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Abstract:    Recent research has shown that circular hollow section (CHS) joints may exhibit non-rigid behavior under axial load 
or bending. The non-rigid behavior significantly affects the mechanical performance of structures. This paper is concerned with 
the parametric formulae for predicting axial stiffness of CHS X-joints while braces are in tension. The factors influencing the axial 
stiffness of CHS X-joints under brace axial tension are investigated, including the joint geometric parameters, the axial force of the 
chord, and bending moments of braces in two directions, etc. Effects of various parameters on axial stiffness of CHS X-joints are 
examined by systematic single-parameter nonlinear analysis using shell finite element methods. The analysis is implemented in a 
finite element code, ANSYS. The observed trends form the basis of the formulae for calculating the joint axial stiffness under 
brace axial tension by multivariate regression technique. In order to simplify the formulae, two non-dimensional variables are 
introduced. The proposed formulae can be used to calculate the joint axial stiffness in the design of single-layer steel tubular 
structures. 
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1  Introduction 
 

Circular hollow section (CHS) tubular joints are 
widely used in space structures. A great effort has 
been made to investigate the strength of tubular joints 
(Soh et al., 2000; Choo et al., 2003; 2006; Shu et al., 
2004; Qian et al., 2005; Gho et al., 2006; Schumacher 
et al., 2009). CHS tubular joints are usually assumed 
to be pinned or rigid. It has been shown that tubular 
joints may exhibit non-rigid behavior under axial load 
or bending (Chen et al., 2001; Wang, 2005). The 
non-rigid behavior affects the mechanical perform-
ance of structures significantly (Yang et al., 1990; 
Chen and Zhang, 1996; Wang and Chen, 2005; Lopez 
et al., 2007; Ihaddoudenea et al., 2009; Turker et al., 
2009). Wang (2005) established parametric formulae 
for predicting rigidities or flexibilities of tubular 
joints on the basis of finite element (FE) analyses on 

nine T(Y) type and 25 K type joint models, but the 
internal forces of tubular joint members were not 
considered. In order to perform optimal designs of 
both the safety and economy of tubular structures, it is 
necessary to study their non-rigidity behaviors. 

Based on a single-layer spherical shell project, 
extensive work on the non-rigidity characteristics of 
CHS X-joints has been done by Qiu and Zhao (2008; 
2009; 2010). An experimental study of six CHS 
X-joint specimens was carried out with the braces 
subjected to axial force, out-of-plane moment, and in- 
plane moment (Qiu and Zhao, 2008). The mechanical 
behaviors and failure modes of the joints were ob-
tained. The joint specimens were analyzed by nonlin-
ear finite element methods. The systematic single- 
parameter nonlinear analysis of the related factors was 
then carried out. New formulae for axial stiffness of 
CHS X-joints under brace axial compression (Qiu and 
Zhao, 2009) and tension, bending stiffness under 
out-of-plane, and in-plane moments of braces were 
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proposed using multivariate regression technique. The 
influence of joint non-rigidity on the global perform-
ance of tubular structures was investigated (Qiu and 
Zhao, 2010). In this paper, studies on joint axial stiff-
ness under brace axial tension are undertaken.  

 
 

2  Two non-dimensional variables 
 

In order to simplify the formulae for joint axial 
stiffness and speed up the multiple regression analy-
sis, two non-dimensional variables, joint axial load 
capacity factor ωN and joint axial stiffness factor ηN, 
are introduced (Qiu and Zhao, 2009). Parameter ωN is 
obtained as follows: 

 

N pj
tX

,N
N

ω =                                 (1) 

 
where N is the axial load applied on the braces, and 

pj
tXN  is the maximum allowable tensile force applied 

on the braces, which is given in the current Chinese 
steel design code (GB 50017-2003). Although ωN 
usually ranges from 0.3 to 1.0 in actual tubular 
structures, it may be greater than 1.0 when analyzing 
the stability of single-layer tubular structures. 

Parameter ηN is defined by 
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where KN is the axial stiffness of CHS X-joints, E is 
the elastic modulus, and A is the cross section area of 
the brace. L100=100×r, where r  is the least radius of 
gyration of the brace. EA/L100 is the axial stiffness of 
the braces with a slenderness ratio of 100, and taken 
as the reference value in this study. 

It can be found from the definition that the two 
variables vary over a small range. Thus, the compu-
tational formulae of axial stiffness of CHS X-joints 
can be easily derived using the multivariate regres-
sion method. 

 
 

3  Numerical models  
 

A FE code, ANSYS (SAS, 2002) was used for 
the numerical analysis. The midsurfaces of the joint 
member walls were modeled using the mesh of 

4-node elastic-plastic shell elements (SHELL181). A 
fine mesh was created in the vicinity of the joint in-
tersection. A mesh sensitivity study, varying the mesh 
density at joint intersections, was conducted to obtain 
a suitable mesh size for modeling the joint prior to the 
extensive FE analysis. Boundary conditions are 
shown in Fig. 1, where one end of the chord was 
pinned, while the other end of the chord was a two 
direction hinge, which means only displacements 
along the axis are allowed. The load was applied 
uniformly on the cross section at the free ends of the 
braces. A typical FE mesh of a CHS X-joint under 
brace axial tension is shown in Fig. 1. The mechanical 
properties of Q235 steel, which is broadly used in 
China’s construction industry, were adopted in the 
simulation. The yield strength of Q235 steel is 
fy=235 MPa. The nonlinear material properties were 
taken into account by assuming the stress-strain rela-
tionship as a bilinear curve with E=2.06×105 MPa, and 
the plastic modulus being 2.06×103 MPa (Choo et al., 
2003). According to Wang (2005), the weld effect on 
the joint elastic stiffness can be ignored, and therefore 
the weld was not modeled in the FE analysis.  
 

 
 
 
 
 
 
 
 
 
 

 
 
4  Verification study 

 
In order to investigate the axial rigidity of CHS 

X-joints and validate the numerical analysis model, 
experiments on CHS X-joint rigidity were carried out 
(Qiu and Zhao, 2008). The chord of the specimen was 
Φ351 mm×8 mm, the braces were Φ351 mm×8 mm 
and Φ219 mm×6 mm, and the steel material was 
Q345. The load applying device is shown in Fig. 2. 

As shown in Fig. 3, the joint failure mode is 
buckling of the chord wall. The deformation of the 

Fig. 1  Finite element model of a tubular X-joint 
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chord wall connected with the brace Φ219 mm×6 mm 
is large, while that of the end of the branch 
Φ351 mm×8 mm is very small. This indicates that 
when the parameter β is smaller, the joint axial stiff-
ness is weaker. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
The FE analysis of the specimen was carried out 

using ANYSYS. The joint deformation of FE results 
when the load is close to the ultimate load, is shown in 
Fig. 4. When the axial force of the brace increases to a 
certain value, extensive yielding in the chord wall 
appears at the intersection region with the smaller 
brace. It can be observed from Figs. 3 and 4 that the 
joint deformation is similar. Relationship curves be-
tween the axial load N of the Φ219 mm×6 mm brace  
 

 
 
 
 
 
 
 
 
 
 

and the joint deformation δ are shown in Fig. 5. 
Through comparisons between the FE predictions and 
experimental results, good agreement was observed. 

 
 
 
 
 
 
 
 
 
 
 
 

 
 
5  Parametric studies 
 

In this parametric study, 66 FE models of CHS 
X-joints were created to evaluate the effects of dif-
ferent factors on the joint stiffness under brace axial 
tension. The influence factors of joint stiffness can be 
classified into two categories. One category is related 
to joint geometric parameters, as illustrated in Fig. 6, 
which include β, γ, τ, θ, and β2. When the chord di-
ameter D and the relevant parameters are given, the 
joint geometry is specified. For each geometric pa-
rameter, the range commonly used in the industry was 
covered. The other category is in relation to the 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3  Failure mode of the specimen

Fig. 2  Load applying device 

Fig. 4  Deformation mode of the finite element model 
(mm) 

Fig. 5  Axial load-deformation curves 
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Fig. 6  Geometrical parameters of a tubular X-joint 
D: diameter of the chord; d1, d2: diameters of the braces; T: 
wall thickness of the chord; t1, t2: wall thicknesses of the 
braces; θ: brace inclination angle 
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internal force of chord and braces, such as σ/fy (σ is 
the chord stress, and fy is the steel yield strength), MI 
(in-plane moment), MW (out-of-plane moment), etc. 

In a single-parameter analysis, one parameter is 
changed from one analysis to the next, while others are 
kept constant. The variations of joint axial stiffness are 
only affected by this single parameter, and therefore 
the effects of the parameter can be determined. 

5.1  Effect of parameter β 

Parameter β varies from 0.2 to 1.0, with an in-
crement of 0.1. The size of the chord member is 
Φ500 mm×16 mm, the wall thickness of the two 
symmetrical braces is 8 mm, and the diameters of the 
two braces can be obtained by the β value. The in-
clination angle of the braces is fixed at 90°. Chord 
stress and brace moments are not considered. 

As shown in Fig. 7, the trends of the curves for 
different β values are similar. The axial stiffness of the 
joints increases slightly when the load level is very 
small, and then decreases with the increase of axial 
load on the braces. It is different with the trends of the 
curves when the joints are subjected to brace axial 
compression (Qiu and Zhao, 2009). A possible reason 
is that the initial brace tension causes compressive 
stress at the outer side of the chord wall, which con-
strains the deformation of the joint. A progressive 
increase in the joint initial axial stiffness with an in-
crease in β value can also be observed. When ωN<0.4, 
the joint axial stiffness varies marginally for a certain 
β. However, when ωN>0.4, the joint axial stiffness 
decreases rapidly and ηN is even less than 0.5 for 
β<0.5 and ωN≥1.0. It is worth mentioning that even 
for joints with very high initial axial stiffness, i.e., 
β>0.9, ηN is less than 1 when the brace tension reaches 
the joint load capacity (ωN≥1.0). Therefore, the axial 
 

 
 

 
 
 
 
 
 
 
 
 

stiffness of CHS X-joints under brace tension has a 
significant effect on tubular structures, and must be 
considered in the practical design. 

5.2  Effect of parameter γ 

Considering the possible member size in the 
actual design, parameter γ of the joints varies from 10 
to 50, with an increment of 5. The diameter of the 
chord is 600 mm, and the diameter of the two sym-
metrical braces is 300 mm. Parameter τ is fixed at 0.5. 
The thickness of chord wall and brace wall can be 
evaluated by the γ value and τ value. The inclination 
angle of the braces is 90°. Chord stress and brace 
moments are not considered. 

Relationship curves between ηN and ωN of the 
joints for different γ are shown in Fig. 8. All the 
curves tend to be “converging” for high ωN values. 
For joints with 10≤γ≤20, when ωN<0.5, ηN is greater 
than or close to 1.0, which means the joint axial 
stiffness is greater than or close to the axial stiffness 
of the brace members. When ωN≥0.5, ηN value drops 
rapidly with the increase of ωN. It can be observed 
that for joints with high γ values (γ>20), ηN is less than 
0.7 even when ωN<0.5. This indicates that the γ value 
of CHS X-joints needs to be less than 20. 

5.3  Effect of parameter τ 

The thickness of the brace wall is normally less 
than the thickness of the chord wall. Thus, the 
X-joints with τ=0.2–1.0, with an increment of 0.1, are 
analyzed in this study. The size of joint chord member 
is Φ500 mm×20 mm, and the diameter of the two 
symmetrical braces is 300 mm. The thickness of the 
brace wall is evaluated by the τ value. The inclination 
angle of the brace is 90°. Chord stress and brace 
moments are not considered. 

 
 
 
 
 
 
 
 
 
 
 
 Fig. 7  Comparison of the joints subjected to brace tension with different β 

(a) β=0.2, 0.3, 0.4, 0.5; (b) β=0.6, 0.7, 0.8; (c) β=0.9, 1.0 
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Fig. 9 presents the ηN-ωN curves for X-joints 
with different τ. For X-joints with low τ values 
(τ≤0.5), ηN values are all greater than 2.5 when 
ωN≤0.4. For joints with high τ values (τ>0.5), how-
ever, ηN values are all less than 2.3. This indicates that 
the X-joints stiffness under brace axial tension must 
be considered in the practical design. But it should be 
noted that the parameter τ has little influence on the 
X-joints stiffness. According to the definition of ηN, 
the variation of ηN with different τ is mainly caused by 
the change of the axial stiffness of the braces with 
different wall thickness. 

5.4  Effect of brace inclination angle θ 

The intersection line between the brace and the 
chord varies with changes in the brace inclination 
angle θ. For joints with θ=90°, the stresses of the two 
crown points of the brace are identical. For joints with 
low θ values, e.g., θ=30°, the stress of the crown 
points closer to the saddle points is higher. 

In the current study, the inclination angle θ of the 
brace varies from 30° to 90°, with an increment of 
10°. The size of the chord member is Φ500 mm 
×20 mm, and those of the two braces are Φ300 mm 
×12 mm. Brace moments and chord stress are not 
considered. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
As shown in Fig. 10, the load transfer paths in 

the joints change with different inclination angles of 
the brace. There is a progressive reduction in the axial 
stiffness of X-joints with the increase of θ value. 
Parameter ηN nearly remains constant when ωN is low, 

Fig. 8  Comparison of the joints with different γ 
(a) γ=10, 15, 20; (b) γ=25, 30, 35, 40, 45, 50 
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Fig. 9  Comparison of the joints with different τ 
(a) τ=0.2, 0.3, 0.4, 0.5; (b) τ=0.6, 0.7, 0.8, 0.9, 1.0 
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Fig. 10  Comparison of the joints with different θ 
(a) θ=30°, 40°, 50°; (b) θ=60°, 70°, 80°, 90° 
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but it decreases rapidly after ωN exceeds a certain 
value. 

5.5  Effect of the chord stress ratio 

The chord stress ratio σ/fy ranges from −0.91 to 
0.91. When σ/fy=±0.91, σ=±f (f=215 MPa, design 
strength of Q235 steel). The negative sign indicates 
that the stress applied to the chord is compressive. 
The size of the chord member is Φ500 mm×20 mm, 
and those of the two symmetrical braces are 
Φ300 mm×12 mm. The brace inclination angle is 90°. 
Brace moments are not considered. Chord stresses are 
applied as a uniform pressure on the cross section at 
the end of the chord member. The chord is pre-loaded 
and the load level is maintained throughout the 
analysis, while the brace axial force is loaded  
incrementally. 

As shown in Fig. 11a, the axial stiffness of the 
joints decreases with the increase of compressive 
chord stress at the beginning of loading, during which 
the braces are under tension and the chord is under 
compression. This is more obvious in joints with a 
high chord compressive stress. The reason is that the 
brace tension causes compressive stress at the outer 
side of the chord walls between the saddle points. 
When the chord is pre-loaded compressively, it  
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

increases the deformation of the chord walls, and 
therefore the initial axial stiffness of joints is de-
creased. After part of the chord walls yield, the in-
fluence is gone. There is a marginal difference be-
tween the curves when −0.6≤σ/fy≤0. However, when 
−0.91≤σ/fy≤−0.8, ηN clearly decreases. 

As shown in Fig. 11b, the axial stiffness of the 
joints is enhanced by the tensile chord stress at the 
initial period of loading. The reason is that the chord 
tensile stress constrains the deformation of the chord 
walls when the joints are subjected to brace tension. 
Note that the axial stiffness of the joints decreases 
with increases in brace tension, and the curves con-
verge to the level of initial stiffness for σ/fy=0. This is 
more obvious in the joints with high chord stress 
levels (large σ/fy values). 

5.6  Effect of bending moments of braces 

The bending moments of the braces include the 
in-plane moment MI and the out-of-plane moment 
MW. σI/f and σW/f (σI=MI/W, σW=MW/W, where W is 
the section modulus, and f is the steel design strength 
of braces) are used as influence parameters to analyze 
the joint stiffness under brace axial tension. Six stress 
levels, 0, 0.2, 0.4, 0.6, 0.8, and 1.0, are considered. 
The FE models are the same as that for analyzing the 
effect of the chord stress ratio, but the chord stress is 
not considered. The brace moment is pre-loaded and 
maintains constant, and then the brace axial tension is 
incrementally applied. 

The comparison of ηN-ωN relationship curves for 
different σI/f is shown in Fig. 12. The joint axial 
stiffness is enhanced at the beginning of the tensile 
loading on braces. It is more obvious for joints sub-
jected to large in-plane moments, but it drops rapidly 
with increases in brace tensile loading. Note that the 
 

 
 
 
 
 
 
 
 
 
 
 

0.0

1.0

2.0

3.0

4.0

0.0 0.5 1.0 1.5 2.0

 (b) 

η N
 

ωN 

σ/fy=0 
σ/fy=0.2 
 σ/fy=0.4 
σ/fy=0.6 
 σ/fy=0.8 
σ/fy=0.91 

0.0

0.5

1.0

1.5

2.0

2.5

0.0 0.5 1.0 1.5 2.0

 (a) 

η N
 

ωN 

σ/fy=−0.91 
σ/fy=−0.8 
 σ/fy=−0.6 
σ/fy=−0.4 
 σ/fy=−0.2 
σ/fy=0 

Fig. 11  Comparison of the joints with compressive chord 
stress (a) and tensile chord stress (b) 
 

Fig. 12  Effect of in-plane moment 
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effect of the in-plane moment on the axial stiffness of 
X-joints subjected to brace tension is not significant, 
and can be ignored in the practical design. 

Fig. 13 presents the ηN-ωN curves of the joints 
with different σW/f. The initial axial stiffness of the 
joint with σW/f=1.0 is about half of that with σW/f=0. 
The effect of the out-of-plane moment on the axial 
stiffness of the X-joints subjected to brace tension is 
obvious. 

 
 
 
 
 
 
 
 
 
 
 
 

5.7  Effect of the diameter of the other brace 

To investigate the effect of the interaction be-
tween the two braces on the axial stiffness of X-joints, 
the joint axial stiffness of one brace (labeled Brace 1 
with diameter d1) is analyzed with consideration of 
the diameter of the other brace (labeled Brace 2 with 
diameter d2). The size of the chord member is 
Φ500 mm×20 mm, the brace wall thickness is 10 mm, 
and the brace inclination angle is 90°. Brace moments 
and chord stress are ignored. Three groups of models, 
whose diameter ratios (β) of Brace 1 to the chord are 
0.3, 0.6, and 0.9, are analyzed. 

KN-ωN curves for the three groups of models are 
shown in Fig. 14. When the diameter of Brace 1 d1 is 
 

 
 
 
 
 
 
 
 
 
 
 

unchanged, the axial stiffness increases with the in-
crease of d2. It is even more obvious for the joints with 
large diameter of Brace 1; e.g., when d1=450 mm, the 
initial joint axial stiffness for d2=450 mm is about 2.5 
times of that for d2=150 mm. Thus, the effect of the 
other brace on the joint stiffness needs to be consid-
ered in the design. 

 
 

6  Axial stiffness formulae of CHS X-joints 
under brace tension 
 

The influence of each parameter has been stud-
ied through single-parameter analysis in the previous 
section. Meanwhile, the formulae for calculating the 
axial stiffness of X-joints are functions of axial load-
ing in the braces. A regression analysis on the present 
results is carried out to derive formulae for the joint 
axial stiffness under brace tension (Gho and Yang, 
2008). 

Parameter ωN and the geometric parameters need 
to be analyzed separately. The relationship between 
the two parameters, ηN and ωN, is first determined, 
and then the X-joint axial stiffness value is computed 
accordingly. 

According to the common feature of the ηN-ωN 
curves, which were obtained in the previous analysis, 
the ηN-ωN relationship is discretized into two types of 
curves, as shown in Fig. 15 (Qiu and Zhao, 2009). 

After the discretization of the ηN-ωN relationship, 
the curves can be determined by the four control 
points A, B, C, and D. In this way, the regression of ηN 
is equivalent to those of ηN0, ωN95, ωN50, and ωN10, 
where ηN0 is the initial joint axial stiffness factor, and 
ωN95, ωN50, and ωN10 are the ω values corresponding to 
ηN values equal to 0.95ηN, 0.5ηN, 0.1ηN, respectively. 

 
 
 
 
 
 
 
 
 
 
 
 

Fig. 13  Effect of out-of-plane moment
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Before applying loads on the tubular structures, 

the internal forces of members are zero, and therefore 
the axial stiffness of the X-joints is only related to 
geometric parameters. Then formulae of the parame-
ters, ηN0, ωN95, ωN50, and ωN10 can be expressed as 
(Qiu and Zhao, 2009) 

 
y WI 2/ //

N0 ( , , , ),f ff fσ σσ β
η η η η ηη ψ ψ ψ ψ β γ τ θ=          (3) 

y WI 2/ //
N95 N95 N95 N95 N95 N95 ( , , , ),f ff fσ σσ βω ψ ψ ψ ψ β γ τ θ=         (4) 

y WI 2/ //
N50 N50 N50 N50 N50 N50 ( , , , ),f ff fσ σσ βω ψ ψ ψ ψ β γ τ θ=         (5) 

y WI 2/ //
N10 N10 N10 N10 N10 N10 ( , , , ),f ff fσ σσ βω ψ ψ ψ ψ β γ τ θ=         (6) 

 
where y/ ,fσψ  I / ,fσψ  W / ,fσψ  and 2βψ  are influence 
coefficients of σ/fy, MI, MW, and β2, respectively. 

The regression sequence is as follows: the func-
tion of the geometric parameters f(β, γ, τ, θ) is ana-
lyzed first, and then the coefficients relating to the 
internal force of the joints y/ ,fσψ  I / ,fσψ  W / ,fσψ  and 

2βψ  are obtained. Consequently, ηN0, ωN95, ωN50, and 
ωN10 can be determined by Eqs. (3)–(6). Parameter ωN 
can be calculated by Eq. (1), and ηN can be evaluated 
from the curve shown in Fig. 15. Finally, the joint 
axial stiffness KN can be obtained by Eq. (2). 

6.1  Parametric equations 

Firstly, the regression is carried out for ηN0 on the 
basis of the geometric parameters, β, γ, τ, and θ. The 
axial stiffness of those joints, which are closer to the 
connected brace (e.g., ηN0≈1), has a more significant 
effect on the behavior of tubular structures. On the 
other hand, when ηN0 is large enough (e.g., ηN0>10), 
the non-rigidity behavior of CHS X-joints can be 
ignored. Thus, the data of ηN0>10 are not included in 
the regression process to ensure the precision of re-
gression. Functions of the other variables, including 
σ/fy, MI, MW, and β2, are regressed. Finally the for-
mula for ηN0 is obtained as 

 
y WI 2/ //

N0

0.499 0.948 1.448 0.945 2.463

29.144

(1 ) (sin ) ,

f ffσ σσ β
η η η ηη ψ ψ ψ ψ

β β γ τ θ− − − −

=

× −
 (7) 

 

where  
 

y/ 1.0,fσ
ηψ =  I / 1.0,fσ

ηψ =  

W /
3

W W

1.0 ,
1.0 0.0263 / 1.016( / )

f

f f
σ
ηψ

σ σ
=

− +
    

2

0.308 0.144
2 21 ,

1
β

η
β β

ψ
β β

−
−⎛ ⎞ ⎛ ⎞

= ⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎝ ⎠
 β=0.9 when β>0.9. 

 
The equations of ωN95, ωN50, and ωN10, obtained 

by the same regression methods, are given as 
 

y WI 2/ //
N95 N95 N95 N95 N95

0.203 0.028 0.078 0.219 0.886

0.282

(1 ) (sin ) ,

f ffσ σσ βω ψ ψ ψ ψ

β β γ τ θ− −

=

× −
   (8) 

y WI 2/ //
N50 N50 N50 N50 N50

0.185 0.197 0.492 0.154 0.134

0.286

(1 ) (sin ) ,

f ffσ σσ βω ψ ψ ψ ψ

β β γ τ θ −

=

× −
    (9) 

y WI 2/ //
N10 N10 N10 N10 N10

0.292 0.265 0.533 0.227 0.318

0.525

(1 ) (sin ) ,

f ffσ σσ βω ψ ψ ψ ψ

β β γ τ θ

=

× −
    (10) 

 

where 
 

y/ 2 3
N95 y y y1 0.406 / 0.325( / ) +0.354( / ) ,f f f fσψ σ σ σ= − −  

O

ηN0

ηN00.5

ηN00.1

ηN

ωN95 ωN50 ωN10 ωN

( , )B ω ηN95 N00.95

( , )C ω ηN50 N00.5

( , )D ω ηN10 N00.1

( , )A ηN00

O

ηN0

ηN00.5

ηN00.1

ηN

ωN95 ωN50 ωN10 ωN

( , )B ω ηN95 N00.95

( , )C ω ηN50 N00.5

( , )D ω ηN10 N00.1

( , )A ηN00

(a) 

(b) 

Fig. 15  Two types of relationship curves  
(a) BCD is a quadratic curve; (b) BCD is a bilinear curve (Qiu
and Zhao, 2009) 
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I I/ 8.167( / )
N95 1.00064 (1+0.00064e ) ,f fσ σψ =  

W
/ 2

N95 W W

3
W

1.0+1.706 / 6.649( / )

5.964( / ) ,

f
f f

f

σ
ψ σ σ

σ

= −

+
 

2

0.00908 0.143
2 2

N95
1 ,
1

β β β
ψ

β β

−
−⎛ ⎞ ⎛ ⎞

= ⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎝ ⎠
 β=0.9 when β>0.9, 

y/ 2 3
N50 y y y1 0.107 / 0.447( / ) +0.098( / ) ,f f f fσψ σ σ σ= − −  

I I/ 2.852( / )
N50 1.0129 (1+0.0129e ),f fσ σψ =  

W / 2
N50 W W

3
W

1.0 0.394 / +1.309( / )

0.492( / ) ,

f f f

f

σψ σ σ

σ

= −

−
 

2

0.244 0.00136
2 2

N50
1 ,
1

β β β
ψ

β β

− −
−⎛ ⎞ ⎛ ⎞

= ⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎝ ⎠
 β=0.9 when β>0.9, 

y/ 2 3
N10 y y y1 0.033 / 0.304( / ) +0.031( / ) ,f f f fσψ σ σ σ= − −  

I /
N10 1.0,fσψ =  

W / 2
N10 W W

3
W

1.0 0.574 / +2.156( / )

1.339( / ) ,

f f f

f

σψ σ σ

σ

= −

−
 

2

0.262 0.0391
2 2

N10
1 ,
1

β β β
ψ

β β

−
−⎛ ⎞ ⎛ ⎞

= ⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎝ ⎠
 β=0.9 when β>0.9. 

 
Then the coefficients a, b, c, and s can be cal-

culated by 
 

2 2 2
N10 N95 N50

N0
N50 N10 N95 N50 N95 N10

0.45 0.4 0.85
( )( )( )

b
ω ω ω

η
ω ω ω ω ω ω

+ −
=

− − −
, (11) 

N50 N10 N95
N0

N50 N10 N95 N50 N95 N10

0.85 0.45 0.4
( )( )( )

c
ω ω ω

η
ω ω ω ω ω ω

− −
=

− − −
, (12) 

2
N0 N10 N100.1a b cη ω ω= − − ,                                  (13) 

N952s b cω= + .                                                      (14) 
 

The parameter s is the slope at point B of the 
quadratic curve, BCD, shown in Fig. 15. When s≤0, 
section BCD can be simulated as a quadratic curve 
and functions between ηN and ωN are shown:  

 

N
N0 N N95

N N95
2

N N N95 N N10

1 0.05 , ,

, .a b c

ω
η ω ω

η ω
ω ω ω ω ω

⎧⎛ ⎞
− ≤⎪⎜ ⎟= ⎨⎝ ⎠

⎪ + + < <⎩

 (15) 

 
When s>0, this section cannot be simulated as a 
quadratic curve, but rather a bilinear curve, and ηN is 
calculated by 

N
N0 N N95

N95

N N50
N N0 N95 N N50

N95 N50

N N10
N0 N10 N N50

N50 N10

1 0.05 , ,

0.45( )
0.5 , ,

( )

0.4( )
0.1 , .

( )

ω
η ω ω

ω

ω ω
η η ω ω ω

ω ω

ω ω
η ω ω ω

ω ω

⎧⎛ ⎞
− ≤⎪⎜ ⎟

⎝ ⎠⎪
⎪⎛ ⎞−⎪= + < ≤⎨⎜ ⎟−⎝ ⎠⎪
⎪⎛ ⎞−⎪ + < <⎜ ⎟⎪ −⎝ ⎠⎩

(16) 
 

6.2  Comparison with finite element results 

The axial stiffness of the CHS X-joints under 
brace axial tension has been predicted by the pro-
posed equations, and the predictions compare rea-
sonably well with the current FE results. The normal 
distribution of the resulting histogram of predicted 
axial stiffness to current FE data ratio is shown in 
Fig. 16. The mean value of 863 data points is 0.97 and 
the standard deviation is 0.155, indicating that the 
proposed Eqs. (15) and (16) can provide a consistent 
prediction of the axial stiffness of CHS X-joints under 
brace axial tension. 

 
 
 
 
 
 
 
 
 
 
 

 
 
7  Conclusions 
 

A parametric study of the factors influencing the 
axial stiffness of CHS X-joints subjected to brace 
tension has been presented. Single-parameter analy-
ses, covering related factors and considering geo-
metrical and material nonlinearities, have been im-
plemented by the FE package, ANSYS. Based on the 
FE results of the parametric study, formulae for cal-
culating the axial stiffness of CHS X-joints subjected 
to brace tension are proposed using the multivariate 
regression method. The proposed formulae can pro-
vide an estimation of the axial stiffness for CHS 
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X-joints under brace tension in steel tubular structural 
design. 

Two intermediate parameters are introduced to 
regress the axial stiffness formulae for CHS X-joints 
under brace tension. The discretized ηN-ωN curves 
reflect the relationship between the brace axial ten-
sion and the axial stiffness of X-joints. Functions 
between the two factors are also derived by the mul-
tivariate regression technique. 

The joint stiffness under brace tension decreases 
with increases in brace axial load, especially when the 
axial load is large. The joint axial stiffness increases 
with increases in β, but decreases with increases in γ 
and θ. The parameter τ has a minor effect on the joint 
stiffness. The effect of the other brace diameter must 
be considered when the two brace diameters are  
different. 
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