy sets

A, i1,C, and C,, respectively. Let 77,(x), 7,(y),
e, (w) and 7 (v) denote the membership functions

of 1, i1, C, and C,, respectively. We then have the
following fuzzy sets:

A={(x7;(0)) [xe X}, (3a)
a={(y,m,(y))lyeY} (3b)
C, ={(w, 7. (W))|weW}, (3c)
C, ={(v, . (V) veV}, (3d)

where X, Y, W and V are the crisp universal sets of the
arrival rate, service rate, holding cost and setup cost,

respectively. Note that a fuzzy set @ in its universal
set S is convex if 7,(ds +(1-0)s,)=
min{n(s,).7,(s,)}, where 7, is its membership
function, sy, s,€S and d€[0, 1] (Zimmermann, 2001).

Following Zadeh’s extension principle (Zadeh,
1978; Li and Lee, 1989), the membership function of

the objective value ¥ (1, i,C,,C,) from Eq.(2) is
defined as
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”v;(z,;zc'h,éa @)=

(4)
w0 {000 02,0
WeW veV

where
(X, Y,W,V) =
min{W(N “Dy(y-x)+2y-x)+2y* X(y—X)}
N>0 2y(y—x) Ny

Clearly, the minimal average total cost per unit

time ¥ is not a crisp number but a fuzzy number.
However, it is not easy to obtain its value. We are

interested in deriving its membership function 7, (z).

In this study we approach the representation problem
using a mathematical programming technique. Pa-

rametric NLP is developed to find the a-cuts of ¥
based on the extension principle.

PARAMETRIC NONLINEAR PROGRAMMING
APPROACH

One approach is to construct the membership
function on 7,, by deriving the a-cuts (or a-level sets)

of ¥. Denote the a-level sets of 4, iz,C, and C, as

Ma) =[x, x,]
=[min{x|7;(x) = a}, max{x|7;(x) = 3], (52)
m@) =y, Y]
=[mindy|7; (y) = a} max{y |7, (y) = @}]. (50)
Cy(e) =[w,, ]
=[min{w |7, (W) > a}, max{w|zg (W)= a}],
(5¢)
Ci(@)=[v,, v,] (50)
=[min{v|7n (v) > a}, max{v|ne (v) > a}].

The arrival rate, service rate, holding cost and
setup cost are shown as intervals when the member-
ship functions are no less than a given possibility
level of a. As a result, the bounds of these intervals
can be described as functions of «a by

X, =miny;(a), x; =maxn;'(a), y. =miny'(a),

y, =maxn,'(a), W, =min ’75: (@), W) = max 775: (@),
v, =minzz'(a) and v, =maxz; (o), respectively.

Therefore, we can use the a-cuts of ¥ to construct its
membership function since the membership function
defined in Eq.(4) is parameterized by a.

Using Zadeh’s extension principle, 7, (z) is the

minimum of 7.(x), 7,(y), e, (w) and 7, (v). To
derive the membership function 7, (z), we need at

least one of the following cases to hold such that
z=%(xy,w,V) satisfies 7, (2) =« :

Case (i): 77/i(x)=05,77ﬂ(y)205,77C~h (W)Za,nc-s (V)2 «,
Case (ii): 77, (x) >a,n,(Y) =a,0g (W)Za,nés V) > «,
Case (iii): n; () za,n,(y)za,n, (W)=a,; (V) 2a,
Case (iv): 77;(x) > a,1,(y) za,n, (W) za,n; (V)=a.
This can be accomplished by the parametric NLP
techniques. Let

F(N;x,y,w,V)

_ o (N-DY(y -0 +2(y-x)+2y° | X(y-%)
2y(y-x) Ny

For Case (i), the corresponding parametric nonlinear
programs for finding the lower and upper bounds of

the a-cut of 7, (z) are

(#5),= min_ min F(N;X,y,w,v),
X, y,w,veR* N>0 (6a)
st.xt <x<x!, yeu(a),weC,(a),veC,/ (),
(), = max min F(N; X, y, w,v),
X, y,w,veR* N>0 (6b)

st xt <x<x”,yeu(a),weC,(a),veC,/(a).

For Case (ii), are

(#F),= min min F(N; X, y, w,v),
X, y,w,veR* N>0 (7a)
st. xedla),y- <y<y’,weC, (a),veC ()
(%), = max min F(N; X, y, w,v),
X, y,w,veR" N>0 (7b)

st. xei(a), ¥ <y<y’,weC, (a),veC (a).
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For Case (iii), are
min

), =
( a)S X, Y, W,veR"

st.xeA(a), yeula),w;: <w<w!, veC ()

min F(N; X, y,w,v),
N>0 (8a)

(#),= max minF(N;x,y,w,v),

X, y,w,veR* N>0

(8b)
st. xel(a), ye u(a),ws <w<w’, veC (a).

And for Case (iv), are

(#5),= min mip F(N;X,y,w,V),

X, y,w,veR* N>

(92)
st xeA(a), ye u(a),weC, (), Vs <v<vY;

#’), = max min F(N:X, y,w,v),

X, y,w,veR" N>

(9b)
st. xeA(a), ye u(a), weC, (a), Vs <v<v),

From the definition of A(a), 1(a), Ch(a) and Cs(ax)
in Eq.(5), xe(a), yeu(a), weCp(a) and veCs(a) can

be replaced by x e[x5,x"1, y e[yL, yo], wews,w']

and ve[vs,v’], respectively. All a-cuts form a
nested structure with respect to o (Kaufmann, 1975;
Zimmermann, 2001); i.e., given 0<a,<0;<1, we have
D X1 %o 1 [V Ve 1S [Ye, Vo 1 [W, W, ]
clw, ., w,] and [v;,v,/]c[v, v, ] Therefore,
Egs.(6a), (7a), (8a) and (9a) have the same smallest
element and Egs.(6b), (7b), (8b) and (9b) have the

same largest element. To find the membership func-
tion 7, (), it suffices to find the left shape function

and the right shape function of 7, (z), which is
equivalent to finding the lower bound ¥ and upper
bound ¥’ of the a-cuts of 7,,. Based on Eq.(4), ¥,

and ¥ can be rewritten as

Yt = min miQF(N;x,y,W,v),

X, y,w,veR* N>
stoxb <x<x,yb<y<yd wh<wsw!, v <v<vY;
(10a)
Y =

a

max miQF(N;x, Y, W, V),

X, ¥, w,veR* N>
stxt<x<xV,yb<y<yd wh <wsw, v <v<vY,
(10b)

Since Eq.(10a) is to find the minimum of all the
minimum objective values, we can simplify the
two-level mathematical program to the following
traditional one-level mathematical program:

y,aL - ang] F(N;x,y,w,2),

st xt<x<x¥, yt<y<yY, (11)

wh<w<w,vh <v<vy,

In order to solve Eq.(10b), we treated the inner
mNin problem, in that x, y, w and v could be viewed as

constants. Note that the unique unknown in the ob-
jective function of the inner mNin problem is N. Let

F(N;x y,w,v) =2 G(N). (12)

Then the inner mNin problem of Eq.(10b) becomes

min G(N), which is a local minima problem. From the
second derivative test (SDT) for local extreme values,
if G'(Ng)=0 and G"(Np)>0, then G(N) has a local
minimum at N=N,. Consequently, Eq.(10b) can be
reformulated as the following traditional mathemati-
cal program:

-
¥, =minG(N),

st xb<x<xY, yb<y<yY, (13)

L U L U
Wo Sw<w), v Sv<v

At least one X, y, w or v must hit the boundary of
their a-cuts to satisfy 7,, = «. From a knowledge of
calculus, a unique minimum and a unique maximum
of the objective function in Egs.(11) and (13) exist,
respectively. The lower bound ¥ and upper bound

Y of the a-cuts of ¥ can be found by solving
Egs.(11) and (13), respectively, which involves the
systematic study of how the optimal solutions change
when x5, x7,
the interval a<(0, 1]. They fall into the category of
parametric NLP (Gal, 1979).

The crisp interval [¥S, %] solved from

yooyd,wh,wY vl and v ovary over

Egs.(11) and (13) represents the a-cuts of 7,,. Again,
by applying the results in (Kaufmann, 1975;
Zimmermann, 2001) and convexity properties to ¥,

we have #- >%" and ¥ <¥’, where 0<ap<a;<1.
1 2 1 2

In other words, lPaL is increasing with respect to «,

and ¥’ is

decreasing with respect to .
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Consequently, the membership function 7, (z) can
be found from Egs.(11) and (13).

If both ¥ and ¥’ of Egs.(11) and (13) are
invertible with respect to o, a left shape function
L(z)=(%")™" and a right shape function
R(z)=(¥")" can be obtained, from which the
membership function 7,, is constructed:

L(z), ¥-,<z<¥-,,
n,(2)=1 1 ¥, <z<¥’,
R(z), ¥ <z<¥.,.

(14)

In most cases, the values of ¥ and ¥ cannot

be solved analytically. Consequently, a closed-form
membership function for 7, cannot be obtained.

However, the numerical solutions for ¥ and %" at

different possibility levels can be collected to ap-
proximate the shapes of L(z) and R(z). That is, the set

of crisp intervals {[#", % ]|0<a <1} reveals the
shape of 7.

Since the optimal threshold is described by a
membership function, the value conserves completely
all of the fuzziness of the arrival rate, service rate,
holding cost, and setup cost. However, managers or
practitioners would prefer one crisp value rather than
a fuzzy set for the optimal threshold. In order to
overcome this problem, we defuzzify the fuzzy op-
timal threshold by Yager (1986)’s ranking index
method. Since Yager’s ranking index method pos-
sesses the property of area compensation, we adopt
this method for transforming the fuzzy optimal
threshold into a crisp one to provide a suitable
threshold value for the controllable queueing systems.
The recommended optimum threshold value is cal-
culated by

*\L *\U
O(N") =j;w da.  (153)

If O(N”) is not an integer, the best positive inte-
ger value of N is one of the integers surrounding
O(N"). The corresponding minimum cost is

RSL A
o) =] ==

0 2

dar. (15b)

NUMERICAL EXAMPLE

To demonstrate the practical use of the proposed

approach, an example inspired by Arumuganathan
and Jeyakumar (2005) is solved.
Example 1 A pump manufacturing company
manufactures different types of pumps, which require
shafts of various dimensions. The arrival of shafts
from the turning center to the CNC (computer nu-
merical control) copy turning center follows a Pois-
son process with a fuzzy arrival rate 1. After all the
shafts are served in the queue exhaustively, the op-
erator immediately shuts down the CNC machine.
The operator uses this time for doing some other work
such as making the templates for copy turning,
checking the components. As soon as the quantity of
arriving shafts reaches the minimum quantity N, the
operator turns on the CNC machine and starts the
copy turning process with a fuzzy service rate i for
each shaft. In order to utilize the CNC machine and
the operator efficiently, the management wishes to
determine the optimal threshold value (minimum
quantity) that minimizes the total average cost. The
problem can be modeled as a controllable queueing
system with N policy.

Suppose that the arrival rate, service rate, hold-
ing cost and setup cost are trapezoidal fuzzy numbers
represented by 1=[1,2,3,4], 2=[56,7,8], C, =
[0.5,0.6,0.7,0.8] and Cs =[30, 40, 50, 60], respec-

tively. First, it is easy to find that [x.,x)]=
[a+14-a], [y y ]1=[a+58-a], W, w']=
[0.12+0.5,0.8-0.1z] and [v.,vY]=[10« + 30,
60 —10«]. Itis easy to find a minimum point Nq such
that G’'(Ng)=0 and G"(Ng)>0 [G(N) is as defined in
Eq.(12)]; that is, w/2-vx(y—x)/(yNZ)=0 (or

critical point N, = /2vx(y — x)/ (wy) ) and G"(No)=

2vx(y —x)/ (yN?) > 0. The latter always holds since
y—x>0 and Ng>0. Following Egs.(11) and (13), the
membership function of ¥ can be formulated as

- =minG(N), (16a)
st 2vx(y = x)/ (YNJ) > 0, a+1<x<4—a, a+5<y<8-a,
0.10+0.5<w<0.8-0.1a, 100+30<v<60—10q;
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7Y =maxG(N,), (16b)

s.t. N, =+/2vx(y — x)/(wy), at+1<x<4—a, a+5<y<8-—a,

0.10+0.5<w<0.8-0.1¢, 10a+30<v<60—10a.

It is easy to find the objective values of Eq.(16)
by using a parametric NLP solver. From Eq.(16), the

solutions of the membership function for ¥ in terms
of o are obtained as follows:

L

“ =40(a+5)(

+80Jat +5|y/2(ar +1)(er +3) ),

which occurs at (N*)% = 20[2(ar +1)(a +3)(a +5) *T",
and

a® +13a* +59a + 95

v__ 1
“  40(x-8)

-80|e —8\/2(a —4)(a—6))

occurring at (N")Y = 20[2(e — 4)(« — 6)(c —8) *1"%.

With the help of Matlab 7.0.4, the inverse func-
tions of ¥ and ¥ exist, yielding the membership
function

(a3 —22a% +1640 — 416

4 VBp 1y 1480V 87
3 3 40 10
87 __ _39+80430
(2)=11, — <7< 0
17 (2) 10 40
7—£P+%«/5, 39+4818m<“13+1%0\@’
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where
D =38382+ 240z —115200+/3 / P - 33Q

— (30604827 — 3832807 — 48007%) / 3/Q,
Q =617 278920z — 32 445267 227 + 7 665 6002
+640002° +19 200(—24 454521681 + 451731240z
~30259659002> — 76536 000z° — 4800002*)",

p- [(6397%/6 +403Qz +3Q? +10201609
1/2
+127760z +160022)/§/6} .

The numerical results of the optimal solution
[#",%"] of the membership function ¥ at differ-

ent possibility levels are shown in Fig.1. Crisp inter-
vals for the fuzzy average total cost per unit time at
different possibility levels o are given in Table 1.

1.2

1.0

0.8

0.6

Ny

0.4

0.2

O L L L L L
6 8 10 12 14 16
14

a

Fig.1 The membership function for the minimal av-
erage total cost per unit time

Table 1 The a-cuts of the arrival rate (x), service rate (y), holding cost (w), setup cost (v), optimum threshold (N*),
lower bound and upper bound of the membership function for the minimal average total cost per unit time (%) at

different possibility levels (a)

a XX Ve Y W w v (N, (NS e .
1.00 400 500 800 050 080 3000 60.00 9.80 17.32 53740 15.1564
0.1 110 390 510 790 051 079 31.00 59.00 10.24 17.17 57183  14.8329
0.2 120 380 520 780 052 078 3200 58.00 10.66 17.02 6.0586  14.5096
0.3 130 370 530 770 053 077 3300 57.00 11.05 16.87 6.3956  14.1865
0.4 140 360 540 760 054 076 3400 56.00 11.43 16.71 6.7299  13.8636
0.5 150 350 550 750 055 075 3500 55.00 11.78 16.55 7.0620  13.5409
0.6 160 340 560 740 056 074 36.00 54.00 12.12 16.38 7.3922  13.2184
0.7 170 330 570 730 057 073 37.00 53.00 12.45 16.20 7.7209  12.8960
0.8 180 320 580 720 058 072 3800 52.00 12.75 16.02 8.0483  12.5738
0.9 190 310 590 710 059 071 39.00 51.00 13.05 15.84 8.3746  12.2516
1.0 200 300 600 700 060 070 40.00 50.00 13.33 15.65 8.7000  11.9295




Lin et al. / J Zhejiang Univ Sci A 2009 10(2):311-318 317

In Example 1, for the minimal average total cost
¥, the range of ¥ at [87/10,

(39+80+/30) / 40] (or approximately [8.7, 11.9295]),
indicating that it is definitely possible that the mini-
mal average total cost falls between 8.7 and 11.9295.
Moreover, the range of ¥ at a=0 is
[(19+80+/6) /40, (13+80+/3)/10] (or  approxi-

mately [5.3740, 15.1564]), indicating that the
minimal average total cost will never exceed 15.1564
or fall below 5.3740. In contrast, the optimal thresh-
old value N has also been found. At the cut a=0 of

¥, the lower bound (¥)-_, =(19+80/6)/40

o=1 is

occurs at (N*)5_, = 46 (or approximately 10), and
the upper bound (¥)"_, = (13+80\@)/10 occurs at
(N9)Y, =103 (or approximately 17). At the other
extreme end of a=1, the lower bound (¥);._, =87/10
occurs at (N*)-_, =40/3 (or approximately 13), and
the upper bound (¥)Y., = (39+80+/30) /40 occurs
at (N)Y, = 20\/@/7 (or approximately 16).

As this example demonstrates, the approach
proposed in this study provides practical information
for system designers and practitioners.

Applying Eq.(14), the recommended optimal
threshold value and its corresponding minimum cost
can be obtained, respectively, as

O(N*):J'O1 wda

=10_[l 2(a+1)(a+3)+ 2(ax —4)(x - 6) .
0 (a +5)° (a —8)?

=14.1187 =14,
and

L U
ow)=|, et e ~10.2978.
0 2
Comparison analysis results using fuzzy theory
and conventional method
As shown in the example, the recorded values of
the parameters are approximated to the constants. It is
not proper to analyze the characters of the system
with a single crisp mean value. Traditionally, engi-
neers use the mean of these possible observations for
the parameters as the estimates for finding system

performance measures such as the mean system size,
the mean busy cycle, the minimum cost function, and
the optimal operation policy (threshold) of the system.
In the above example, if the traditional approach is
used to find the system performance measures, the
arrival rate, service rate, holding cost and setup cost

are estimated as 4 =25, zZ=6.5 C, =065 and

C, =45, respectively; the minimum cost and the

optimal operation threshold will be G(N")=10.4681
and N'=15, respectively (see Appendix). However, if
the fuzzy parameters are used to find the minimum
cost (the optimal operation threshold), the ranges are
between 5.3740 and 15.1564 (between 9.80 and
17.32). Table 1 illustrates 10 crisp intervals for fuzzy
minimum cost and optimal threshold at different
possibility levels. Although the possibility of some
occurrences is very low, the system is still affected by
these occurrences. Therefore, the occurrences cannot
be neglected. Considering that engineers prefer a
suitable single value threshold for practical use with
these approximate parameters, this study uses an
approach following Yager’s ranking index method.
Based on the illustrated example, the minimum cost
(the suitable operation threshold) is 10.2978
(Eq.(15b)), lower than 10.4681 (Eq.(13)), the values
derived from the traditional approach. Therefore, the
risk of over-estimation may happen when we adopt
the traditional approach.

CONCLUSION

This paper applies the concepts of a-cuts and
Zadeh’s extension principle to a controllable queue-
ing system and constructs membership functions of
the minimal average total cost per unit time using
paired NLP models. Following the proposed approach,
a-cuts of the membership functions are found and
their interval limits are inverted to attain explicit
closed-form expressions for the minimal average total
cost per unit time. Even when the membership func-
tion intervals cannot be inverted, system managers or
designers can perform numerical experiments to
examine the corresponding o-cuts and then use this
information to develop or improve system processes.

Note that the arrival rate, service rate, holding
cost and setup cost are assumed to be trapezoidal
fuzzy numbers in the numerical example. Clearly, the
proposed approach is not confined to trapezoidal
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fuzzy numbers. It can be applied to other cases with
related system parameters involving convex fuzzy
sets such as LR-fuzzy numbers.
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APPENDIX: MINIMUM COST AND OPTIMAL
OPERATION THRESHOLD OF EQ.(1)

N-1 2
+=+

G(N)zCh(

dG(N) C, CA(u-4)
dN 2 N°u
d’G(N) 2C A(u—4)
2 3 >0
dN N7

H )+Cs/1(ﬂ—/1), (A
u—a N 2

where u, 4, Cs, Cy, and N are positive, and x>4. Let
dG(N)

=0, then
dN

N = /2C5/1(,u -A)
Cou .

(A2)
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