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Abstract:    This study compares the ability of different robust regression estimators to detect and classify outliers. Well-known 
estimators with high breakdown points were compared using simulated data. Mean success rates (MSR) were computed and used as 
comparison criteria. The results showed that the least median of squares (LMS) and least trimmed squares (LTS) were the most 
successful methods for data that included leverage points, masking and swamping effects or critical and concentrated outliers. We 
recommend using LMS and LTS as diagnostic tools to classify outliers, because they remain robust even when applied to models 
that are heavily contaminated or that have a complicated structure of outliers. 
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INTRODUCTION 
 

In engineering science, fitting a model to noisy 
data is a common task since all real data are con-
taminated. The most common form of regression 
analysis is the least squares (LS) method, which 
achieves optimum results when data include only 
normally distributed random errors. Unfortunately, 
this method is extremely sensitive to outliers and 
breaks down when the data include a leverage point 
(Huber, 1981; Hampel et al., 1986; Rousseeuw and 
Leroy, 1987; Shevlyakov and Vilchevski, 2001) or a 
gross error in the y-direction (Hekimoglu, 2005). 
Non-robust estimators fail completely in estimating 
the regression parameters for contaminated data, 
while robust methods can successfully detect bad 
observations. 

Several robust estimators have been developed 
in recent decades (Huber, 1981; Hampel et al., 1986; 

Rousseeuw and Leroy, 1987). Non-parametric esti-
mators insensitive to outliers have also been devel-
oped including the Theil-Sen estimator (Sen, 1968). 
The most commonly used methods with a high 
breakdown point include the repeated median (Siegel, 
1982), the least median of squares (LMS) (Rousseeuw, 
1984), and the least trimmed squares (LTS) 
(Rousseeuw and Leroy, 1987). In all these methods 
the parameters are obtained by fitting sub-samples. 
When many outliers occur, these methods may not fit 
the data correctly. Thus, the effectiveness of any 
method may be defined by its ability to detect outliers.  

In this study, we investigated the local reliability 
of the robust regression methods against the outliers, 
leverage points and/or gross errors in the y-direction. 
An important question is how to compare the effec-
tiveness of these methods when the outliers are small. 
To measure the local reliability of a robust method the 
idea of the mean success rate (MSR) was introduced 
(Hekimoglu and Koch, 1999). MSR was also applied 
to outlier detection in linear regression models 
(Hekimoglu and Erenoglu, 2005) and in geomatics 
engineering models (Hekimoglu and Erenoglu, 2007). 
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There are some general problems with outlier 
detection using the robust methods. The success of 
the identification of the outliers is greatly affected by 
the presence of any leverage points, masking effects, 
swamping effects, critical outliers, or gross errors in 
the y-direction. Moreover, their success also depends 
on how an outlier is defined. In this study, we com-
pared the ability of robust methods to detect outliers 
in linear regression models using MSR. We also de-
termined how many outliers could be detected reliably. 

The rest of this paper is organized as follows. We 
first introduce the mathematical model and then pro-
vide information about the concepts of breakdown 
points and outliers. The definition of the MSR and its 
application to outlier detection in linear regression 
models are discussed. The results of Monte Carlo 
simulations and real data experiments are presented 
and discussed. Finally, the conclusions are  
summarized. 
 
 
MODEL 
 

We consider the classical linear model given by 
 

0 1 1 ... ,  1,2,..., ,i i p ip iy b b x b x e i n= + + + + =      (1) 

 
where n is the size of the sample (number of cases), yi 
is the response variable, xip are the regressors, b0, 
b1, ..., bp are regression parameters and p+1 is the 
number of regression parameters. In classical theory, 
the random error ei is normally distributed with mean 
zero and variance σ2 and is independent of the re-
gressors. The residual ri of the ith case is the differ-
ence between what is actually observed and what is 
estimated: 
 

,ˆiii yyr −=                  (2) 
 
where iŷ  is the estimated value of yi using any esti-
mator. The residual vector r of the least squares es-
timate is also given with the hat matrix 
H=A(ATA)−1AT by 
 

r=(I−H)y,                              (3) 
 

where A is the n×(p+1) design matrix, I is the n×n 
identity matrix, and y is the n×1 data vector. 

BREAKDOWN POINTS 
 

The concept of a breakdown point was first in-
troduced by Hampel (1968; 1971) and later used as a 
functional analytical procedure by Huber (1981). A 
simplified version for finite samples was presented by 
Donoho (1982) and Donoho and Huber (1983). The 
breakdown point is the smallest amount of contami-
nation that may cause an estimator to take an arbi-
trarily large aberrant value. The version of the 
breakdown point for finite samples provides an op-
portunity to compare different statistical estimators. 
This approach has been used in regression analysis 
and in scale and location models (Hampel, 1975; 
Stahel, 1981; Donoho, 1982; Rousseeuw, 1984; 1985; 
Lopuhaa and Rousseeuw, 1991; Davies, 1993; Gather 
and Hilker, 1997; Davies and Gather, 2005). The 
maximal breakdown point of a regression equivariant 
estimator is given by {[(n−p−1)/2]+1}/n (Rousseeuw 
and Leroy, 1987).  
 
 
CONCEPT OF OUTLIERS 
 

In statistical literature, outlier analysis always 
plays an important role (Barnett and Lewis, 1994). 
We denote by ei random errors with normal distribu-
tion and zero expectation, α the significance level, σ 
the standard deviation of the normal distribution, and 
z1−α/2 the corresponding critical value as follows:  

 

1 /2 .ie
P z α

μ
α

σ −

⎛ ⎞−
> =⎜ ⎟

⎝ ⎠
                  (4) 

 
Hekimoglu (1997) considered observations that 

fulfill |ri|>3σ to be outliers.  
In this study, we distinguish between random 

and non-random (structural) outliers. Random out-
liers are those that occur accidentally during the 
measuring process. Their signs and magnitudes 
change randomly according to a uniform distribution. 
Non-random outliers are defined here as those caused 
by the same unknown disturbing source in the meas-
uring process. All of them have the same sign al-
though their magnitudes can change randomly, ac-
cording to any distribution.  
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Masking and swamping effects 
It is well known that masking and swamping 

effects are common problems in outlier detection 
procedures (Hadi and Simonoff, 1993; Hekimoglu, 
2005). Let the observations include two bad outliers 

iy  and .ky  The contaminated residuals ir  can be 
written as follows:  

 

1

(1 ) ,

,  ,  ,  1,2,..., ,

n

i ii i ik k ij j
j

r h y h y h y

j i k i j k i n
=

= − − + +

≠ ≠ ≠ =

∑            (5) 

 
where hii is the ith diagonal element of the hat matrix. 
If the second term on the right-hand side of Eq.(5) has 
the opposite sign to the first term, then the two terms 
may cancel each other. Hence a bad observation be-
comes a good observation. This is called the masking 
effect. Let the observation yi be a good one. If the 
contributions of the second and third terms are added, 
the observation yi might become a bad observation. 
This is the swamping effect. 
 
Leverage points 

If the x-value for a particular observation lies far 
away from the x-values of the majority of the obser-
vations, this point is called a leverage point 
(Rousseeuw and Leroy, 1987) or an outlier in the 
x-direction. Its partial redundancy number, defined by 
1−hii, has the smallest value among all the  
observations. 

 
Critical outliers 

We first assume a simple regression (Table 1). 
Let the outliers in a linear regression model lie close 
together with respect to their x-values and let their 
partial redundancy numbers 1−hii be smaller than 
those of the other observations. In these circum-
stances we call them critical outliers. This kind of 
outlier is considered as a special case of the non- 
random outliers. The two possible outliers are con-
sidered as being ),( 21 yy  or ),( 109 yy  in a regression 
model and the three possible outliers as ),,( 321 yyy  
or ).,,( 1098 yyy  

 
Equileverage design (ELD) 

It is well known that the breakdown point of 
Huber’s method is zero. To eliminate bad effects of 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
the leverage points, the concept of equiredundancy 
design was first proposed by Staudte and Sheather 
(1990). If, and only if, each observation has the same 
geometrical and stochastic effects on the other ob-
servations, the diagonal elements hii of the hat matrix 
H become equal. To achieve this, we multiplied the 
weights by (1−hii)/hii. The balanced weights, which 
provide the equiredundancy, can then be used as the 
pseudo weights of observations for Huber’s method.  
 
 
OUTLIER DETECTION 
 

The concept of the MSR introduced by Heki-
moglu and Koch (1999) was crucial in our simulation 
study. To explain the idea, let us take a good sample o 
coming from a linear model with a known variance of 
errors. A contaminated sample o  may be obtained by 
replacing any m of the original measurements from 
the sample o with arbitrary values. An estimator de-
noted as T is applied to the contaminated sample .o  

The estimator T is considered successful if the 
absolute value of the residual of each contaminated 
observation is greater than z1−α/2σ. An outlier interval 
int(σ) for o will be any interval of the form 

 
int(σ)kl=lσ−kσ=(l−k)σ,  l>k>z1−α/2.          (6) 

 
Let a certain contaminated sample o  contain m 

outliers of any magnitude in the given outlier interval 
int(σ). The partial reliability of an estimator T that is 
applied to this contaminated sample o  is measured 
by the success rate (SR), namely as the number of 
successful identifications divided by the number of 

Table 1  The xi, yi values of a simple regression and the 
partial redundancy numbers 

Point xi yi 1−hii 
1 1 2 0.66 
2 2 3 0.75 
3 3 4 0.82 
4 4 5 0.87 
5 5 6 0.90 
6 6 7 0.90 
7 7 8 0.87 
8 8 9 0.82 
9 9 10 0.75 
10 10 11 0.66 

 



Hekimoglu et al. / J Zhejiang Univ Sci A   2009 10(6):909-921 912 

the contaminated samples (experiments). So the SR is 
given by identifying all of the m outliers in the con-
taminated sample o  depending on the given interval 
int(σ) of the given sample o.  

Many corrupted samples o  can be generated 
from each sample o. Therefore, the definition of re-
liability must be generalized to a ratio of the sum of 
individual SRs of particular samples to the number of 
samples. This is called the MSR of an estimator for 
each number of outliers (Hekimoglu and Koch, 1999). 
Thus, the SR is obtained from many experiments 
using only one sample. However, the MSR is the 
mean value of SRs computed from many samples. 

For instance, let there be two bad observations in 
a sample. First, we apply an estimator to the corrupted 
sample. If the estimator can detect both bad observa-
tions exactly, it is accepted that the estimator is suc-
cessful. Otherwise, the estimator is considered un-
successful. The definition of MSR can be extended 
easily to a dataset without outliers. Then the MSRs 
are equal to the probability that an absolute value of a 
residual exceeds the critical value z1−α/2σ. 
 
 
MONTE CARLO SIMULATION 
 

Simulations were carried out for different data-
sets and different situations to study the performance 
of different robust regression estimators in outlier 
detection. We programmed the algorithms for dif-
ferent robust estimators used during this study in the 
language of technical computing—MATLAB. MAT-
LAB toolboxes were also used for the exact solution 
of LMS and LTS (Stromberg, 1993). Huber’s 
M-estimator and LMS were implemented using 
functions of rlm and rqs, respectively, in the R MASS 
package. The LTS was implemented in function 
ltsReg in the R robustbase package. These methods 
are also available in the SAS procedure ROBUS-
TREG (Chen, 2002). We began by simulating data 
with a known variance of the random errors and this 
known value of the variance was also used in outlier 
detection. 

Let a simple straight line be defined as 
 

0 1 1, 1,2,..., ,i iy b b x  i n= + =  with b0=1, b1=1,   (7) 
 

and a multiple linear regression model be defined as 

0 1 1 2 2 3 3 4 4 2,  1,2,..., ,j j j j jz b b x b x b x b x j n= + + + + =  

with b0=2, b1=−1, b2=0.5, b3=1.2, b4=1.5.      (8) 
 

The regressors were generated from a uniform 
distribution on [0, 1]. 

 
Observations without outliers 

The random errors of e1i (i=1,2,...,n1) and e2j 
(j=1,2,...,n2) were generated from the normal distri-
bution e~N(μ=0, σ2=0.022) by a random number 
generator, a subroutine of MATLAB. To obtain ‘good’ 
observations iy′  and ,jz′  the random errors ei (i.e., e1i 

or e2j) were added to the yi- or zj-values as follows: 
 

,1iii eyy +=′                           (9) 
.2 jjj ezz +=′                        (10) 

 
One hundred sets for iy′  and jz′  were generated 

by creating a subset of the random error vectors e1 and 
e2. 

 
Bad observations 

To simulate a ‘bad’ observation such as iy  or 

,jz  the random error of a ‘good’ observation was 

replaced by an outlier δy or δz. Thus, the magnitude δy 
or δz of an outlier was added to the yi- or zj-value (e.g., 

ii i yy y δ= +  or ).
jj j zz z δ= +  Outliers were gener-

ated by the uniform distribution for a given interval in 
the outlier region as in (Hekimoglu and Koch, 1999). 
We distinguished two kinds of outliers: random and 
non-random. 

1. Random outliers 
The magnitude δy of one random outlier was 

generated by the uniform distribution for a given 
interval int(σ) in the outlier region as follows: 
 

1( ) 3 6 ,   sign( ) ,
k k ky y yint σ σ δ σ δ t δ= < < =     (11) 

1
1

1

,   0.5< 1,
sign( )

,   0< 0.5,
t

t
t

+ ≤⎧
= ⎨

− ≤⎩
        (12) 

2 1 3

2 3

3 ,  , 6 3 3 ,

0 1,  0 1,
kyδ σ t Δ k n t Δ σ σ σ

t t

= + = = − =

< ≤ < ≤
    (13) 

 
where t1, t2 and t3 are distributed uniformly and Δ is 
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the length of outlier interval int(σ). Note that k must 
be an integer because it is an observation number. The 
interval int(σ) for small outliers lies between 3σ and 
6σ, and for large outliers between 6σ and 12σ. For the 
last case, Eq.(13) is changed to 
 

2 1 3

2 3

6 , , 12 6 6 ,

0 1,  0 1.
kyδ σ t Δ k n t Δ σ σ σ

t t

= + = = − =

< ≤ < ≤
   (14) 

 
The magnitudes 

iyδ  and 
kyδ  of two or more 

random outliers were generated by the uniform dis-
tribution for a given interval int(σ) in the outlier re-
gion (Hekimoglu and Koch, 1999). In the multiple 
linear regression, the magnitude δz and the magni-
tudes of 

izδ  and 
kzδ  were generated for one and two 

random outliers, respectively, as done in simple  
regression. 

This algorithm was computed 100 times for each 
sample. First, 100 different iy′  (or jz′ ) samples were 

created by a subset of the random error vectors e1 (or 
e2). Then 100 different contaminated samples of iy  
(or )jz  were simulated for each sample of iy′  (or 

)jz′  by randomly changing the number of observa-

tions, the magnitudes of outliers, and the signs of the 
outliers. Thus, we computed 100 different SRs. The 
mean value of these is called the MSR and represents 
the reliability of the robust estimator.  

2. Non-random outliers 
The magnitude 

iyδ  (or )
jzδ  of a non-random 

outlier was also generated by the uniform distribution 
for a given interval in the outlier region. Two or more 
outliers were generated as before. When the signs of 
multiple outliers were the same, i.e., all plus or all 
minus, we described the outliers as non-random. 

The random errors were simulated with a stan-
dard deviation of 0.02 in each situation. In this study, 
the Theil-Sen estimator, the LMS and LTS methods, 
the repeated median method and Huber’s method 
were each applied as estimators for 0, 1, 2, 3, 4 and 5 
outliers (either random or non-random) that lay be-
tween 3σ and 6σ and then between 6σ and 12σ. First, 
the MSRs for all the methods for identifying outliers 
were computed using both simple and multiple linear 
models. Then, leverage points were added to these 
models. The LTS estimator was computed with the 

trimming constant h ensuring the maximal breakdown 
point, namely 

 

[ / 2] [( 2) / 2],h n p= + +                  (15) 
 

where ‘[ ]’ denotes the integer function. 
 
Simple regression model 

The simple regression model with one inde-
pendent variable was used, as shown in Eq.(7). The 
data are shown in Fig.1 (n1=10).  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

The following methods were applied to the 
samples to detect the outliers for various cases: 

(1) LMS (Rousseeuw, 1984; Stromberg, 1993). 
(2) LTS (Rousseeuw and Leroy, 1987). 
(3) Theil-Sen estimator (Theil, 1950). 
(4) Repeated median (RM) method (Siegel, 

1982). 
(5) Huber’s M-estimation method (Huber, 1981). 
For the Theil-Sen estimator, the slope of the line 

of fit is taken to be the median of the set of 2CN  slopes 
that result from passing a line through each pair of 
distinct points in the dataset. The line’s intercept can 
be estimated similarly. It can be shown that the 
breakdown point of the Theil-Sen estimator is about 
29.3%. The repeated median method fits to a set of N 
distinct points in the plane {pl, p2, ..., pn} and is de-
fined as follows. For each point pi=(xi, yi), let θi de-
note the median of the N−1 slopes of the lines passing 
through pi and each of the other points of the set. The 
repeated median slope, θ*, is defined as the median of 
the multi-set {θi} (the RM-intercept is defined 
analogously, in terms of line intercepts). The repeated 
median estimator has a breakdown point of 50% 
(Kamgar-Parsi and Netanyahu, 1989). 

1 
2 

3 

10
9
8
7
6
5
4
3
2
1

y 

Fig.1  Plot of x and y values for simple regression
1, 2 and 3 are leverage points 

0     5    10          50    55   60   65   70   75    80
x 
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For Huber’s method, the tuning constant c is 
taken as 1.5. The MSRs of all the estimators were 
computed for random and non-random outliers sepa-
rately (Tables 2 and 3, respectively). The LMS and 
LTS methods were shown to flag outliers even when 
the sample had none. This is obviously a significant 
disadvantage of these methods. The other methods 
identified fewer false outliers. Furthermore, the 
MSRs for random outliers were greater than those for 
non-random ones. The MSRs decreased as the num-
ber of outliers increased and increased when the 
magnitude of the outliers increased. 

When there was no leverage point in the data, the 
Theil-Sen estimator had the highest overall MSR 
among all the estimators. The LMS and LTS methods 
required more computing time than the other methods. 
When the data included five outliers, i.e., five good 
observations and five bad observations, all the 
methods failed to detect the outliers.  

Next, we considered a contaminated sample 
containing leverage points. For one leverage point, 
the 11th observation was considered with (y11=12, 
x11=50) and for three leverage points of the 11th, 12th 
and 13th (y11=12, x11=50, y12=13, x12=100, y13=14, 
x13=150). The MSRs for one and three leverage points 
are shown in Tables 4 and 5, respectively. The results 
showed when leverage points existed in the data, the  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

LMS and LTS methods had the largest overall MSR 
for detecting outliers. The second most successful 
method was the repeated median method and the third 
was the Theil-Sen estimator. Huber’s method broke 
down when the data included two or more leverage 
points or when the x-value of the first leverage point 
reached 500 (i.e., x11=500). When the number of lev-
erage points in the data increased, the number of de-
tectable outliers in the y-direction decreased. If the 
sample included leverage points, the MSRs of the 
robust methods decreased.  
 
Multiple regression model 

The multiple regression model given in Eq.(8) 
was generated with four independent variables and 
n2=13. This model was contaminated with different 
numbers (1, 2, 3, 4 or 5) of outliers. The MSRs for 
each estimator were computed for random outliers 
(Table 6). Clearly, the MSRs had decreased signifi-
cantly compared with those for a simple regression 
analysis (Table 2). The LMS and LTS methods iden-
tified extra outliers when none existed. If the number 
of outliers was increased, the MSRs decreased. 
Moreover, if the magnitude of the outlier increased, 
the MSRs also increased. If there was no leverage 
point and no outlier in the data, Huber’s method did 
not identify an outlier, unlike the other methods tested. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table 2  MSRs for simple regression in the case of random outliers and no leverage point 
MSR (%) 

δ>3σ δ=3σ~6σ δ=6σ~12σ Method 
no=0 no=1         2             3            4             5 no=1           2            3            4           5 

Theil-Sen 4 80 69 54 60 0 95 92 85 96 0 
Least median of squares 16 73 67 60 52 0 84 85 88 97 0 
Least trimmed squares 14 79 71 65 53 0 91 92 94 99 0 
Repeated median 6 79 70 55 41 3 93 91 86 77 6 
Huber’s 0 81 74 56 41 2 97 96 90 77 5 
δ: magnitude of the outlier; no: number of outliers 

Table 3  MSRs for simple regression in the case of non-random outliers and no leverage point 
MSR (%) 

δ=3σ~6σ δ=6σ~12σ Method 
no=2              3                4                5 no=2                3                  4                  5 

Theil-Sen 71 61 48 0 87 90 97 0 
Least median of squares 69 60 47 0 85 87 95 0 
Least trimmed squares 74 65 53 0 89 91 96 0 
Repeated median 63 35 15 0 88 72 52 0 
Huber’s 57 23 3 0 90 57 13 0 
δ: magnitude of the outlier; no: number of outliers 
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Furthermore, one and three leverage points were 
added to the multiple regressions. The MSRs are 
shown in Tables 7 and 8, respectively. From these 
results it follows that the LMS and LTS methods were 
the estimators most resistant to leverage points. If the 
data included no leverage points, all the methods were 
unsuccessful in detecting the five outliers. However, 
it may not mean that the estimators break down.  

The MSRs for the Theil-Sen estimator and re-
peated median methods were higher than those of the 
LMS and Huber’s methods for data without leverage 
points. When there were five outliers in the data, all of 
the methods failed to detect outliers in the y-direction. 
The LMS and LTS methods had the highest MSRs 
overall when leverage points existed in the data. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The repeated median method had the second highest 
MSRs overall. It is also noted that the number of 
detectable outliers decreased for the Theil-Sen esti-
mator when the number of leverage points increased. 
Consequently, these simulation results verify the 
known theoretical properties of the robust estimators. 
For example, Huber’s estimator has a low breakdown 
point, the LMS and LTS are robust methods with high 
breakdown points, and the Theil-Sen estimator has a 
lower breakdown point than LMS or LTS. 
 
Experiment with real data 

We used the pilot-plant dataset from (Daniel and 
Wood, 1971). The response variable yi corresponds to 
the acid content determined by titration, and the 

Table 4  MSRs for simple regression in the case of random outliers and one leverage point 
MSR (%) 

δ>3σ δ=3σ~6σ δ=6σ~12σ Method 
no=0 no=1        2            3            4            5 no=1           2            3            4          5 

Theil-Sen 5 73 59 33 41 0 88 79 53 54 0 
Least median of squares 16 73 60 47 40 0 84 82 71 52 0 
Least trimmed squares 14 78 64 52 44 0 89 86 76 57 0 
Repeated median 5 77 67 40 30 0 92 89 68 51 0 
Huber’s 3 80 78 44 21 0 93 89 65 40 0 
δ: magnitude of the outlier; no: number of outliers 

Table 5  MSRs for simple regression in the case of random outliers and three leverage points 
MSR (%) 

δ>3σ δ=3σ~6σ δ=6σ~12σ Method 
no=0 no=1        2            3             4             5 no=1           2             3            4           5 

Theil-Sen 28 10 5 1 0 0 11 6 1 0 0 
Least median of squares 12 76 43 30 0 0 85 88 46 0 0 
Least trimmed squares 13 81 47 35 0 0 89 93 52 0 0 
Repeated median 21 54 42 11 0 0 66 55 17 0 0 
Huber’s 0 0 0 0 0 0 0 0 0 0 0 
δ: magnitude of the outlier; no: number of outliers 

Table 6  MSRs for multiple regression in the case of random outliers and no leverage point 
MSR (%) 

δ>3σ δ=3σ~6σ δ=6σ~12σ Method 
no=0 no=1         2            3            4            5 no=1           2            3           4           5 

Theil-Sen 8 64 55 57 43 0 76 74 68 35 0 
Least median of squares 26 45 37 27 14 0 56 61 66 65 0 
Least trimmed squares 28 49 40 31 15 0 60 64 67 66 0 
Repeated median 6 63 56 34 23 0 74 73 69 62 0 
Huber’s 0 61 40 19 10 0 91 78 52 33 2 
δ: magnitude of the outlier; no: number of outliers 
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regressors xi are the organic acid content determined 
by extraction and weighing. The data are plotted in 
Fig.2 and include 20 points.  

 
 
 
 
 
 
 
 
 
 
 
 

 
 

The simple regression model with one inde-
pendent variable was fitted to the data by using the 
robust estimators. For Huber’s method, the estimated 
variance computed from the LSE is used instead of 
the a priori variance, σ2. The residuals from these 
estimators are shown in Table 9. The results showed 
that the residuals of the 4th and 6th data points were 
significantly greater than the others although the re-
siduals from each estimator differed. Thus, the cor-
responding points are outliers and all the methods 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
successfully identified them. We also computed the 
median of absolute deviations of the residuals 
(Rousseeuw and Leroy, 1987), shown in the last row 
of Table 9. By taking the median absolute deviation 
(MAD) value of residuals from Huber’s method, i.e., 
σ̂ =1.8017, as the estimated value of the standard 
deviation σ, we see that the Theil-Sen and repeated 
median methods also flagged the 10th observation as 
an outlier (r10>3 σ̂ ) while the other methods did not. 

However, we cannot only measure the ability of 
the methods to identify outliers in the case study. 
Residuals help us to also find out which observation 
point includes the gross error. 

 
 
DISCUSSION 
 

Thus far, we have assumed a known variance of 
random errors. Otherwise, the MAD estimator can be 
used instead of the value of the (unknown) variance 
(Hampel et al., 1986). It can be computed as follows: 
 

1.4826 (| |),  1,2,..., ,iMAD median r i n= × =    (16) 
 
where |ri| is the absolute residual. Thus, we can discuss 
the effect of the variance factor on outlier detection. 
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Fig.2  Plot of extraction vs titration values

Table 7  MSRs for multiple regression in the case of random outliers and one leverage point 
MSR (%) 

δ>3σ δ=3σ~6σ δ=6σ~12σ Method 
no=0 no=1        2            3            4             5 no=1            2             3            4           5 

Theil-Sen 5 58 48 26 21 0 70 63 43 25 0 
Least median of squares 27 52 43 28 19 0 68 52 34 23 0 
Least trimmed squares 28 56 46 30 21 0 69 55 36 25 0 
Repeated median 9 61 54 40 0 0 73 72 54 0 0 
Huber’s 0 0 0 0 0 0 0 0 0 0 0 
δ: magnitude of the outlier; no: number of outliers 

Table 8  MSRs for multiple regression in the case of random outliers and three leverage point 
MSR (%) 

δ>3σ δ=3σ~6σ δ=6σ~12σ Method 
no=0 no=1        2            3            4             5 no=1           2             3            4           5 

Theil-Sen 31 9 4 0 0 0 9 4 0 0 0 
Least median of squares 22 54 38 0 0 0 66 62 0 0 0 
Least trimmed squares 24 57 41 0 0 0 68 61 0 0 0 
Repeated median 14 44 33 0 0 0 53 44 0 0 0 
Huber’s 0 0 0 0 0 0 0 0 0 0 0 
δ: magnitude of the outlier; no: number of outliers 
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As an example, we applied this procedure to the 
Theil-Sen estimator for the simple regression Eq.(7). 
The MAD was obtained using residuals according to 
Eq.(16), and the computed MSRs using Theil-Sen 
estimation are shown in the first row of Table 10. The 
MSRs decreased compared with those in the second 
row of Table 10, where the variance was known. Note 
that the second row of Table 10 is the same as the first 
row of Table 2.  

It can be seen that Huber’s estimator broke down 
even if the data included only one leverage point. 
When the ELD is considered, the MSRs of Huber’s 
method to detect the outlier increase and it does not 
break down (Hekimoglu, 2005). Thus, we first mul-
tiplied the weights by (1−hii)/hii, and the balanced 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
weights were obtained. In addition, Huber’s method 
with the balanced weights was applied to the simple 
regression where the sample included two leverage 
points. The MSR of Huber’s method with ELD was 
significantly greater than that of Huber’s method, but 
still smaller than the MSR of the LMS (Table 11). 

Why does a robust estimator fail to identify the 
outlier(s) correctly? The identification of multiple 
outliers is complicated owing to masking and 
swamping effects. In addition, the performance of the 
estimators strongly depends on the following vari-
ables or properties: the partial redundancy numbers of 
the observations, the magnitude of the outliers, the 
number of outliers, the type of the outliers (random or 
non-random), random errors, the position of outliers 

Table 9  Residuals of the methods for the real data experiment 
Residual 

Experiment No. 
Theil-Sen LMS LTS Repeated median Huber’s method

1 −0.1928 1.6170 1.0810 0.1894 −0.8872 
2 1.7671 0.0851 −0.4400 2.2902 0.7053 
3 −0.6758 2.6809 2.1597 −0.1024 −1.8688 
4 −8.7962 12.0851 11.5967 −7.8000 −11.0914 
5 1.7609 1.6809 1.1964 2.8074 −0.6655 
6 −14.9907 18.8298 18.3555 −13.8133 −17.7583 
7 2.9893 1.0638 0.5950 4.2371 0.0380 
8 3.1698 −1.0426 −1.5606 3.7835 1.8719 
9 3.9291 0.7660 0.3135 5.3883 0.4267 
10 5.3920 −1.0638 −1.5256 6.7305 2.2046 
11 −1.8641 2.8298 2.2821 −1.6329 −2.1648 
12 2.6127 −0.6383 −1.1603 3.1761 1.4460 
13 −1.8039 2.1277 1.5635 −1.7841 −1.5535 
14 3.9553 −1.0638 −1.5624 4.8207 2.0013 
15 1.7069 0.7872 0.2786 2.4414 0.0940 
16 −0.3610 0.5319 −0.0361 −0.3915 0.0206 
17 0.0819 −0.0638 −0.6358 0.0011 0.5947 
18 0.5047 −0.4255 −0.9959 0.4440 0.9651 
19 −0.6897 1.3191 0.7628 −0.5692 −0.7017 
20 1.5047 −1.7447 −2.3158 1.4440 1.9651 

Rousseeuw’s MAD 2.6061 1.9715 1.9764 2.4674 1.8017 
MAD: median absolute deviation  

Table 10  MSRs for the Theil-Sen estimator with and without MAD for simple regression 
MSR (%) 

δ>3σ δ=3σ~6σ δ=6σ~12σ Method 
no=0 no=1                    2                       3 no=1                  2                    3 

With MAD 4 59 45 26 84 86 74 
Without MAD 4 80 69 54 95 92 85 
δ: magnitude of the outlier; no: number of outliers 
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in the data (e.g., if two outliers are close to each other 
or not) and the tuning constant c (Hekimoglu, 2005). 

Let us discuss the situation when a robust 
method cannot identify outliers. Let the sample be 
given as {(y1, x1), (y2, x2), …, (y10, x10)} for simple 
regression. Let 3y be contaminated by an outlier. If a 
robust method is applied to the sample, the following 
results may arise: 3y  is identified as a bad observa-
tion; 3y  and another observation are identified as bad 
ones; instead of 3 ,y  another observation is identified 
as a bad one; no outlier is identified. 

Why does this occur? Robust methods with a 
high breakdown point are not efficient against small 
outliers in the y-direction (Hekimoglu, 2005). They 
detect outliers even though the sample includes no 
outlier due to estimating the parameters. For detecting 
outliers, more efficient results are obtained for 
M-estimators. 

We have performed another simulation study to 
investigate the effect of the critical value that defines 
an outlier. Let the observation samples be contami-
nated by an outlier whose magnitude changes be-
tween 3σ and 6σ and let the critical value be kσ. For 
this test, the constant k was increased step by step 
from 2.50 to 3.00 and different samples were simu-
lated. The performance of different methods is shown 
in Table 12, where the most successful results are 
shown in bold. They are 2.90σ for the LMS method, 
2.80σ for the repeated median method and 2.65σ for 
Huber’s method. There is no single optimal critical 
value for all the methods. 

We have also considered the masking effect. Let 
the simple regression again be given as detailed in 
Table 1. Consider two bad observations located close 
to each other, such as 1 2( , ),y y  2 3( , )y y  and ),,( 109 yy  
separately. The partial redundancy numbers of these 
two bad observations are smaller than those of the 
others. The magnitude of one of them is greater than 
that of the other. The MSRs of all the robust methods 

 
 
 
 
 
 
 
 
 
for non-random outliers are shown in Table 13. They 
are seen to have decreased considerably compared 
with the MSRs given in Tables 2 and 3 for random 
and non-random outliers, respectively. However, the 
MSRs of the LMS are greater than before. This is also 
valid for the multiple regression.  

In the next part of the study, we simulated the 
swamping effect on the simple regression given in 
Table 1. Thus, we designed that 1 3( , ),y y  2 4( , ),y y  

7 9( , )y y  and ),( 108 yy  are bad observations for sepa-
rate cases in simple regression. The MSRs of all the 
robust methods for non-random outliers are shown in 
Table 14. They have decreased considerably com-
pared with the values given in Table 3. However, the 
MSRs of the LMS are larger than those of the other 
methods. These results are also valid for multiple 
regression models.  

While investigating the effect of critical outliers, 
we considered the cases where 1 2( , ),y y  9 10( , ),y y  

1 2 3( , , ),y y y  8 9 10( , , ),y y y  1 2 3 4( , , , )y y y y  or 7 8 9 10( , , , )y y y y  
are the sets of bad observations for the simple re-
gression previously given in Table 1. The MSRs of all 
the robust methods for non-random outliers are 
shown in Table 15. The values decreased dramatically 
when compared to those given in Table 3. Further-
more, Huber’s method was more successful than 
LMS in the case of random outliers. Note that the 
results for random outliers are not given due to lack of 
space. LMS was more successful than the other 
methods in the case of non-random critical outliers. It 
was also effective for multiple regression.  

We have also considered the effect of concen-
trated outliers. These lie far away from the bulk of the 
data and act in a similar way to leverage points. 
However, they lie close to each other (Fig.3). The 
concentrated outliers were simulated for both simple 
and multiple regressions. The MSRs of all the robust 
methods for non-random outliers are shown in Table 
16. They behaved in the same way as in the study of 
leverage points.  

Table 11  MSRs of Huber’s method with ELD for simple regression in the case of random outliers and two lev-
erage points 

MSR (%) 
δ>3σ δ=3σ~6σ δ=6σ~12σ Method 
no=0 no=1                   2                      3 no=1                 2                     3 

Without ELD 0 0 0 0 0 0 0 
With ELD 9 58 48 26 70 63 43 
δ: magnitude of the outlier; no: number of outliers. ELD: equileverage design
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Gross outliers in the y-direction are errors with a 
very large magnitude with respect to the magnitude of 
other outliers, for example 1000σ or more. We con-
sidered linear regression models with gross errors at 
both ends of the interval for the observations, where 
the partial redundancies were smaller than for the 
other observations. If the sample had even a gross 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
error in the y-direction, the results from LSE and M- 
estimator were disturbed. However, gross errors did 
not affect the LMS or LTS results. In other words, 
LMS and LTS identified gross errors successfully. 
 
 
CONCLUSION 
 

In this study, four robust methods with high 
breakdown points and Huber’s method were com-
pared using the MSR in different outlier scenarios in 
the x- and y-directions. A simulation compared their 
ability to detect and classify outliers in linear regres-
sion models. The results showed that the mean suc-
cess rates decreased as the number of regressors in the 
regression model increased. Moreover, as the mag-
nitude of outliers increased, the MSRs also increased. 
If the actual number of outliers increased, the MSRs 
decreased. The MSRs of random outliers were greater 
than those for non-random outliers. Huber’s method 
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Fig.3  The concentrated outliers for simple regression
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Table 15  MSRs for non-random in the case of critical 
outliers 

MSR (%) 
Bad observation 

Theil-Sen LMS Huber’s

1 2( , )y y  58 60 46 

9 10( , )y y  57 61 45 

1 2 3( , , )y y y  37 43 32 

8 9 10( , , )y y y  38 42 31 

1 2 3 4( , , , )y y y y  26 39 22 

7 8 9 10( , , , )y y y y  25 39 24 

Table 16  MSRs for non-random outliers in the case of 
concentrated outliers 

MSR (%) 
Bad observation 

Theil-Sen LMS Huber’s
11y  72 73 80 

11 12( , )y y  51 76 0 

11 12 13( , , )y y y  10 76 0 

11 12 13 14( , , , )y y y y  0 75 0 

Table 14  MSRs for non-random outliers in the case of 
swamping effect 

MSR (%) 
Bad observation 

Theil-Sen LMS Huber’s

1 3( , )y y  29 31 17 

2 4( , )y y  31 32 18 

7 9( , )y y  30 32 18 

8 10( , )y y  29 31 17 

Table 13  MSRs for non-random outliers in the case of 
masking effect 

MSR (%) 
Bad observation 

Theil-Sen LMS Huber’s

1 2( , )y y  38 41 26 

2 3( , )y y  39 42 28 

9 10( , )y y  37 41 26 

Table 12  MSRs of the robust methods for different values of k 
MSR (%) 

Method 
k=3.00 2.95 2.90 2.85 2.80 2.75 2.70 2.65 2.60 2.55 2.50

Least median of squares 73.3 73.3 73.4 72.4 71.6 70.4 69.1 67.6 65.6 63.9 60.8
Huber’s 81.3 82.3 82.8 83.8 84.1 84.4 84.3 84.8 83.8 83.7 83.4
Repeated median 78.6 79.1 79.7 79.8 80.2 79.8 79.8 79.1 78.8 77.0 76.0
Bold numbers represent the most successful results 
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was more successful than the other methods when the 
data did not include any leverage points. Among the 
robust estimators with high breakdown points, the 
LMS and LTS methods were the most successful 
against the leverage points and gross errors in the 
y-direction. In addition, the LMS and LTS methods 
were the most successful when masking and/or 
swamping effects occurred in the data and when the 
outliers were concentrated. The median-based 
methods failed in some cases when the data did not 
include any outliers, because they have the tendency 
to classify non-outlying observations as outliers. The 
success rates of the methods also changed according 
to the actual definition of an outlier. However, the 
MSR may be interpreted as a local estimated value of 
the finite sample breakdown point that can be used to 
compare the reliability of the robust methods for out-
lier detection. We recommend using LMS and LTS as 
diagnostic tools to classify outliers, because they 
retain their robustness even for models that are heav-
ily contaminated or that have a complicated structure 
of outliers.  

Finally, in future work, the simulation study 
could be extended to cover the case of unknown 
variance for the robust methods used. 
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