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Abstract:    This paper presents a piezoelectric-metal structure called a drum transducer. An equation for calculating the resonance 
frequency of the drum transducer is obtained based on thin plate elastic theory of piezoelectric and metal material combined with 
the Rayleigh-Ritz method. The finite element method (FEM) was used to predict the excitation frequency of the drum transducer. 
To verify the theoretical analysis, the input impedance characteristic of the drum transducer was measured using an experimental 
method. The results obtained from theoretical analysis were in very good agreement with those from the FEM and experimental 
results. The effect of geometrical changes to the thick-walled steel ring of the drum transducer at the first resonance frequency is 
also described. The calculated results were found to be in good agreement with the FEM results. The results indicate that the first 
resonance frequency of the drum decreases with the increasing inner diameter of the thick-walled steel ring. 
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INTRODUCTION 
 

In recent years, solid state devices using piezo-
electric effects have drawn much attention both sci-
entifically and technologically. Piezoelectric actua-
tors, sensors, and transducers have been widely used 
in many electromechanical applications including 
active and passive vibration damping, ultrasonic 
motors, ultrasonic biomedical imaging, loudspeakers, 
accelerometers, resonators, acoustic sensors and en-
ergy harvesting (Uchino, 1999; Hao and Chen, 2006; 
Chen and Shi, 2007; Li et al., 2007; Wang et al., 
2007). A novel piezoceramic-metal composite struc-
ture called the piezoelectric drum transducer was 
studied as an actuator by Sun et al.(2006; 2007). The 
drum transducer has a high piezoelectric charge co-
efficient, about twice as large as that of a cymbal 
actuator with the same ceramic material and compa-
rable dimensions. It also has a very short response 
time and a high effective coupling coefficient. The 
use of wireless sensors and wearable electronics has 

grown steadily over the past few decades. Due to the 
limited lifetime of electrochemical batteries, many 
researchers have studied the concept of using piezo-
electric material for energy generation (Cornwell  
et al., 2005; Kim et al., 2006; 2007; Mateu and Moll, 
2005; 2007; Wang et al., 2007). Recent research on 
the use of drum transducers in energy harvesting was 
described by Wang et al.(2007). A power of 11 mW 
was generated under a prestress of 0.15 N and a cyclic 
stress of 0.7 N at the resonance frequency of the drum 
transducer (590 Hz) across an 18 kΩ resistor. The 
resonance frequency of the piezoelectric transducer is 
a crucial parameter for the piezoelectric actuator and 
energy harvesting device, and is proportional to the 
displacement amplification and the harvested power. 

In this paper, an equation for calculating the 
resonance frequency of the drum transducer is ob-
tained based on the thin plate elastic theory of piezo-
electric and metal material combined with the 
Rayleigh-Ritz method. The finite element method 
(FEM) was used to analyze the vibration mode of the 
drum transducer. To verify the theoretical analysis, 
the input impedance characteristic of the drum 
transducer was measured using an experimental 
method. The effect of geometrical changes in the 
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thick-walled steel ring of the drum transducer on the 
resonance frequencies is also described. 

 
 
SAMPLE PREPARATION 
 

Fig.1 shows a schematic diagram of the drum 
transducer. A short, thick-walled steel ring is sand-
wiched by two thin composite disks, fabricated from a 
brass disk bonded with a piezoelectric (PZT) disk, 
which serve as the driving units of the drum trans-
ducer (Sun et al., 2006; 2007; Wang et al., 2007). The 
piezoceramic disks of the composite disks have a 
diameter of d3 and a thickness of (t3−t2)/2. The brass 
disks of the composite disks have a diameter of d2 and 
a thickness of (t2−t1)/2, and the short, thick-walled 
steel ring has an inner diameter of d1 and a depth of t1. 
The diameters of the piezoceramic disks, brass disks 
and steel ring are much greater than their thicknesses. 

 
 
 
 
 
 
 
 
 
 

 
 

THEORETICAL ANALYSIS  
 

When an electric field, E, is applied in the 
thickness direction of the composite disks, the pie-
zoceramic disks of the composite disks polarized in 
their thickness direction have a large diameter thick-
ness ratio, and a large flexural deformation is pro-
duced. The induced radial strain of the ceramic disks 
causes a bending of the composite disks in the normal 
direction. The total generated strain energy of the 
drum transducer U will be generated and can be ob-
tained as follows: 

 
                U=U1+U2+U3,                             (1) 

 
where U1 is the strain energy of the PZT and brass 
composite disk where r≤r3; U2 is the strain energy of 
the brass ring where r3<r≤r2; U3 is the strain energy of 

the steel ring where r1≤r≤r2; r1 is the inner radius of 
the steel ring, and r2 and r3 are the radii of the brass 
disk and PZT, respectively. 

Based on g-type piezoelectric equations, the 
constitutive equations for a piezoelectric element are 
given (Liu et al., 2002): 
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where T1 and T2 are the radial and circumferential 
stresses, respectively, of piezoelectric elements; S1 

and S2 are the radial and circumferential strains, re-
spectively, of piezoelectric elements; D3 and E3 are the 
electric displacement and electric field, respectively; 
s11 is the compliance at constant electric field, g31 is 

the piezoelectric coefficient; 
2
p(1 )sr T

33 331 / [( ) ],κβ ε −=  

where T
33ε  is the permittivity at constant stress of the 

piezoelectric layers, κp is the electromechanical cou-
pling coefficient; σ3 is the Poisson ratio of the piezo-
electric element. 

In thermodynamic equilibrium, the strain energy 
density of an infinitesimally small volume element in 
piezoelectric materials Dp is given by 

 
Dp=T1S1/2+ T2S2/2.                        (3) 

 
By substitution of Eq.(2) into Eq.(3), we obtain 
 

2 2
1 2 3 1 2 31 1 2

p 32 2
11 3 11 3

2 ( )
.

2 (1 ) 2 (1 )
S S S S g S S

D D
s s

σ
σ σ

+ + +
= −

− −
      (4) 

 
With the relationship between the strain and the 

curvature of the mid-plane, we get  
 

1 1

2 2 ,       
S z
S z

μ
μ

= ,              ⎧
⎨ =     ⎩

                  (5) 

 
where z is the distance from the natural surface, and μ1 
and μ2 are the curvatures of mid-plane. 

By substitution of Eq.(5) into Eq.(4), the unit 
area of the strain energy in the piezoelectric element 
can be obtained by a thickness direction integration: 

Fig.1  Schematic diagram of a drum transducer
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By Eq.(2c), the voltage of the electric field can be 
obtained: 
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Therefore, we have 
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By substitution of Eq.(8) into Eq.(6), the unit area of 
the strain energy can be calculated as 
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For the elastic layer element, we can obtain: 
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where 1T ′  and 2T ′  are the radial and circumferential 
stresses, respectively, and σm and E are the Poisson 
ratio and elastic modulus, respectively, of the metal 
element. 

By Eqs.(3), (5) and (10), the strain energy den-
sity of an infinitesimally small volume element in the 
brass disk where r≤r3 can be obtained: 
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where E2 and σ2 are the elastic modulus and Poisson 
ratio, respectively, of the brass disk. 

Therefore, the unit area of the strain energy in 
the brass disk where r≤r3 can be calculated as 
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From Eqs.(9) and (12), the total strain energy of the 
PZT and brass composite disk where r≤r3 can be 
obtained by an area integration:     
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where Dc and σc are the effective bending stiffness 
and Poisson ratio of the PZT and brass composite disk, 
respectively, and 
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Similarly, the strain energy of the brass ring U2 

where r3<r≤r2, and the steel ring U3 where r1<r≤r2 can 
be obtained as follows: 
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where Dm and D′m are the effective bending stiffness 
of the brass ring and steel ring, respectively, 

3 3
2 2 1

m 2
2

π ( ) ,
12(1 )
E t tD

σ
−

=
−

3
1 1

m 2
1

π ,
12(1 )

E tD
σ

′ =
−

 and E1 and σ1 

are the elastic modulus and Poisson ratio, respectively, 
of the steel ring. 

From Eqs.(13)~(15), the total strain energy of 
the drum transducer can be obtained:   

 
                Umax=U1+U2+U3.                          (16) 
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The kinetic energy of the drum transducer can be 
denoted as 
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Therefore, the total kinetic energy of the drum 

transducer can be calculated as 
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where ω is the frequency of active force; ρ1, ρ2 and ρ3 
are the densities of steel ring, brass and PZT, respec-
tively; w1, w2 and w3 are the vertical displacements of 
the steel ring, brass and ceramic-metal disks, respec-
tively. 

The electric energy of the drum transducer can 
be given as 

 
3 3

2

3

2πE
3 3 3 30 0

2 2
3

c 1 2 sr0
3 2 33

d d d d

2π
π ( ) d .

( )

t r

t
V

r

U E D r V E D r z r

r V
D V r r

t t

θ

τ μ μ
β

= =

      = − + +
−

∫∫∫ ∫ ∫ ∫

∫
   (19) 

 
Therefore, the maximal electric energy of the 

drum transducer can be expressed as 
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The curvature of the mid-plane is defined as (Liu 

et al., 2002) 
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Based on the Rayleigh-Ritz method and the 

symmetrical structure, the functional analysis of the 
drum transducer can be given as 
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max max max ,L U T U= − −                   (22) 

where Umax, Tmax and E
maxU  are the maximal strain 

energy, kinetic energy and electric energy, respec-
tively, of the drum transducer. 

By substitution of Eqs.(16), (18), (20) and (21) 
into Eq.(22), we have  
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When the drum transducer has a clamped sup-
port at the edge of the steel cylinder, the boundary 
condition can be described as  
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where r=r2. 

The approximate function of vertical displace-
ment can be written as     
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Similarly, by substitution of Eq.(25) into Eq.(23), 

and d 0
d

L
A

= , we have 
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By H=0 (refer to Section APPENDIX), the first 
resonance frequency equation of a drum transducer 
with a clamped support can be given as 
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FINITE ELEMENT ANALYSIS  
 

FEM is the most powerful tool available today in 
designing composite transducers. It can handle com-
plex structures with irregular boundaries (Duan et al., 
2005; Li et al., 2007). Modal analysis calculates the 
resonance frequencies and the corresponding defor-
mation shape of the structure. Here, the function of 
the PZT is electrostatic-structural conversion. 
Therefore, the finite element SOLID 227 was chosen 
for the element of PZT that supports the coupled-field 
(Frangi et al., 2005). The drum transducer model was 
established and the edge of the drum transducer was 
fixed. Table 1 gives the material properties and 
structural parameters of the drum transducer analyzed 
in this study. The other PZT5H parameters (Auld, 
1973) are given below as: c11=12.6 N/m2, c33=11.7 
N/m2, c44=2.30 N/m2, c12=7.95 N/m2, c13=8.41 N/m2, 
e15=17.0 C/m2, e31=−6.5 C/m2, e33=23.3 C/m2, 
ε11=1700ε0, ε33=1470ε0, ε0=8.854×10−12 F/m, where 
cij, eij and εij are the elastic, piezoelectric and dielec-
tric constants, respectively, where i, j (i, j=1, 2, 3, 4, 5, 
6) denote tensor notation. 

 
 
 
 
 
 
 
 
 
 
 
 

 
 

 
 
Fig.2 shows the first resonance vibration mode 

of a drum transducer with a clamped support, at a first 
resonance frequency of 22.764 kHz. 

 
 
 
 
 

 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
EXPERIMENTAL MEASUREMENTS AND  
RESULTS 
 

A drum transducer was fabricated, and its 
structural parameters are shown in Table 1. The 
resonance frequency of the drum transducer was 
measured using an impedance analyzer (4294 A, 
Agilent Inc.). Fig.3 shows the results in which curves 
A and B illustrate the impedance and phase variation, 
respectively. The frequencies of the theoretical 
analysis, FEM and experimental results are 22.58, 
22.76, and 22.36 KHz, respectively. The results of the 
theoretical analysis were in good agreement with 
those of FEM and experimental results. The differ-
ences between theoretical analysis, FEM and meas-
ured results are mainly caused by the FEM simulation 
errors, including the inaccuracy of the real and 
simulated material property parameters, the neglect of 
the epoxide resin, etc. (Li et al., 2007). 

As reported in previous investigations, the in-
ner diameter is an important design parameter for 
enhancing the performance of a transducer (Sun et 
al., 2007). Fig.4 shows the results obtained from 
theoretical analysis and from FEM with different 
inner diameters. It can be seen that the numerical 
results are in good agreement with those obtained by 
FEM and that the resonance frequency of the drum 
transducer decreases as the inner diameter 
increases. 

Table 1  Material properties and structural parame-
ters of the drum transducer 

Parameter PZT5H Steel Brass 
Density (kg/m3) 7600 7800 8920 
Elastic modulus 
(GPa) 76.5 200 117 

Poisson ratio 0.36 0.29 0.35 
d1 (mm)  8.6  
d2 (mm)  20 20 
d3 (mm) 16   
t1 (mm)  0.8  
t2 (mm)   1.2 
t3 (mm) 1.4   

 

Fig.2  First resonance vibration mode of the drum 
transducer 
 

 
Displacement 
Step=1 
Sub=1 
FREQ=22.764 kHz 
DMX=78.519 

ΛNSYS 

x 
y z 

O 

2 2
3 2 31

c 1 c 2 2 m 3 2 2 m 4 1 2
11 32

4 4 4 4
2 1 1 2 5 2 1 1 6 2 2 2 1 7 2 2 2 1 3 3 2 8

4 ( )2(1 ) [ 2(1 ) ] [ 2(1 ) ]
(1 )

. (27)
4 ( ) ( ) [ ( ) ( )]

t t gD D D
s

r t t r t r t t r t t t t

τϕ σ ϕ ϕ ϕ σ ϕ ϕ σ ϕ
σ

ω
ρ ϕ ρ ϕ ρ ϕ ρ ρ ϕ

⎡ ⎤− ′− − − + + − + + −    ⎢ ⎥−⎣ ⎦=
+ + + − + − + −



Yuan et al. / J Zhejiang Univ Sci A   2009 10(9):1313-1319 
 

1318 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

CONCLUSION 
 

Based on thin plate elastic theory of piezoelec-
tric and metal material combined with the 
Rayleigh-Ritz method, an equation for the calculation 
of the resonance frequency of a drum transducer was 
obtained. The results obtained from theoretical 
analysis were in very good agreement with those from 
FEM and experimental results. An excellent consis-
tency was found between the theoretical results and 
those obtained by FEM with different inner diameters. 
The results showed that the resonance frequency of 
the drum decreases as its inner diameter increases. 
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