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Abstract: In standard canonical correlation analysis (CCA), the data from definite datasets are used to estimate their canonical
correlation. In real applications, for example in bilingual text retrieval, it may have a great portion of data that we do not know
which set it belongs to. This part of data is called unlabeled data, while the rest from definite datasets is called labeled data. We
propose a novel method called regularized canonical correlation analysis (RCCA), which makes use of both labeled and unlabeled
samples. Specifically, we learn to approximate canonical correlation as if all data were labeled. Then, we describe a generalization
of RCCA for the multi-set situation. Experiments on four real world datasets, Yeast, Cloud, Iris, and Haberman, demonstrate that,
by incorporating the unlabeled data points, the accuracy of correlation coefficients can be improved by over 30%.
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INTRODUCTION

Canonical correlation analysis (CCA), devel-
oped by Hotelling (1936), has been a standard tool in
statistical analysis. It finds two bases, which are op-
timal with respect to correlations; at the same time, it
finds the corresponding correlations. A good intro-
duction of CCA can be found in (Kettenring, 1971;
Hardoon et al., 2004). Further details and applications
of CCA can be found in (Gittins, 1985; Cohen et al.,
2002; Kuss and Graepel, 2003; Vert and Kanehisa,
2003; Vinokourov et al., 2003; Yamanishi et al.,
2003). Traditional CCA uses the labeled data to cal-
culate the correlation coefficient without considering
the unlabeled data points. In this paper, we propose a
regularized CCA, which makes use of both labeled
and unlabeled data points, to improve the accuracy of
the result.

Here we briefly explain what the regularized
CCA s and why it is needed. Vinokourov et al.(2003)
used a variant of CCA, Kernel CCA, to infer a se-

mantic representation of text from different languages.
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An initial sample of documents is translated by human
to create a set of dual-language training documents:

{x?i=12,...,N}=D¢, {x?i=12,...,N}=D,.

For example, Dg is a set of texts labeled as Eng-
lish and D is labeled as French. Vinokourov et al.
(2003) used Kernel CCA to extract semantic infor-
mation from these two corpuses. However, only a
small part of the total bilingual texts can be manually
labeled and included in the corpus. In other words,
suppose Dy is the total set of texts in English and
French available. The languages of most documents
are not explicitly labeled, which form another set
defined as Dynianeled. The relation between these cor-
puses iS Diota=DrUDgUDynianeted- In such a case, the
original CCA or its variant Kernel CCA can calculate
only canonical correlation with the labeled datasets
(De and Dg). By incorporating regularization terms,
the regularized canonical correlation analysis (RCCA)
can use Dg, Dr and Dyniabered at the same time. The
abovementioned example is a typical application
where RCCA is preferable. We have noted that, in
order to fit in the same coordination, the two random
variables should have the same dimension. This can
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be achieved by using dimension reduction or feature
selection before CCA is applied.

Fig.1 illustrates the idea of this study. All data
points are from class Setosa and class Virginica of the
famous Iris dataset. First assume that only the data
points in circles and squares are labeled, and we do
not know which class the rest of the points belong to.
The maximum canonical correlation calculated from
these labeled data points is defined as piapered. ON the
other hand, given the class labels of all the data points,
we will be able to calculate the ideal maximum ca-
nonical correlation pit.aii-taveled-  ODVIOUSIY,  piapeled?
Pit-all-laeled- VWE define their absolute difference as the
correlation error (ogr) as follows:

Ooor = Pitaittabetes — Pravetea |- 1)

RCCA is proposed in this study to incorporate
the manifold structure illustrated by unlabeled data to
reduce the correlation error defined in Eq.(1).
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Fig.1 Illustration of regularized CCA with unlabeled data

RCCA intends to reduce the gap between CCA calculated by
all data points and by labeled points (in circles and squares)

Since proposed in 1936, CCA has developed
other variants (Gestel et al., 2001; Bach and Jordan,
2005). Earlier attempt to enhance CCA by regulari-
zation techniques has also been made. Gou and Fyfe
(2004) developed a canonical correlation neural
network for multi-collinearity and functional data.
Inspired by their work, we introduce a different pen-
alty term using unlabeled data to reduce the error
caused by lack of labeled data. Kettenring (1971)
extended the canonical correlation as a measure be-
tween two sets of variables to more than two sets,
while preserving most of its properties. Hardoon et al.
(2004) also designed a generalized CCA with opti-
mization problem formulation. Inspired by their work,

we generalize RCCA for the situation where more
than two datasets are considered.

CANONICAL CORRELATION ANALYSIS

Given a sample of instance S =((x,x?),
(X2, x2), ... (x®¥, x?)), where x eR? (r=1, 2;
i=1, 2, ..., N), and the superscript “(r)’ of each vector
indicates which set the vector belongs to. S denotes
the first dataset {x, x¥, ..., x{’} and S!? denotes
the second dataset {x, x{?,..., x{P}. The first
stage of canonical correlation is to choose the pro-
jection vectors of w® and w® to maximize the
correlation

(swe sPw?)

OO [lg @y @
SX WX SX WX

W;l),W&z)

N
If E[f(x(l),x(z’)]zﬁzf(xi(l),xi(z’) is used to

i=1
denote the empirical expectation of f(x®,x®), we
can rewrite the correlation expression as

(W) Epw?

Wi i \/(Wil) )T E11W§<1) (WE<2) )T E22WE<2)

where E, =E[x"(x™)"] (r, m=1, 2).
Now observe that the covariance matrix of x®,
) ;
x@ is

C — E[(X(I)X(Z))T(X(l)x(z))] _ [Cll C12 j
CZl CZZ

The total covariance matrix C is a block matrix where
the within-sets covariance matrices are Cq; and Co,
and the between-sets covariance matrices are

C,, =C,,. Hence, we can rewrite the correlation as

— max (Wil))Tclef)
p T AT O (N T @
o (Wx ) C11Wx (Wx ) C22Wx

(2)

The CCA optimization problem formulated in
Eq.(2) is equivalent to the following optimization
problem:
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O w®
Jmax (W) Cpw?) -
st. (w)'c,w? =1 and (w?)"C,w? =1.

This optimization problem is equivalent to the
following generalized eigenvalue problem:

-1 @ _ g2 @
ClZCZZCZlWx =4 Cllwx .

Then w® can be calculated by

1
(2) _ -1 @)
W, = ZCZZCMWX :

REGULARIZED CANONICAL CORRELATION
ANALYSIS WITH UNLABELED DATA

Given two sets of labeled data {x, x{", ...,
xPY, {x?, x?, ..., x?}, and a much larger unla-
beled dataset {z;, z,, ..., z,}, where x”, zeR" (r=1,
2;i=1,2, ..., 1;j=1, 2, ..., u). Data matrices used later
are: XO =[x®, x®, .., xP], X@=[x? xP, ...,

x\?71, and V=[vy, Vy, ..., Vaixy]. Each data vector is a
column of V, satisfying

x®, 1<i<l,
v, =1x®, 1+1<i<2l, 4)
z 21+1<i<2l +u.

i-21»

Objective function
CCA aims to find a pair of projection vectors

(w®, w®) such that the correlation coefficient p in

Eq.(2) is maximized. When there are no sufficient
training samples, over-fitting may happen. A typical
way to prevent over-fitting is to impose a regularizer
(Gou and Fyfe, 2004; Shawe-Taylor and Cristianini,
2004):

(WE(D )T CIZWiZ)

m ,
W [FOF(2)
where

F(r)=w)C, w +a, W), r=12.

rr X

®)

The regularization term J(w) controls the learn-
ing complexity of the hypothesis family, and the co-
efficients a; and a, control balance between the
model complexity and the empirical loss. J(w) pro-
vides us the flexibility to incorporate our prior
knowledge into some particular applications. When a
set of unlabeled examples is available, we aim to
construct a J(w) incorporating the manifold structure.
The key to learning with unlabeled data is the prior
assumption of consistency. For subspace projection, it
can be interpreted as ‘nearby points have similar
embedding (low-dimensional representations)’. Usu-
ally this is achieved by using a graph G represented
by the weight matrix S, where the nodes are all the
data points, both labeled and unlabeled. The edge
between nodes i and j represents their similarity. We
define two kinds of weight matrices in this work, a
sparse  p-nearest-neighbor graph S; and an
exp-weighted graph S, as follows:

- L vieN,(v;)orv,eN,(v),
(s _{0, otherwise, ©
(S,), =exp [Mj ™
(o2

Np(vi) denotes the set of p nearest neighbors of v;.
Specifically, if two data points are linked by an edge
in S; or have a highly weighted edge in S,, they are
probably from the same set. Thus, a natural regular-
izer can be defined as
2l+u
Jw) =" (w'v, —w'v,)’S,.

ij=1

J(w) can be written into a more compact form as

2l+u
Jw)=>" (W', —w'v,)’S;

i,j=1

= ZZ wiv,Dvw 2> w'y,Sviw ®)

¥
=2w'V(D-S)V'w
=2w'VLV "w.

D is a diagonal matrix, whose entries are column (or
row, since S is symmetric) sum of S, i.e,

D, = ZJSU. L=D-S is the famous Laplacian matrix.

With this regularizer, we can write the objective
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function of our RCCA as follows:

W) Cpowy”

maX —————————,
W JFFQ)

where F'(r)=w")"(C,, +a VLV W, r=1,2.

9)

Regularized canonical correlation analysis
Since the solution to Eq.(9) is not affected by

re-scaling w® or w!? (Hardoon et al., 2004), Eq.(9)
is equivalent to the following optimization problem:

max ((w)"C,,w?)

w® w®
st. (Ww)T(Cpy +a VLV WS =1,
W' (C,, +a,VLV ) W? =1,

(10)

Its Lagrangian function is
Lw®,w®, 10 1@)
1 x 17 1 v

X

@
=w{C,w? — %[(w@f (Cy +aVLV WY —1]
21
—?[(Wf’f (Cp + VLV W 1], (1)

Taking derivatives with respect to w® and w'”, we
obtain

% =C,W? - A9(Cy, +aVLV )W® =0, (12a)
_ oL @) (2) Ty (2)
8W(2) =0Wy = ﬂ*x (sz + QZVI—V )Wx =0. (12b)

Considering the symmetry of x® and x@, it is rea-
sonable to define a;=ay=a. Subtracting (w)" times

Eq.(12a) from (w?)" times Eq.(12b), we have

~WP) CLw? + 20 (W) (Cyy +aVLV )WY
+(W)TCw® — 22 (W) (C,, + VLV T)W? =0,
(13)

Considering the constraint function in optimization
problem Eq.(10) and (w?)"C, w® = (w®)"C w?,

we have A = 1% = 1. By Eq.(12) we can convert

the optimization problem Eq.(10) into the following
generalized eigenvalue problem:

C,(C,, +aVLVT)'C,w® = 2*(C, + aVLV )W,
(14)

w® can be calculated by
w? =(C,, +avLVT)'C, W / 4. (15)
We are left with a generalized eigenvalue prob-
lem. In case that Cy+aVLV' and Cyp+aVLV' are

singular, we may add a small regularization term «l in
practice.

EFFICIENT GENERALIZATION OF RCCA

In this section we propose an efficient way of
generalizing RCCA for the multi-set situation, which
is based on generalized canonical correlation analysis
(GCCA). GCCA intends to calculate all correlation
vector pairs over R datasets. The optimization prob-
lem is given below:

min lZR:”H - XOw O
R r=1

F

st. w”)'Cc, w® =1,

w")rc, wi” =0, ifi=j,

w)c, w™ =0, ifr=mandi= j,
rrm=L12.,R;i,j=12..,Kk,
exceptwhenr=mandi= .

(16)

Eq.(16) is one form of GCCA. Hardoon et al.
(2004) proved that the optimization problem Eq.(16)
is equivalent to traditional CCA when more than two
datasets are considered. It is also worth noting that,
previously we only preserved the largest eigenvalue
and its corresponding eigenvectors. However, we can
also preserve more than one pair of projection vectors
corresponding to k canonical eigenvalues.

Let X®, X@, ..., X® be R matrices of data cor-
responding to definite sets with sizes Ixdy, Ixd,, ...,
Ixdg, respectively. Each row of X® (r=1, 2, ..., R) isa
data vector. Note that this definition is different from
that in previous sections. Let H be an unknown matrix
with size Ixk, where k is the number of canonical
eigenvectors reserved. The columns of the matrices
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X® x@ . X® are centralized. We assume that the
columns of every matrix X0 (r=1, 2, ..., R) are line-
arly independent. A notation to simplify the formulae
is introduced as Cpn=(X")TX™.

We consider arbitrary linear combinations of the
columns of these matrices in the form of X“w"
(i=1, 2, ..., k; r=1, 2,..., R). Let W =[w”, w!",

w7 (r=1, 2, ..., R) be matrices comprising the
vectors of the linear combinations of columns. We are
looking for linear combinations of the columns of the
known matrices and a corresponding H to be the
optimal solution to the optimization problem Eq.(16)
(Hardoon et al., 2004).

It is not easy to see that RCCA incorporates
geometric structure of the data by adding special
regularization terms, e.g., «VLV", into the optimiza-
tion constraints of CCA as in Eq.(10). Inspired by this
idea, in order to generalize RCCA, we add the
regularization terms into the constraint functions of
Eq.(16). So the general form of RCCA can be de-
scribed by the following optimization problem:

_Z"H X(f)W (f)

HWO W
st. (W) (C,, +avLV " w" =1,
W) (C,, +aVLV )W =0 (17)
Ww")(C,, +aVLV W™ =0, ifr=mand i = j,
r,m=12..R;i, j=12,..Kk,
except whenr=mandi= j.

Cifi |,

Apply substitutions

w® =(C_ +aVvLVT) 2 y", (18)

We assume that C+aVLV' has full rank. This
assumption usually holds, because Crr has full rank
when the columns of the matrix X are independent.
We can always decrease « to achieve this assumption.
This optimization problem can be transformed into a
simpler form. First, we modify the set of constraints.
To make this modification readable the following
notation is introduced:

D,,=(C, +aVLVT)"*(C  +aVLV")
(C,y +aVLVT) 2,
rrm=12, .., R

(19)

So the constraint functions of Eq.(17) can be rewritten
as

(Y y" =

(y)Ty" =0, ifi=j,

(Y)'D,,y™ =0, ifi# jandr=m, (20)
r=,2,..,R;i,j=12,..,k

exceptwhenr zmandi= j.

Eq.(20) is equivalent to singular decomposition
problems of the matrices Drm. If we consider the ma-
trix Drm for a fixed pair of the indexes r, m and apply
the singular decomposition, we have

D,,=(Y"")"4, Y™ (21)

Columns of Y and Y™ equal y and y™
respectively satisfying (Y®)YO=1, (Y™)TY™=|. The
singular decomposition Ay, is a diagonal matrix.
Constraint functions of Eq.(17) do not contain the
items having indexes with the properties r#m and i=j.
The singular values of D, are given as

(V) D y™ = 4. (22)

The consequence of the singular decomposition
is that the set of the feasible solutions to the optimi-
zation problem with constraints Eq.(20) is equal to the
set of the singular vectors of the matrices Dyy. To
express the objective function of Eq.(17), we use the
notations

U, =X"C, +avLVT)™ (23)

We can derive another statement about the op-
timal solution. Exploiting the definition of the Fro-
benius norm, the objective function of Eq.(17) can be
rewritten as a sum of the Euclidean norm of the

column vectors, where h; denotes the ith column of
the matrix H:

ii"H — X(T)W (r) i :%ig”hl _ x(r)Wi(r) i
Y AT
R r=1 i=1 y
%ZR:ZKXH ~Uy?”, h=U, ). (24)
r=1 i=1
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Combined with the constraint functions rewrit-
ten in Eq.(20), the Lagrangian function of the
optimization is

Zk:<h U y<r) h-U y(r>>

i=1

lle
(M

EDRIS WP WEMCTDETD

=1 i=1, j=Lix]

2 Ay GO, (25)

r=l,m=lrzmi=l1, j=1,i#]

R
o
=

+

et EM*

We disregard the constant 1/R from the objective
function Eq.(17). After computing the partial deriva-
tives, where h; signs the ith column of the matrix H,
we obtain

R
S—hL:Z(Zhi—ZUryi(”)=O, i=12..k  (26)
i r=1
oL : :
m= TUryi()—ZUrThi—Z/%Zy()

R k

- 2 Z Z lrm,ij Drm ygm) = 0! (27)

r=l,m=1r=mi=l, j=l,i#j

r=12,..,R;i=1,2,..,k.

From Eq.(26) h; can be expressed as

ZU vy =12,k (28)

Thus, we can replace the variable H in Eq.(17)
by an expression of the other variables without
changing the optimum value or the optimal solution.

EXPERIMENT

We designed two sets of experiments to test
RCCA and performed comparative experiments over
four real world datasets, i.e., Yeast, Cloud, Iris, and
Haberman.

All the four real world datasets consist of several
subcategories. We chose two categories from each
dataset and analyzed the canonical correlation be-
tween them. The detailed information of the datasets
used is listed in Table 1.

Table 1 Datasets used in the experiments

Dataset Classes Labeled Unlabeled
Haberman Both two 16 130
Yeast Cytosolic, Nuclear 85 698
Cloud Both two 204 1640
Iris Setosa, Virginica 10 80

The first experiment (Figs.2 and 3) assumes that
20% of the data points in each dataset are labeled. We
compared different parameter settings of RCCA using
the p-nearest-neighbor Laplacian matrix. The pa-
rameters we selected are shown in Table 2. Next we
compared the performance of RCCA with two dif-
ferent Laplacian matrices defined in Egs.(6) and (7).

The second experiment (Fig.4) compares RCCA
with CCA when the share of labeled data varies. In
this experiment, RCCA uses a dense Laplacian matrix
defined in Eq.(7) (o=1).

Table 2 Correlation error with different parameter set-
tings over the four datasets

Correlation error

’ P Cloud Haberman Iris  Yeast Average
010 2 037 0.22 028 0.60 0.35
0.10 3 0.54 0.02 0.06 0.71 0.33
001 5 0.33 0.32 041 057 0.41

001 10 0.53 0.00 0.00 0.72 0.31

Fixed number of labeled data

The comparison work is twofold, illustrated in
Figs.2 and 3 respectively. First we compare CCA
trained by labeled data with RCCA trained by both
labeled data and unlabeled data (Fig.2). Next we
compared the effectiveness of sparse and dense
Laplacian matrices defined in Egs.(6) and (7) (Fig.3).

The aim of this study is to reduce the correlation
error caused by lack of labeled data (defined in
Eq.(1)). The results of this experiment are remarkable,
showing that RCCA can reduce the correlation error
into near zero.

In Fig.2, RCCA uses a sparse p-nearest-neighbor
Laplacian matrix (Eqg.(10)). Besides p, the other pa-
rameters are ay=o,=o in EQ.(9), which control the
effectiveness of the regularization term. Note that if
0=0, RCCA becomes CCA. The correlation error first
goes down as p increases, and then begins to rise after
its minimum point. However, through the whole path,
RCCA outperforms CCA. The speed of RCCA to
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reach the minimum point is controlled by parameter a.

The correlation error usually reaches its minimum
value with a small p when «=0.01.

In Fig.3, we compare the RCCA quipped with
different Laplacian matrices. The solid line (e=0)
corresponds to RCCA with a dense radial basis func-
tion (RBF) Laplacian matrix defined in Eq.(7) (o=1).
We compared it with different settings of p-nearest-

—— a=0(CCA)

—— q=10"
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neighbor Laplacian matrices. Generally speaking, the
correlation error reaches its minimum point with a
relatively large o and begins to rise if we continue to
reduce a. The choice of the Laplacian matrix is less
important than the choice of p. RCCA with different
Laplacian matrices has close minimum values. From
the experiments, we know that « satisfying 0.001<
0<0.1 is preferred.

—- a=10"

a=107 — a=10"

S
5
S
=
o
S
O
(@) (b) (© (d)
Fig.2 RCCA with a p-nearest-neighbor Laplacian matrix
(a) Cloud; (b) Haberman; (c) Iris; (d) Yeast
—— CCA —* RCCA (S) -+ RCCA (84, p=2) —+— RCCA (Sy, p=4)
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Fig.3 RCCA with different Laplacian matrices
(a) Cloud; (b) Haberman; (c) Iris; (d) Yeast
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Fig.4 RCCA with various shares of labeled data
(a) Cloud; (b) Haberman; (c) Iris; (d) Yeast
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Various shares of labeled data

We also designed an experiment to compare
RCCA with CCA trained by various shares of labeled
data. In this set of experiments, RCCA used an RBF
Laplacian matrix with o=1.

The results of this experiment are described in
Fig.4. Obviously, the correlation error of CCA goes
down when more data points are labeled. The corre-
lation error of RCCA is more complex when the
number of labeled data points increases. The per-
formance of RCCA depends on the distribution of the
labeled data and its manifold property. Generally
speaking, RCCA with larger a gives a better per-
formance with fewer labeled data. On the other hand,

if more labeled data are given, a smaller « is preferred.

In most applications, the share of labeled data does
not change much, so « can still be modeled as a con-
stant. In order to choose a automatically, we can use
cross validation based methods to find the best « for a
certain application.

CONCLUSION

In this paper, we propose a new variant of the
canonical correlation analysis (CCA) algorithm,
called regularized CCA (RCCA), which can effi-
ciently use both labeled and unlabeled data points.
The labeled data points are used to maximize ca-
nonical correlation, while the unlabeled data points
are used as the regularization term. We have two
contributions. First, we proposed RCCA and tested it
with four real world datasets including Yeast, Cloud,
Iris, and Haberman. Then we proposed an efficient

method to generalize RCCA for the multi-set situation.

Experimental results demonstrate the effectiveness of
our algorithm.
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