
Zhu / J Zhejiang Univ Sci A   2009 10(11):1541-1560 1541

 
 
 
 

J-integral resistance curve testing and evaluation 
 

Xian-kui ZHU 

(Battelle Memorial Institute, Columbus, Ohio 43221, USA) 
E-mail: zhux@battelle.org 

Received July 27, 2009;  Revision accepted July 31, 2009;  Crosschecked Aug. 7, 2009 
 

Abstract:    In this paper a critical review is presented of the history and current state of the art of J-integral resistance curve testing 
and experimental evaluation methods in conjunction with a discussion of the development of the plane strain fracture toughness 
test standard ASTM E1820 developed by American Society for Testing and Materials (ASTM). Early research efforts on this topic 
are reviewed first. These include the J-integral concept, experimental estimates of the J-integral for stationary cracks, load line 
displacement (LLD) and crack mouth opening displacement (CMOD) based η factor equations, different formulations of J-integral 
incremental equations for growing cracks, crack growth corrected J-R curve determination, and experimental test methods. Recent 
developments in J-R curve testing and evaluation are then described, with emphasis on accurate J-integral incremental equations, 
a normalization method, a modified basic method, a CMOD direct method with use of incremental equations, relationships of 
plastic geometry factors, constraint-dependent J-R curve testing and correction approaches. An overview of the present fracture 
toughness test standard ASTM E1820-08a is then presented. The review shows that after more than 40 years of investigation and 
development, the J-integral resistance curve test methods in ASTM E1820 have become simpler, more cost-effective and more 
accurate. 
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INTRODUCTION 
 

Fracture toughness is a material property which 
describes the ability of a material containing a crack 
to resist fracture. For brittle fracture, the toughness is 
often measured as a point value and is characterized 
by the stress intensity factor K that is used for linear 
elastic materials. For ductile fracture, the toughness 
can be measured as a point value or in a resistance 
curve format and is often characterized by the 
J-integral that is used for elastic-plastic materials. 
Usually, a J-integral based resistance curve (i.e., a J-R 
curve) is used to describe a ductile material’s resis-
tance against crack initiation, stable growth and 
tearing instability. Because of their effectiveness in 
measuring toughness, the J-integral and J-R curve 
have become the most important material parameters 
in elastic-plastic fracture mechanics, and have been 
applied widely in practical engineering. Such fracture 
toughness values may serve as a basis for material 
characterization, performance evaluation, and quality 

assurance. They can also be used for structural dam-
age tolerance assessment, fitness-for-service evalua-
tion, residual strength analysis and structural integrity 
management for various engineering components and 
structures, such as pressure vessels and piping in 
nuclear power plants, petrochemical vessels and tanks, 
onshore and offshore pipelines in oil and gas indus-
tries, and aircraft structures. 

The theoretical J-integral concept was proposed 
by Rice (1968) and was used originally as a measure 
of the intensity of elastic-plastic crack-tip fields. The 
pioneering experimental work of Begley and Landes 
(1972) made the J-integral become a measurable 
material parameter. Since then, extensive analytical, 
numerical and experimental investigations have been 
conducted in development of effective test method-
ologies for evaluating a critical J-integral for sta-
tionary cracks and a J-R curve for growing cracks. 
Some early overviews of this topic can be found in 
(Turner, 1981; 1983; Kanninen and Popelar, 1985; 
Anderson, 1995). Detailed experimental techniques 
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and test procedures for J-R curve testing have been 
developed in the USA by the American Society for 
Testing and Materials (ASTM), as documented in an 
ASTM manual authored by Joyce (1996). In the first 
J-based fracture toughness test standard ASTM E813, 
issued in 1981, only the experimental result of the 
critical J-integral at the onset of ductile tearing was 
accepted as a measure of the fracture toughness of 
materials. The later versions, including ASTM E1152, 
E1737 and E1820, provided the standard test proce-
dures and methods for critical J and J-R curve testing. 

ASTM E1820 is a worldwide standard for 
measuring critical J-integral and J-R curves. The 
recommended specimens are single edge-notched 
bend (SENB or SE(B)), compact tension (CT), and 
disk-shaped compact tension (DCT) specimens. The 
recommended test procedure is an elastic unloading 
compliance method for measures of multiple data 
points from a single specimen. It requires continuous 
measurements of applied load, load-line displacement 
(LLD) and crack mouth opening displacement 
(CMOD). The test data are used to determine speci-
men compliance, instantaneous crack length and 
J-integral values for a growing crack. The J-integral 
values are calculated from an LLD-based incremental 
equation proposed by Ernst et al.(1981). A J-R curve 
is then obtained as the J-integral plotted against crack 
extension, which exhibits increasing fracture tough-
ness as the crack grows. However, heavy data acqui-
sitions plus complicated test procedures made the J-R 
curve testing very expensive and time-consuming. 
Therefore, much time and effort has been devoted to 
simplifying test procedures and reducing test costs. 
Alternative, cost-effective approaches and technolo-
gies were then developed including the normalization 
method standardized by Joyce (2001) and the CMOD 
direct method proposed by Zhu et al.(2008). These 
methods have significantly improved the ASTM 
standard test procedures for J-R curve testing.  

A detailed review of J-integral resistance curve 
testing and evaluation is provided in this paper with 
emphasis on recent developments. The following 
sections first introduce the J-integral estimate and test 
methods for both stationary and growing cracks using 
LLD and CMOD data. Recent developments are then 
described with a focus on accurate J-integral incre-
mental equation, a normalization method, a modified 
basic method, a CMOD direct method, plastic ge-

ometry factor determination and constraint-dependent 
J-R curve formulation. An overview is then given of 
the fracture toughness test methods recommended in 
the present ASTM standard E1820-08a. 
 
 
EXPERIMENTAL ESTIMATES AND TEST 
METHODS OF J-INTEGRAL  
 
J-integral estimates for stationary cracks 

Originally, Rice (1968) proposed a path inde-
pendent J-integral based on the deformation theory of 
plasticity. This was used as a loading parameter to 
measure the crack-tip singularity intensity of the HRR 
field (Hutchinson, 1968; Rice and Rosengren, 1968) 
for elastic-plastic hardening materials. Broad finite 
element analyses showed that HRR solutions can 
reasonably match the crack-tip fields for deeply 
cracked bending specimens, and that the J-integral 
can well describe the stresses, strains and other me-
chanics behaviors at the crack tip. So motivated, ex-
tensive experimental investigations on J-integral 
testing were then conducted with the aim of devel-
oping effective test methods for evaluating its value. 
Among the pioneers, Begley and Landes (1972) and 
Landes and Begley (1972) first successfully measured 
the J-integral and its critical value using multiple 
laboratory-scale specimens with mode-I tensile 
cracks. Since then, the J-integral has become a 
measurable material parameter for characterizing the 
fracture toughness of ductile materials.  

In the early experimental evaluation, the J- 
integral was interpreted as a strain energy release rate, 
or work done to the specimen per unit fracture surface 
area in a material given by 

 
1 d ,

d
UJ

B a
= −                                (1) 

 
where U is strain energy, a is crack length and B is 
specimen thickness. Begley and Landes (1972) tested 
a series of fracture specimens of the same geometry 
with different crack sizes and instrumented load- 
displacement data. From the test data, the energy 
absorbed by each specimen was obtained, and the 
J-integral was determined using Eq.(1). However, this 
approach has obvious disadvantages: multiple 
specimens must be tested and experimental analysis is 
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very complicated. Thus, a simple experimental tech-
nique was sought for estimating the J-integral from a 
single specimen test. 

Among others, the most notable was the analysis 
of Rice et al.(1973), who showed that it was easier to 
determine the J-integral directly from the load- 
displacement curve for a single specimen by using an 
approximate formula. Among different fracture 
specimens, only SENB specimens and CT specimens 
in mode-I opening loading are discussed in this re-
view. Fig.1 shows schematically the geometry sizes 
and configurations for SENB and CT specimens, 
where W is the specimen width, a is the crack length, 
S is the beam span of SENB specimen, and H is the 
height of CT specimen. For convenience, Rice  
et al.(1973) introduced two alternative but equivalent 
expressions for the J-integral in the following forms: 
 

0

1 d ,
P ΔJ P

B a
∂

=
∂∫                       (2a) 

or 

0

1 d ,
Δ PJ Δ

B a
∂

= −
∂∫                     (2b)

 
 
where P is a total generalized load and Δ is the asso-
ciated load-point or LLD. For deeply cracked SENB 
specimens, the J-integral was found to be a function 
of the work done to the cracked body, and Eq.(2) was 
simplified as 
 

0

2 2d ,
Δ AJ P Δ

Bb Bb
= =∫                     (3)

 
 
where b=W−a is the remaining ligament, W is the 
specimen width, and A is the total area under a 
load-displacement P-Δ curve and represents the work 
done or the energy absorbed by the specimen as a 
result of the presence of a crack. 
 
 
 
 
 
 
 
 
 
 

The simple relationship in Eq.(3) marked a ma-
jor step forward in the history of the development of a 
practical method for J-integral testing. Eq.(3) was 
developed initially for deeply cracked SENB speci-
mens in pure bending, where the generalized load was 
an applied bending moment M, and the load-point 
displacement was a relative rotation θ at the beam 
ends. Landes et al.(1979) demonstrated that Eq.(3) 
was also applicable with reasonable accuracy to 
SENB specimens in three-point bending and CT 
specimens with deep cracks. This is because their 
remaining ligaments support primarily a bending 
moment produced by the applied loads. For deter-
mining the best approximation to J for CT specimens, 
Merkle and Corten (1974) proposed a modification of 
Eq.(3) in a complicated two-term expression, which 
takes into account the tensile component of the ap-
plied load. Among other approximations, Landes  
et al.(1979) proposed the following simplified ex-
pression of J for CT specimens with a/W>0.5: 
 

2

1 2 ,
1

α AJ
α Bb
+⎛ ⎞= ⎜ ⎟+⎝ ⎠

                      (4)
 

 

where the parameter
2 12

2
a aα
b b

⎛ ⎞= + +⎜ ⎟
⎝ ⎠

 

12
2

a .
b

⎛ ⎞− +⎜ ⎟
⎝ ⎠

 Eq.(4) indicates that the J-integral for 

CT specimens can be estimated similarly from the 
energy absorbed by the specimen that is quantified by 
the total area under the load-displacement curve. 

A more general relationship of the J-integral es-
timate that is applicable to different specimen con-
figurations can be written from Eqs.(3) and (4) as 
follows: 
 

0
d ,

 Δ

 

η ηAJ P Δ
Bb Bb

= =∫                    (5)
 

 
where η is a dimensionless geometry factor that is a 
function of crack length to specimen width ratio, a/W 
only. When η=2, Eq.(5) reduces to Eq.(3) for deeply 
cracked SENB specimens, and when η=2(1+α)/(1+α2), 
Eq.(5) reduces to Eq.(4) for deeply cracked CT 
specimens. Eq.(5) expresses the J-integral generally as 
the energy absorbed by a fracture specimen, divided by 
the cross-sectional area, times a geometry factor. 

S 

a 
a 

HW 

(a) (b) 

W 

Fig.1  Schematic fracture testing specimen geometries. 
(a) Single edge notched bend (SENB) specimen; (b) 
Compact tension (CT) specimen 
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The use of the η factor considerably simplifies the 
task of J-integral determination, and Eq.(5) gives a 
very convenient way to evaluate J experimentally for 
any fracture specimen from a single load-displacement 
record, provided that the η factor is determined priori 
for that specimen. For CT specimens with deep cracks, 
Clarke and Landes (1979) proposed an approximate 
expression for the η factor as 
 

η=2+0.522b/W.                        (6) 
 
In reference to the limit load analysis for SENB 
specimens in pure bending, Sumpter (1987) obtained 
the η factor for a complete range of crack sizes as 

 

2 3

2,  / 0 282;
0 32 12( / ) 49 5( / ) 99 8( / ,
  0 282

a W .
η . a W . a W . a W

a / W . .

>⎧
⎪

= + − +⎨
⎪ ≤⎩

）   (7) 

 
The values of η factors in Eqs.(6) and (7) for deeply 
cracked CT and SENB specimens were adopted by 
standard ASTM E1820 and all previous versions. 

For convenience, a total load-line displacement 
is often separated into an elastic and a plastic com-
ponent, i.e., Δ=Δel+Δpl. At any loading point, the 
elastic component of LLD can be calculated as the 
load times the elastic load-line compliance, i.e., 
Δel=CLLDP, and the plastic component is the total 
displacement less the elastic displacement. From this 
displacement relationship and using Eq.(2b), the total 
J-integral can be separated similarly into elastic and 
plastic components 
 

J=Jel+Jpl,                             (8)
  

where the elastic J can be directly and accurately 
calculated from the stress intensity factor K, as used in 
ASTM E1820 for plane strain mode-I cracks: 
 

Jel=K2(1−ν2)/E,                         (9)
  

where E is Young’s modulus and ν is Poisson’s ratio. 
The solutions of the stress intensity factor and elastic 
compliance for many fracture specimens were com-
piled in a handbook by Tada et al.(1973). Eq.(9) is 
often used to convert the plane strain fracture tough-
ness between KIC and JIC. Note that the elastic J can 

also be expressed similarly in Eq.(5) with the elastic η 
factor determined from the elastic compliance of a 
specimen (Turner, 1973). Apparently, the use of Eq.(9) 
is much simpler and more accurate when the elastic 
J-integral calculation is needed. 

Since the elastic J can be accurately obtained 
from Eq.(9), the determination of total J becomes the 
task of plastic J calculation. Sumpter and Turner 
(1976) found that the relationships in Eqs.(2a), (2b) 
and (5) for a total J are applicable to plastic J in terms 
of load and plastic displacement data: 
 

pl
pl 0

1 d
P Δ

J P
B a

∂
=

∂∫ ，                      (10a) 

pl

pl pl0

1 d
Δ PJ Δ

B a
∂

= −
∂∫ ，                   (10b) 

pl
pl

ηA
J

Bb
= ，                               (11) 

 
where the plastic geometry factor η is a function of 
a/W and independent of loading, and Apl denotes the 
area under the P-Δpl curve. For CT and SENB 
specimens, the plastic η factor has the same expres-
sions in Eqs.(6) and (7). Detailed discussions on the 
plastic η factor were given by Paris et al.(1980), who 
pointed out that the concept of expressing J as a 
function of Apl and η plastic factor is rigorous only 
when the variables of geometry and degree of de-
formation are separable. Fortunately, about ten years 
later, Sharobeam and Landes (1991; 1993) strictly 
verified the existence of a load separation relationship 
for ductile materials using detailed experimental and 
numerical analyses. This laid a solid foundation for 
the simple J-integral estimate using the η factor 
equation approach. Eqs.(8), (9) and (11) were used in 
the basic procedure in ASTM E1820 for the evalua-
tion of initiation toughness, JIC, where a full range of 
crack growth resistance curve is not required. 
 
J-integral estimates for growing cracks 

All equations introduced above are valid only for 
stationary cracks in the determination of the J-integral 
and its critical value at fracture initiation. However, 
the early J-R curves were constructed simply by using 
the J-integral that was calculated by Eq.(5) in terms of 
the original crack size and crack extension that was 
measured using an unloading compliance technology 
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(Clarke et al., 1976). The resulting value tends to 
overestimate J for a growing crack because the crack 
growth correction was not taken into account. To 
allow for crack growth, Eqs.(5) and (11) have been 
extended in different ways, and several approaches 
were then developed to obtain a crack growth cor-
rected J as needed in an accurate J-R curve evaluation. 
Two examples are incremental equations, where test 
data are spaced at small intervals of crack extension 
and the J-integral is evaluated always from the pre-
vious step. The first incremental equation for the 
J-integral estimate was proposed by Garwood  
et al.(1975) for a single edge bending specimen with a 
deep crack. At the nth step of crack growth, the total J 
was determined as 
 

4
1

1 1

2 ,
( )

n
n n

n n

W a UJ J
W a B W a−

− −

⎛ ⎞−
= +⎜ ⎟

− −⎝ ⎠
         (12) 

 
where the variable U4 refers to the increment of the 
total area under an actual load-displacement record 
from step n−1 to n. Etemad and Turner (1985) and 
Etemad et al.(1988) generalized Eq.(12) for an arbi-
trary fracture specimen in the form of 
 

, ( 1)
1 1

( )
1 ( )

( ) ( )
n n nn

n n n n
n n

η ΔUg η
J J a a

W a B W a
−

− −

⎛ ⎞
= + − +⎜ ⎟

− −⎝ ⎠
， (13) 

 
where g(η) is another geometry factor related to the 
plastic η factor by 
 

d( ) 1 .
d

b ηg η η
η a

= + −                        (14)
 

 
The second incremental equation for the J- 

integral estimate was obtained by Ernst et al.(1981) 
based on the principle of variable separation. Since 
the J-integral was developed on the basis of the de-
formation theory of plasticity, it was shown that J is 
independent of the loading path leading to the current 
values of load-line displacement and crack size, pro-
vided that the J-controlled crack growth conditions 
proposed by Hutchinson and Paris (1979) are satisfied. 
As a result, the deformation theory based J-integral is 
a unique function of two independent variables: 
load-line displacement, Δ and crack length, a. From 

Eq.(5), Ernst et al.(1981) derived a complete differ-
ential of the total J-integral in the form of 
 

d d d ,η γJ P Δ J a
bB b

= −                   (15) 

 
where γ is a geometry factor related to the plastic η 
factor by 

 

1 ,b η'γ η
W η

= − −                       (16) 

 
where the prime denotes the partial differential with 

respect to a/W, i.e., 
)

ηη .
a W
∂′ =

∂( /
 Eqs.(14) and (16) 

show that g(η)=−γ, and these two geometry factors are 
used to take into account the crack growth correction 
on J. Integrating Eq.(15) gives 
 

00
d d .

Δ a

a

η γJ P Δ J a
bB b

= −∫ ∫               (17) 

 
This equation holds for any loading path leading to 
the current values of a and Δ, including the actual 
loading path for a growing crack. Fig.2 illustrates a 
typical P-Δ curve for a growing crack and includes 
three deformation paths: one for the original crack 
length a0, and the other two for arbitrarily fixed crack 
lengths ai−1 and ai. As J in Eq.(17) is valid for any 
loading path leading to the current values of ai and Δi, 
the integration path AC can be approximated by the 
deformation segment AB with the fixed crack length 
ai−1 and the segment BC where the displacement Δi 
remains constant, but the crack size jumps from ai−1 to 
ai. Along the segments AB and BC, the total J at the 
ith step of crack growth was determined as 
 

1 1
1 1, 1

1 1

1 ( )i i
i i i i i i

i i

η γ
J J A a a

Bb b
− −

− − −
− −

⎛ ⎞⎛ ⎞
= + − −⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

，     (18) 

 
where Ai−1, i is the incremental area under an actual 
load-displacement record from step i−1 to i. Both 
incremental equations in Eqs.(13) and (18) consider 
the crack growth correction on the J-integral from the 
last step. Eq.(18) also makes the correction on the 
incremental work done to the specimen, but Eq.(13) 
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does not. As a result, a larger J estimate is likely to be 
obtained from Eq.(13) than from Eq.(18), as shown 
by test data in Ernst et al.(1981). In general, these two 
typical incremental formations of the J-integral 
equation are applicable to any specimens, provided 
that the two geometry factors are known for each 
specimen. 
 
 
 
 
 
 
 
 
 
 
 
 

Anderson (1995) proposed another incremental 
equation with a different derivation: 
 

1 2 2 2 1
2 1 2 1

1 N 2

( )
1 ( ) ,

γ η P Δ Δ
J J a a

b B b
⎛ ⎞ −

= − − +⎜ ⎟
⎝ ⎠

     (19) 

 
where the subscripts 1 and 2 denote the previous and 
current load steps, respectively, and BN is net thick-
ness. Eq.(19) is similar to Eq.(13) for the J estimate. 

In ASTM E1820, the total J-integral is split into 
elastic and plastic parts, as shown in Eq.(8), and de-
termined separately. The objective is to improve the 
accuracy of J estimates, and to obtain consistency of J 
when near linear elastic conditions are applied. For a 
set of discrete experimental data, at each step of crack 
growth, the elastic component of J is obtained directly 
from the stress intensity factor using Eq.(9). Only the 
plastic component of J is obtained from the η factor 
method. Following the procedures developed by 
Ernst et al.(1981), Kanninen and Popelar (1985) 
presented a similar incremental equation for the plas-
tic component of J-integral: 
 

1, 1 1
pl( ) pl( 1) pl 1

1 1

1 ( ) ,i ii i
i i i i

i i

η γ
J J A a a

Bb b
−− −

− −
− −

⎛ ⎞⎛ ⎞
= + − −⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

 (20) 

 

where 1,
pl
i iA − is the increment of plastic area under a 

load-displacement record from step i−1 to i: 

1,
pl 1 pl( ) pl( 1)0 5( )( ).i i

i i i iA . P P Δ Δ−
− −= + −          (21) 

 
These two equations were adopted by ASTM E1820, 
with a net thickness BN being used for specimens with 
side grooves in place of the full thickness B. Small 
and uniform crack growth increments are required in 
Eq.(20) for accurate estimates of Jpl(i). With the cal-
culated J and measured crack extension of (ai−a0), 
where a0 is an original crack length, a J-R curve is 
obtained by applying Eqs.(8), (9) and (20) to suc-
cessive increments of crack growth from a single 
test. 
 
Experimental methods for J-R curve testing 

Experimental test methods and procedures in a 
valid J-R curve evaluation depend on the data re-
quired for the J-integral calculation and instantaneous 
crack length determination. Eq.(20) that is used for 
calculating crack growth corrected J-integral requires 
the simultaneous measurements of load, load-line 
displacement and crack length. The most commonly 
used experimental method for a single specimen test 
is the elastic unloading compliance technique (Clarke 
et al., 1976; Joyce and Gudas, 1979; Joyce, 1992). 
This method is the ASTM E1820 recommended ex-
perimental technique that measures load, LLD and 
CMOD data for SENB specimens, and determines 
instantaneous crack length at regular intervals during 
the test by partially unloading the specimen and 
measuring CMOD compliance. As the crack grows, 
the specimen becomes less stiff and the compliance 
increases. Note that for CT specimens, CMOD gages 
can be mounted in the load line direction, and thus the 
LLD and CMOD become identical.  

Another conventional experimental technique is 
a direct current electric potential drop method 
(Johnson, 1965; Schwalbe and Hellmann, 1981; 
Bakker, 1985; Marschall et al., 1990). This method 
monitors crack growth through a change in electric 
resistance which accompanies a loss in the cross sec-
tional area. When a constant current is applied to a 
specimen, the electrical potential increases as the 
crack grows. An alternative method for direct deter-
mination of crack length is a normalization technique 
(Joyce, 2001) that is discussed later. References to 
more detailed experimental techniques and test 
methods for J-R curve testing can be found in an 
ASTM manual by Joyce (1996). 

Fig.2  Typical load vs load-line displacement curves for 
static and growing cracks 
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CMOD-based J estimates for stationary cracks 
Experiments showed that an accurate measure-

ment of LLD is more difficult than that of CMOD for 
SENB specimens, particularly for shallow cracks. 
Sumpter (1987) first used load-CMOD data to di-
rectly evaluate the values of J-integral for bending 
specimens in an attempt to analyze surface or shallow 
cracks occurring on welds. Following Sumpter’s 
(1987) basic idea, Kirk and Dodds (1993) investi-
gated several possibilities for estimating J-integral for 
shallowly cracked SENB specimens through use of 
detailed elastic-plastic finite element analyses (FEA). 
They found that the LLD-based J estimate equation 
could give inaccurate results for hardening materials 
because the corresponding plastic η factor is very 
sensitive to the strain hardening exponent for SENB 
specimens with shallow cracks of a/W<0.3. In con-
trast, for the same geometry, the CMOD-based plastic 
η factor is nearly insensitive to the strain hardening 
exponent, when a similar η factor equation was used 
with the plastic area being determined under the 
load-CMOD curve. Thus, Kirk and Dodds (1993) 
concluded that the CMOD-based J estimate is the 
most reliable and suggested using the following 
equation to estimate the J-integral for SENB speci-
mens with a wide range of crack length: 
 

pl2 2
CMOD CMOD(1 ) ,
η AKJ

E Bb
ν−

= +             (22)
 

 
where the CMOD-based plastic geometry factor was 
determined by fitting their FEA results as 
 

ηCMOD=3.785−3.101(a/W)+2.018(a/W)2, 
0.5≤a/W ≤0.7.                          (23) 

 
Morrison and Karisallen (1995) and Wang  

et al.(1997) employed these two equations with use of 
CMOD data in their experimental evaluations of 
J-integral and its critical value JC for SENB speci-
mens made of different metals. Good agreement was 
found between the LLD and CMOD based J-integral 
equations, and the benefits of experimental instru-
mentation using CMOD data were demonstrated. 
Because of the absence of the corresponding incre-
mental equation, however, the CMOD based J- 
integral equations did not achieve practical applica-
tion and were not used by the ASTM standard for 

more than ten years until 2005 when they were 
adopted in the basic procedure in ASTM E1820-05a. 
 
 
RECENT DEVELOPMENTS IN J-R CURVE 
TESTING 
 
More accurate J-integral incremental equations 

In the experimental evaluation of J-R curves, the 
LLD based J-integral incremental Eq.(18) or (20) has 
been used widely as an ‘accurate’ expression because 
it considers crack growth correction and was adopted 
by ASTM E1820. In contrast, the other two incre-
mental Eqs.(13) and (19) did not receive attention 
until 2008 when two similar equations were proposed. 
Based on the jump-like crack growth model, Neimitz 
(2008) obtained a J-integral incremental equation 
specifically for deeply cracked SENB specimens, and 
this LLD based equation is similar to Eq.(12). Kroon 
et al.(2008) presented another J-integral incremental 
equation in a general form similar to Eq.(13). These 
two publications attracted the attention of ASTM 
E1820 developers, and a question was raised at the 
ASTM E08.07.05 Task Group Meeting in Denver in 
2008: which form of the J-integral incremental equa-
tions is better or more accurate? To answer this ques-
tion, Zhu and Joyce (2009a) proposed different 
mathematical models and physical models in an at-
tempt to determine a more accurate approximation of 
J-integral for a growing crack. Based on the basic 
ideas developed by Ernst et al.(1981), an actual 
loading path was approximated by multiple segments 
on different deformation paths (Fig.2). Three physical 
models: the upper step-line approximation (USLA), 
lower step-line approximation (LSLA) and median 
step-line approximation (MSLA) models were de-
veloped for J-integral estimates. Several approximate 
formulas were proposed, but only three incremental 
equations can be classified typically to be independ-
ent and are expressed as follows: 

(1) For the USLA model, 
 

1,1 1
pl( ) pl( 1) pl 1

1 1

1 ( )i ii i
i i i i

i i

J J A a a .
Bb b
η γ−− −

− −
− −

⎛ ⎞⎛ ⎞
= + − −⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

(24)
 

 
The above equation is the same as Eq.(20) and that 
used by ASTM E1820. For this USLA model, the 
crack growth correction is considered in the  
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modification of the previous J value and the incre-
mental work done to the specimen between two 
loading steps from i−1 to i. 

(2) For the LSLA model, 
 

1,1
pl( ) pl( 1) 1 pl

1

1 ( ) .i ii i
i i i i

i i

γ η
J J a a A

b Bb
−−

− −
−

⎛ ⎞
= − − +⎜ ⎟

⎝ ⎠
      (25)

 
 
The above equation is similar to Eq.(13) and the ‘new’ 
equations by Neimitz (2008) and Kroon et al.(2008). 
Note that for this LSLA model, the crack growth 
correction is considered only for the previous J value, 
but not for the incremental work done to the  
specimens. 

(3) For the (MSLA model, 
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  (26) 

 
The above equation is a genuinely new one, and equal 
to the average of Eqs.(24) and (25). In this MSLA 
model, a full crack growth correction is considered 
for the previous J value, and a half of the crack 
growth correction is considered for the incremental 
work done to the specimen. 

The accuracy of these three J-integral incre-
mental equations was evaluated in detail using theo-
retical and experimental results, and presented by Zhu 
and Joyce (2009a). Fig.3, for example, shows a com-
parison of the J-R curves obtained from Eqs.(24)~(26) 
with a given J-R curve in a theoretical validation 
approach, where an SENB specimen with a/W=0.5 
and strain hardening exponent of n=0.2 were consid-
ered. For the larger crack growth increment equal to 
2% of the original crack ligament, i.e., da=0.02b0, 
Fig.3 shows that (1) the USLA model or Eq.(24), as 
used by ASTM E1820, produces a lower J-R curve 
than the given one, (2) the LSLA model or Eq.(25) 
generates a higher J-R curve than the given one, and 
(3) the MSLA model or Eq.(26) determines a J-R 
curve which matches well with the given one. Nev-
ertheless, the comparisons showed that the maximum 
error generated in Eqs.(24) and (25) is not significant 
and is less than 2% for the maximum crack  

extension allowed by ASTM E1820. Moreover, for a 
smaller increment of crack growth, say da=0.005b0, 
the difference between these three models diminishes 
and all incremental equations could give similar re-
sults that match well with the given J-R curve. 
Therefore, it was concluded that (1) the newly pro-
posed equation or Eq.(26) is the most accurate and is 
independent of crack growth increments, (2) the tra-
ditional Ernst-type equation or Eq.(24) is always 
conservative, and so can continue to be used, and (3) 
the Garwood-type equation or Eq.(25) could be 
non-conservative, and thus is better not used in J-R 
curve evaluation. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Normalization method 

The two conventional techniques for online 
crack size measurements, i.e., the elastic unloading 
compliance method and the electric potential drop 
method, are difficult or impractical to implement 
under severe test conditions, such as high loading rate, 
high temperature, or aggressive environments. An 
alternative approach, i.e., the normalization method, 
was investigated extensively to directly estimate in-
stantaneous crack lengths from load versus load-line 
displacement data in conjunction with the use of ini-
tial and final measurements of physical crack sizes. 
This method does not require any devices for online 
monitoring of crack growth, and thus the test costs are 
reduced. The normalization method was developed 
based on the principle of load separation (Ernst et al., 
1981; Sharobeam and Landes, 1991) and the key 
curve method (Joyce et al., 1980). Rather than de-
veloping a universal key curve for a given material, 
this method suggests using an individual calibration 
curve to determine instantaneous crack length.  

Fig.3  J-R curves determined by three proposed models 
for high hardening material (n=0.2) and the crack 
growth step size: da=0.02b0 
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Different calibration functions were proposed, in-
cluding a power-law function (Herrera and Landes, 
1988; Joyce, 1992), a combined function of power 
law and straight line (Herrera and Landes, 1990), and 
a three-parameter LMN function (Orange, 1990; 
Landes et al., 1991). The LMN function was im-
proved to be a four parameter normalization function 
by Joyce (2001). Two round-robin test programs were 
organized by the ASTM E08 Technical Committee 
for verifying the validity of the normalization method 
in J-R curve testing for static loading conditions (Oh 
et al., 2006) and for high-rate loading conditions 
(Joyce, 2001). It was shown that the normalization 
method can be equivalent to the elastic compliance 
method for CT specimens under quasi-static and dy-
namic loading conditions. The normalization method 
was accepted by ASTM E1820-01 and its later ver-
sions in Annex A15 ‘Normalization Data Reduction 
Technique’. 

Technically, the normalization method infers 
crack length change by comparing the measured and 
normalized load versus load-line displacement data 
with an analytical normalization function. To obtain a 
blunting corrected normalization function, measured 
load data are normalized by the following 
relationship: 
 

N

b

,
1

i
i η

i

P
P

aWB
W

=
⎛ ⎞−⎜ ⎟
⎝ ⎠

                  (27) 

 
where i refers to the ith loading point, PNi is a nor-
malized load and abi is the blunting corrected crack 
length. From the measured total LLD, Δi, a normal-
ized plastic LLD, pliΔ , is given by 
 

pl
pl

i i i i
i

Δ Δ PC
Δ

W W
−

= = ,                 (28) 

 
where Ci is the specimen load-line compliance using 
the blunting corrected crack length abi. 

Using Eqs.(27) and (28), load-displacement data 
up to, but not including, the maximum load are nor-
malized. The final load-displacement pair is normal-
ized using the same equations except for the final 
crack length which is used without blunting correc-
tion. From the final normalized point, a tangent line is 
drawn to the normalized load-displacement curve to 

define a tangent point. Using the normalized load- 
displacement pair (PNi, pliΔ ) from pliΔ >0.001 to the 

tangent point and the final normalized point, a nor-
malization function can be fitted using the least 
squares regression in the form of 
 

2
1 2 pl 3 pl

N
4 pl

,
c c Δ c Δ

P
c Δ

+ +
=

+
                   (29) 

 
where c1, c2, c3 and c4 are the fitting coefficients. With 
this normalization function, an iterative procedure is 
further used to force all PNi, pliΔ  and ai data at each 

loading point to lie on the fitted Eq.(29) by adjusting 
ai. In this way, crack lengths at all data points can be 
determined. 

Following the above procedures, instantaneous 
crack lengths can be determined, the J-integral is 
calculated from Eqs.(8), (9) and (20), and a J-R curve 
is then obtained. For SENB specimens in three-point 
bending, the applications of this method were dem-
onstrated by Zhu and Joyce (2007) for HY80 steel, 
Zhu and Leis (2008a) for X80 pipeline steel, and Zhu 
et al.(2009) for A285 carbon steel. All J-R curves 
obtained by the normalization method were then 
compared with those obtained using the unloading 
compliance method or the electrical potential method. 
For example, Fig.4a compares the J-R curves ob-
tained using the normalization methods and the 
unloading compliance method for a deeply cracked 
SENB specimen with a/W=0.64 in X80 pipeline steel. 
Fig.4b compares the J-R curves obtained using the 
normalization method and the potential drop method 
for a deeply cracked SENB specimen with a/W=0.592 
in A285 carbon steel. Fig.4 shows that the three 
methods agree very well. Along with other valida-
tions, this confirms that the normalization method can 
be equivalent to the unloading compliance method 
and the potential drop method. 

Likewise, Džugan and Viehrig (2004) applied 
the normalization method to their experimental 
evaluations of J-R curves for CT specimens made of 
various metals, and obtained satisfactory results. 
Scibetta et al.(2006) obtained J-R curves using the 
normalization method and load-displacement data 
determined by FEA, and their ‘numerical’ J-R curves 
match well the experimental results obtained by the 
unloading compliance method. In addition, the  
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normalization method can be very powerful for 
evaluating J-R curves for non-metallic ductile mate-
rials, as demonstrated by Morhain and Velasco (2002) 
and Joyce and Joyce (2004). However, two points 
need to be considered carefully when the normaliza-
tion method is used in a J-R curve evaluation. One is 
the oscillation of the initial J-R curve data determined 
by this method, which can be solved using a blunting 
line in this area. The other is the difficulty in fitting 
the four- parameter normalization function for some 
materials owing to its high nonlinearity. It is a chal-
lenge to improve this method and further investiga-
tions are needed. In spite of this, the normalization 
method shows its usefulness in J-R curve testing un-
der dynamic loading conditions in comparison with 
the load ratio method (Hu et al., 1992) and the com-
pliance ratio method (Joyce et al., 2001). A related 
review and discussion can be found in (Oh and 
Hwang, 2006). 
 
Modified basic method 

To unify the different fracture testing standards 
in Europe and the USA, Wallin and Laukkanen (2004) 

proposed a new ductile crack growth procedure for 
J-R curve evaluation. This procedure is regarded as an 
improved basic method of ASTM E1820, and herein 
is referred to as a modified basic method. In this 
method, the following four steps are required to de-
termine a crack growth corrected J-R curve: 

Step 1. Calculate the Jel(i)(a0) and Jpl(i)(a0) at a 
loading point i for an SENB specimen using Eqs.(9) 
and (11) or (22), respectively. However, when Eq.(22) 
is used, the CMOD

iη factor should take values in refer-
ence to the current crack length ai, rather than to the 
original crack length a0, as suggested in Wallin and 
Laukkanen (2004). 

Step 2. Determine initial crack growth corrected 
J-integral values for all loading points using the fol-
lowing equation: 
 

pl( ) 0
el( ) 0

0
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J a J a
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        (30) 

 
where α=1 for SENB specimens in three-point bend-
ing, and α=0.9 for CT specimens. 

Step 3. Fit a power-law expression of J=J1 mmΔam 
to the initial crack growth corrected J-R curve ob-
tained in Step 2 for crack extension with Δa≥0.05b0, 
where Δa=ai−a0, J1 mm is the J-integral value at 1 mm 
crack extension and m is an unknown curve-fit  
parameter. 

Step 4. Calculate final crack growth corrected 
J-integral values using the following equation with 
the curve-fitted m obtained in Step 3: 
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Eq.(31) reduces to Eq.(8) when m=α. In general, a J-R 
curve approximately follows a power-law curve with 
0<m<α for most ductile metals, and thus the basic 
method determines larger J-integral values and a 
higher J-R curve than those determined by this 
modified basic method. The new correction proce-
dures in the modified basic method were developed 
for standard CT and SENB specimens, and are valid 
for both LLD and CMOD-based J-integral  
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Fig.4  Comparisons of J-R curves obtained by the nor-
malization method with (a) the unloading compliance 
method for an SENB specimen made of X80 pipeline 
steel; (b) the potential drop method for an SENB speci-
men made of A285 carbon steel 
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calculations. They are applicable to both single 
specimen tests and multiple specimen tests, and have 
the same or better accuracy as the crack growth cor-
rection used in the present ASTM E1820. Therefore, 
this modified basic method was adopted by ASTM 
E1820-05 and its later versions in Annex A16 
‘Evaluation of crack growth corrected J-integral 
values’.  
 
CMOD-based J-integral incremental equations 

CMOD measurements are more accurate than 
LLD measurements. Thus, a fracture test for SENB 
specimens favors the use of CMOD gages for meas-
ures of displacement and specimen compliance. Us-
ing load-CMOD data, a crack growth corrected J-R 
curve can be determined using the modified basic 
method as outlined above. However, the crack growth 
correction considered in this method is indirect and 
involves multiple steps in determination of the crack 
growth corrected J-integral for a full-range J-R curve 
testing. A direct CMOD method is desirable for de-
termination of a crack growth corrected J-R curve and 
is long overdue. To this end, Zhu et al.(2008) devel-
oped a CMOD-based J-integral incremental equation 
that is similar to the ASTM E1820 LLD-based J- 
integral incremental equation. Based on the deforma-
tion theory of plasticity and the energy principle, the 
J-integral was assumed as a function of two inde-
pendent variables: CMOD and crack length a. From 
the CMOD-based η factor Eq.(22), a complete dif-
ferential of the plastic J-integral was obtained in an 
expression similar to Eq.(15). A CMOD-based γ fac-
tor is involved, and equal to the LLD-based γ factor. 
Following procedures similar to those of Ernst  
et al.(1981), an actual loading path along the load- 
CMOD curve was approximated by multiple seg-
ments of deformation paths (Fig.2). By integration of 
this differential equation of J-integral along these 
small segments in one step from loading point i−1 to i, 
Zhu et al.(2008) obtained a CMOD-based J-integral 
incremental equation in the form of 
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for determining the plastic component of the 
J-integral. In this equation, ηCMOD and γCMOD are two 

CMOD-based plastic geometry factors, 
pl

1,i i
VA −  de-

notes the incremental area under the P-Vpl curve 
(where Vpl is the plastic component of measured 
CMOD), and is calculated by  
 

pl

1, 1
1 pl pl0 5( )( ).i i i i

V i iA . P P V V− −
−= + −               (33) 

 
The elastic component and total value of the 

J-integral are still determined by Eqs.(9) and (8), 
respectively. Similar to Eq.(20), the γCMOD term is 
used for considering the crack growth correction. 
Note that a similar equation to Eq.(32) was recently 
proposed by Cravero and Ruggieri (2007) in a dif-
ferent analysis for a single edge notched tension 
(SENT) specimen. For a special case with equal LLD 
and CMOD, such as for compact-type specimens 
where the LLD could be estimated directly from the 
CMOD gages, the two incremental J-integral Eqs.(20) 
and (32) become identical to each other. In general, 
Eq.(32) can be used for any specimen, provided that 
the corresponding geometry factors ηCMOD and γCMOD 
are known a priori for that specimen.  

If Eq.(32) is used for J-R curve evaluation, the 
standard test procedures in ASTM E1820 can be 
simplified considerably, because only load-CMOD 
data are needed for collection in a test using the elastic 
unloading compliance method. As a result, if the 
CMOD direct method is used, J-R curve testing be-
comes simpler and more cost-effective, and the re-
sults would be more accurate owing to the new 
J-integral formulation and CMOD gages. Therefore, 
Professor James Joyce, the chief developer of ASTM 
E1820, was very excited when he saw the CMOD- 
based J-integral incremental equation, and com-
mented that “this relationship has been a long- 
standing technical gap in ASTM E1820”. This 
CMOD direct method is in the ASTM ballot process 
for inclusion in ASTM E1820. In addition to this 
direct CMOD method, Zhu and Leis (2008b) pro-
posed another indirect CMOD method for evaluating 
a J-R curve using only load-CMOD data for SENB 
specimens. They developed a conversion technique to 
infer LLD data from CMOD measurements and to 
calculate the J-integral still using the LLD-based 
incremental Eq.(20) in the J-R curve evaluation.  

In the CMOD direct method, the J-integral in-
cremental Eq.(32) contains two plastic geometry 
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factors, i.e., CMOD based η and γ factors. To use 
Eq.(32) to calculate the crack growth corrected 
J-integral in a valid J-R curve evaluation, these two 
geometry factors must be known for the tested 
specimens. The determination of these plastic ge-
ometry factors for SENB specimens is of great im-
portance and is discussed next. 
 
Relationships of η and γ factors for SENB speci-
mens 

The above analysis indicates that the plastic η 
and γ factors have a critical role in an accurate J-R 
curve evaluation. The early methods to determine 
these geometry factors involved the use of slip-line 
field (SLF) solutions or limit load solutions, as pre-
sented by Clarke and Landes (1979) for CT speci-
mens, Sumpter (1987) for pure bending specimens, 
and Wu et al.(1988; 1990) for various fracture 
specimens. To consider the effect of the material’s 
work hardening, the elastic-plastic FEA method is the 
most reliable tool, and is employed widely nowadays 
to determine the geometry factors (Kirk and Dodds, 
1993; Sharobeam and Landes, 1993). For the 
LLD-based η factor in Eq.(7) that was obtained by 
Sumpter (1987), the resulting expression of the γ 
factor from Eq.(16) was found to have a large jump at 
a/W=0.282. Apparently, the jump is unreasonable, 
because an appropriate function of the η factor should 
lead to a continuous function of the γ factor. Thus, 
Zhu and Joyce (2007) obtained new expressions for 
the two geometry factors: 
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Note that these expressions were obtained for SENB 
specimens in pure bending, and they may be inaccu-
rate for SENB specimens in three-point bending. 
From the available FEA results of the LLD-based η 
factor for three-point bend specimens, Zhu et al.(2008) 
obtained two curve-fitted functions for LLD-based η 
and γ factors as 

η=1.620+0.850(a/W)–0.651(a/W)2, 0.25≤a/W≤0.70, 
(36) 

γ=0.131+2.131(a/W)–1.465(a/W)2, 0.25≤a/W≤0.70. 
(37) 

 
The two expressions above can reduce to those in 
ASTM E1820-08a for standard SENB specimens 
with deep cracks: 
 

η=1.9 and γ=0.9, 0.45≤a/W≤0.70.          (38) 
 
Extensive FEA indicated that the LLD-based η factor 
is sensitive to the material’s strain hardening behavior 
for three-point bend specimens with very shallow 
cracks of a/W<0.3 (Kirk and Dodds, 1993). Therefore, 
Eqs.(36) and (37) are not valid for very shallow 
cracks and further investigations are needed. 

In contrast, for the same specimen geometry, the 
FEA results of the CMOD-based ηCMOD are less sen-
sitive to the strain hardening exponent, as demon-
strated initially by Kirk and Dodds (1993) and then by 
Nevalainen and Dodds (1990), Kim et al.(2004) and 
Donato and Ruggieri (2006). However, the compari-
son of all these available FEA results for ηCMOD 
showed that the FEA results of Kirk and Dodds de-
viated significantly from the trend formed from other 
numerical results for deep cracks of a/W>0.5. As such, 
Eq.(23) is acceptable only up to a/W=0.5. To correct 
the errors, Kim and Schwalbe (2001) proposed an 
alternative solution by fitting the FEA results of Kirk 
and Dodds for shallow cracks and the SLF solutions 
of Wu et al.(1988) for deep cracks. Recently by fitting 
all valid FEA results, Zhu et al.(2008) obtained an 
improved, more accurate expression of ηCMOD 

 
in a 

quadratic function: 
 

ηCMOD=3.667–2.119(a/W)+0.437(a/W)2, 
0.05≤a/W≤0.70.                           (39) 

 
This new expression can be used for SENB specimens 
in three-point bending to cover a full range of crack 
lengths of interest. Because of its high accuracy, this 
new expression of ηCMOD in Eq.(39) has been adopted 
in the present version of ASTM E1820-08a. In addi-
tion, as proved theoretically by Zhu et al.(2008), the 
resulting CMOD-based γ factor is equal to its 
LLD-based partner. As a result, γCMOD=γLLD=0.9 for 
standard SENB specimens with 0.45≤a/W≤0.70. 
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With these plastic geometry factors, a J-R curve 
for an SENB specimen can be evaluated by the LLD 
direct method using the incremental Eq.(20), or by the 
CMOD direct method using the incremental Eq.(32). 
Leis et al.(2009) employed the CMOD-based 
J-integral incremental Eqs.(32), (39) and (37) and 
determined J-R curves for SENB specimens with 
cracks from shallow to deep in X80 pipeline steel. 
Likewise, Zhu and Joyce (2009b) evaluated the 
CMOD direct method in J-R curve determination for 
SENB specimens with a wide range of crack sizes in 
HY80 steel. The results of J-R curves from the nor-
malization method were compared with those from 
the CMOD-based basic method, the CMOD-based 
A16 method, and the LLD-based incremental equa-
tion. Fig.5 shows a comparison of J-R curves deter-
mined by the four different methods for an HY80 
SENB specimen with a0/W=0.606. As anticipated, the 
basic method overestimates the J-R curve because the 
crack growth correction is not considered. The other 
three methods determine essentially equivalent J-R 
curves for the same specimen. Among these methods, 
the CMOD direct method is the most theoretically 
sound, accurate and cost-effective. More practical 
applications of the CMOD direct method can be ex-
pected in J-R curve testing and evaluation. 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
Constraint-dependent J-R curve testing and 
corrections 

Extensive fracture experiments (Hancock et al., 
1993; Joyce et al., 1993; Joyce and Link, 1995; 1997; 
Lam et al., 2003; Neimitz et al., 2004; Shen et al., 
2004) showed that the J-integral resistance curves 
for ductile materials are affected considerably by 

crack sizes or crack-tip constraint levels under plane 
strain conditions. Note that the R curves are inde-
pendent of crack sizes for thin sheet materials under 
plane stress conditions (Schwalbe and Setz, 1981; 
Reynolds, 1996). If specimens tested have different 
crack-tip constraints, the measured experimental J-R 
curves are constraint-dependent, with higher curves 
for low constraint specimens and lower curves for 
high constraint specimens. SENB specimens with 
different crack sizes in three-point bending can 
cover a wide range of crack-tip constraint levels 
(Joyce and Link, 1997), with higher constraint levels 
for deep cracks and lower constraint levels for 
shallow cracks. Therefore, such specimens have 
been used frequently for determining constraint 
dependent J-R curves for ductile materials, where 
the guidelines in ASTM E1820 were followed for 
both standard specimens with deep cracks and non-
standard specimens with shallow cracks. Fig.6 
shows crack size or constraint-dependent J-R curves 
for SENB specimens with a wide spectrum of crack 
sizes in HY80 steel that were determined by Zhu and 
Joyce (2007) using the normalization method. In this 
figure, the J-R curves for HY80 steel increase as the 
initial crack size becomes shallower, and the deep 
cracks of a/W≈0.5 give the lowest result. Therefore, 
ASTM E1820 recommends deeply cracked bending 
specimens as standard specimens to be used to de-
termine geometry independent, conservative J- in-
tegral resistance curves for ductile materials. 

 
 
 
 
 
 
 
 
 
 
 
 

 
 

To quantify the crack-tip constraint levels, dif-
ferent fracture constraint theories have been proposed, 
and many numerical analyses have been performed 
under both 2D and 3D conditions. Among the  

Fig.5  Comparisons of J-R curves determined by the 
CMOD- and LLD-based equations for an HY80 SENB
specimen with a0/W=0.606 
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Fig.6  Experimental J-R curves for HY80 SENB speci-
mens with cracks from shallow to deep 
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two-parameter elastic-plastic fracture theories, the 
most notable are the J-Q theory (O’Dowd and Shih, 
1991; 1994) and the J-A2 three-term solution (Yang  
et al., 1993; Chao and Zhu, 1998) where Q and A2 are 
constraint parameters. These two theories were de-
veloped for power-law hardening materials, and Zhu 
and Chao (2001) proposed an alternative solution to 
quantify crack-tip constraint for elastic-perfectly 
plastic materials. Under large scale yielding condi-
tions, A2 is independent of loading, but Q depends on 
loading. After modifying the J-Q theory, Zhu et al. 
(2001) proposed a load-independent constraint pa-
rameter. For bending specimens like SENB and CT, 
the global bending moment can significantly impinge 
on the crack-tip field under large scale yielding. In 
this situation, as a consequence, both the J-Q theory 
and J-A2 solution lose the validity to describe the 
crack-tip field for the bending specimens. To elimi-
nate the global bending influence, a bending modified 
J-Q theory was recently proposed by Zhu and Leis 
(2006b), and a bending modified J-A2 solution was 
proposed by Chao et al.(2004). These two modified 
theories introduced an additional stress term to reflect 
the global bending influence on the crack-tip field. 
The results showed that both bending modified as-
ymptotic solutions can well describe the crack-tip 
field for all deformation levels, and the modified 
constraint parameters Q and A2 are distance- and load- 
independent under the conditions of large scale 
yielding. 

By using the load-independent constraint pa-
rameter Q or A2, the present author and his coworkers 
(Chao and Zhu, 2000; Zhu and Jang, 2000; Lam et al., 
2003; Zhu and Leis, 2006a and 2006c) have devel-
oped a unique methodology for correction of con-
straint-dependent J-R curves for a given material. By 
assuming an analytic power-law function, a family of 
constraint-dependent J-R curves can be constructed 
for ductile crack growth, in conjunction with use of 
experimental data from at least three typical J-R 
curves and numerical results of the constraint pa-
rameter values determined by FEA at the loading 
level of crack initiation toughness. In this way, each 
experimental J-R curve is correlated by a fixed value 
of the constraint parameter used. In general, a 
constraint-corrected J-R curve is formulated as a 
function of the crack extension and the constraint 
parameter, and can be expressed in a power-law 

function as 
 

2 ( )

1( , ) ( ) ,
1 mm

C QaJ a Q C Q Δ⎛ ⎞Δ = ⎜ ⎟
⎝ ⎠

            (40) 

 
if the constraint parameter Q is used. A similar ex-
pression to Eq.(40) can be assumed if the constraint 
parameter A2 is used instead of Q. 

In terms of the constraint parameter Q, Zhu and 
Jang (2000) and Zhu and Leis (2006c) obtained con-
straint-modified J-R curves for different ductile met-
als. For example, Fig.7a shows constraint-dependent 
J-R curves for X80 pipeline steel using SENB 
specimens with different crack sizes, as determined 
by Zhu and Leis (2006c), where the constraint- 
corrected J-R curve is formulated as 
 

( 0 066 0 637)Δ(Δ ,  ) ( 1225 645)
1 mm

. Q .aJ a Q Q
− +

⎛ ⎞= − + ⎜ ⎟
⎝ ⎠

(kJ/m2), 

(41) 
 

In reference to the constraint parameter A2, Chao and 
Zhu (2000), Lam et al.(2003) and Zhu and Leis 
(2006a) obtained constraint-corrected J-R curves for 
various ductile materials. Fig.7b shows again the 
constraint-dependent J-R curves for the X80 pipeline 
steel, as determined by Zhu and Leis (2006a), where 
the constraint-corrected J-R curve is functioned as 
 

0 668

2 2
Δ(Δ ,  ) 4417 1

1 mm

.aJ a A . A ⎛ ⎞= − ⎜ ⎟
⎝ ⎠

(kJ/m2).        (42) 

 
Fig.7 indicates that J-R curves predicted by the 

constraint-corrected J-R curve function in Eq.(41) or 
Eq.(42) can match very well the experimental results 
for X80 pipeline steel that were obtained by Shen  
et al.(2004) using the unloading compliance method 
and SENB specimens. A similar application and 
validation of the constraint correction approach in 
terms of constraint parameters A2 and Q was recently 
presented by Zhou et al.(2009) for HY100 steel. 
Moreover, Chao and Zhu (1998) and Zhu and Chao 
(2005) showed that the two-parameter J-A2 dominant 
zone at the crack tip is significantly larger than the J 
controlled zone, and the specimen size requirements 
relax considerably for a valid two-parameter fracture 
toughness testing. Therefore, it can be concluded that  
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the constraint correction procedures for correlating 
constraint-dependent J-R curves are reliable, and the 
constraint parameters Q and A2 are appropriate for use 
equivalently to determine a family of constraint- 
corrected J-R curves for ductile crack growth. More 
importantly, a constraint-corrected J-R curve can be 
used for transferring the laboratory measured fracture 
resistance curves from small specimens to actual 
cracked components, provided that the value of the 
constraint parameter is determined for those compo-
nents. As a result, this constraint correction technique 
can effectively correlate size-dependent J-R curves, 
reduce unnecessary experimental tests and costs, and 
serve as a vital tool for solving the transferability 
issue of fracture toughness in the critical assessment 
of various ductile materials used in engineering. 
 
 
J-INTEGRAL RESISTANCE CURVE TEST 
METHODS IN ASTM E1820-08a 

 
The plane strain fracture toughness test standard 

ASTM E1820 allows two methods for J-integral tests: 
the basic procedure and the resistance curve proce-

dure. In the basic procedure, the J-integral is calcu-
lated using the η factor equations as used for station-
ary cracks. In the resistance curve procedure, the 
J-integral is calculated using the crack growth cor-
rected incremental equations. In the present version of 
ASTM E1820-08a, several approaches are recom-
mended for calculating the J-integral in a fracture 
toughness test, including the LLD and CMOD-based 
basic methods, the LLD direct method with use of 
incremental J-integral equations, the A15 normaliza-
tion method and the A16 modified basic method. An 
overview of these methods is given in the following 
paragraphs. 

 
Basic test method 

When a full, crack growth corrected J resistance 
curve is not required, a basic test method is allowed 
for determining the J-integral using load- 
displacement data and the original crack length a0. 
For a single specimen test, instantaneous crack sizes 
are obtained by the unloading compliance method. If 
multiple specimens are used, the basic procedure 
involves physical measurements of crack advance. A 
partial J-R curve plot is then formed and a single point 
value of fracture toughness at crack initiation can be 
evaluated. 

The displacement data of LLD or CMOD are 
allowed to be used in this basic test method. If 
load-LLD data are used, Eqs.(8), (9) and (11) are used 
to determine the J-integral, and the related η factor 
takes the value in Eq.(6) for CT specimens and in 
Eq.(38) for SENB specimens. If load-CMOD data are 
used for SENB specimens, Eq.(22) is used to deter-
mine the J-integral, and the related η factor takes the 
value in Eq.(39). All J-integral values obtained by the 
basic test method shall be corrected for crack growth 
using the procedure of ASTM E1820 Annex A16. 
Nevertheless, for a small crack extension, say less 
than 2 mm, the crack growth correction has a limited 
effect on a J-R curve obtained by the basic test 
method. Note that the basic method is recommended 
for determining the initiation toughness, not for a full 
range of resistance curve. 

 
Resistance curve test method 

Only the single specimen test is allowed to be 
used for developing a full range J-R curve in the re-
sistance curve test method. The elastic unloading 

Fig.7  Comparison of experimental and predicted J-R 
curves for X80 SENB specimens with a/W=0.24, 0.42 
and 0.64 using (a) constraint parameter Q and (b) 
constraint parameter A2 
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compliance method is recommended for online 
monitoring of crack growth. Alternative methods of 
measuring crack extension, such as the electric po-
tential drop method, are allowed if the qualification 
criteria are met. The resistance curve test method 
requires simultaneous measurements of load, LLD, 
and CMOD data for a single test on SENB specimens. 
Note that for CT specimens, CMOD gages could be 
mounted in the load-line direction and thus LLD and 
CMOD become identical. The load-CMOD data are 
used to determine compliance-based crack length a, 
while the load-LLD data in conjunction with the crack 
length are used to calculate the J-integral. The elastic 
component of J is calculated from Eq.(9) using the 
current crack length, the plastic component of J is 
calculated incrementally using Eq.(20) with the η and 
γ factors taken from Eq.(38), and the total J is ob-
tained by adding its elastic and plastic values in 
Eq.(8). With the calculated J and measured crack 
extension, a J-R curve is constructed for a single 
specimen test, and fracture initiation toughness can 
be then determined by following the procedures in 
Annex A9. 
 
Normalization method in Annex A15 

The normalization method is recommended for 
use in some cases for obtaining a J-R curve directly 
from a load versus load-line displacement record 
taken with initial and final crack size measurements 
from the specimen fracture surface. The normaliza-
tion technique is most valuable for cases where high 
loading rates are used, or where high temperatures or 
aggressive environments are being used. In these and 
other situations, the unloading compliance method is 
impractical. Eqs.(27) and (28) are used to normalize 
the test data of load and displacement, and Eq.(29) is 
used to fit an analytic normalization function and then 
to iteratively solve instantaneous crack lengths. With 
the estimated crack lengths and measured load-  
displacement data, the J-integral is incrementally 
determined using Eq.(20) and then a J-R curve is 
obtained for a single specimen test. Note that the 
normalization method is not applicable to low 
toughness materials tested in large specimen sizes 
where a large amount of crack extension can occur 
without measurable plastic load-line displacement. 
 
 

Modified basic method in Annex A16 
The modified basic method provides an indirect 

procedure for evaluation of crack growth corrected 
J-R curves. It is applicable to both single and multiple 
specimen tests with use of LLD or CMOD data. The 
four steps presented in the section on the modified 
basic method must be followed, with Eqs.(30) and (31) 
being used to determine a crack growth corrected 
J-integral in an experimental evaluation of J-R curves. 
Note that this method determines only approximate 
results which are adequate for multiple specimen tests. 
If an accurate, full range J-R curve is needed, the 
resistance curve method and single specimen test 
technique should be employed.  
 
 
CONCLUSION 
 

This paper presents a detailed technical review 
of J-integral resistance curve testing and experimental 
evaluation methods with an emphasis on recent de-
velopments. The review describes the history and 
current state of the art of J-R curve testing, and dis-
cussed the development and progress of the plane 
strain fracture toughness test standard ASTM E1820. 
These cover a wide spectrum of the technology of J-R 
curve testing from the early efforts to recent devel-
opments, including the J-integral concept and dif-
ferent methodologies for J-integral estimates and for 
J-R curve testing. Typical comparisons of J-R curves 
for several ductile steels determined by different test 
methods were given and showed that the traditional 
method of LLD-based J-integral incremental equa-
tions can continue to be used, and the recently pro-
posed CMOD direct method with use of incremental 
equations is recommended for use in a valid J-R curve 
testing when SENB specimens are employed for test 
because this method is more cost-effective and more 
accurate. For dynamic loading and other aggressive 
conditions, the normalization method would be a 
practical technology for fracture resistance curve 
testing. The constraint correction approach is sug-
gested being used when the transferability of fracture 
toughness is needed in practical application. 

This review indicates that the J-integral concept 
and its experimental evaluation analysis for ductile 
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materials have experienced a long journey of more 
than 40 years in the development of technology, and 
significant progress has been achieved. This is dem-
onstrated by the progress of the ASTM fracture 
toughness test standard that grew step by step from 
E813, E1152, E1737, E1820, to the present version of 
E1820-08a. Now the J-integral resistance curve test 
procedures have become more simplified, the test 
conditions are wider, the J-integral experimental es-
timates are more accurate, the test costs have been 
reduced, and the test results are more reliable. This 
progress was achieved owing to the work of many 
researchers and scientists around the world who have 
made many contributions to this field. Although a 
huge number of publications are available, only the 
most relevant publications were referenced in this 
work, in conjunction with the most important equa-
tions and relationships presented. Remaining chal-
lenges and the author’s perspectives for further im-
proving J-R curve testing and evaluation were also 
provided in the paper. 

Note that this paper focuses only on the review 
of fracture parameter J-integral and its experimental 
testing and evaluation methods. The other fracture 
mechanics parameters, such as crack-tip opening 
displacement (CTOD), crack-tip opening angle 
(CTOA) or stress intensity factor K-based R curve, 
may be appropriate for use in some practical applica-
tions. Related research and reviews can be found in 
recent publications by Newman et al.(2003) and 
Zerbst et al.(2009). A general review of fracture me-
chanics theory and its development was presented by 
Cotterell (2002). Applications of fracture toughness 
and fracture mechanics methods to comprehensive 
structural integrity assessment and management in 
various engineering fields were recently described in 
detail in a series of books with ten volumes edited by 
Milne et al.(2003). 
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