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Abstract: Anumerical algorithm using a bilinear or linear finite element and semi-implicit three-step method is presented for the
analysis of incompressible viscous fluid problems. The streamline upwind/Petrov-Galerkin (SUPG) stabilization scheme is used
for the formulation of the Navier-Stokes equations. For the spatial discretization, the convection term is treated explicitly, while the
viscous term is treated implicitly, and for the temporal discretization, a three-step method is employed. The present method is
applied to simulate the lid driven cavity problems with different geometries at low and high Reynolds numbers. The results

compared with other numerical experiments are found to be feasible and satisfactory.
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1 Introduction

The finite element method (FEM) has been
widely used for the solution of various fluid dynamics
problems in recent decades, and appears to be a
powerful tool especially for the solution of problems
with complex geometry or boundary conditions.
However, it is well known that the conventional
Galerkin FEM often fails to obtain stable numerical
solutions for fluid flows at high Reynolds numbers.
To overcome this drawback, stabilized finite element
formulations for the computation of steady or un-
steady flows have been developed, including stream-
line upwind/Petrov-Galerkin (SUPG) formulations
(Brooks and Hughes, 1982; Hughes and Tezduyar,
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1984; Tezduyar and Ganjoo, 1986), Galerkin least
square techniques (Hughes et al., 1989; Franca and
Frey, 1992), characteristic Galerkin methods (Zien-
kiewicz and Codina, 1995; Zienkiewicz et al., 1995;
Bao et al., 2010a; 2010b), finite calculus methods
(Ofate, 1998; Onate et al., 2007) and others (Brezzi et
al., 1992; Hughes, 1995). Among these, the SUPG
stabilization technique, introduced by Hughes et al.
(1986) and then further developed by Tezduyar
(2007a; 2007b), is believed to be an efficient stabi-
lized scheme for the solution of compressible and
incompressible fluid flow problems.

Another efficient FEM for the numerical simu-
lation of unsteady incompressible fluid flows is the
Taylor-Galerkin method developed by Donea et al.
(1984) and Selmin et al. (1985). The basis of the
Taylor-Galerkin method is the temporal discretization
of unknowns in a Taylor expansion and a successive
spatial discretization of the finite elements according
to the conventional Galerkin FEM. In comparison
with the conventional Galerkin FEM, the Taylor-
Galerkin method has the desired properties of ex-
tended stability and improved phase accuracy.
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However, this approach, though correct and easy to
implement for the solution of unsteady fluid flows,
would lead to a rather time-consuming formulation,
since the second-order scheme of the Taylor-Galerkin
method can be used only when the Courant number C,

is less than 1/+/3.

Based on the Taylor-Galerkin method, a three-
step FEM has been developed by Jiang and Kawahara
(1993), and has proved to be cost-effective for in-
compressible flows, since it allows less frequent up-
dates of the pressure field with good accuracy. In their
studies, a stability analysis of the 1D purely convec-
tion equation is described. The results show that the
three-step method is stable when the Courant number
C, satisfies 0<C,<1, and has third-order accuracy and
an extended stability domain in comparison with the
Lax-Wendroff FEM (Jiang and Kawahara, 1993).

In this paper we are concerned with an unsteady
incompressible Newtonian fluid flow governed by the
Navier-Stokes equations. For the modeling of the
fluid flow we use the SUPG finite element formula-
tion with the same order interpolations based on bi-
linear or linear elements for both the velocity and
pressure. Therefore, the spatial discretization of the
momentum equation is performed using the SUPG
stabilized Galerkin method. The Poisson type pres-
sure equation is derived from the incompressible
constraint, and discretized using the standard
Galerkin method. To avoid the diffusive time step
restriction, the diffusive terms are solved implicitly
and convective terms explicitly. For the temporal
integration of Navier-Stokes equations, we use the
three-step method, in which the time step is divided
into equal three substeps, hence, fully discretized
finite element schemes of considered fluid flow
problems are obtained.

For the verification of the proposed algorithm,
numerical tests for lid driven cavity flow problems are
presented: the lid driven flows are in a square, a tri-
angular, and a skewed cavity at low and high Rey-
nolds numbers. The present results are shown to be
accurate compared with other numerical results.

2 Incompressible Navier-Stokes equations

We consider the following velocity-pressure
formulation of the Navier-Stokes equations written in

the Eulerian form for unsteady incompressible flows:

ou, ;
§+uiui,j =oy;+ i, InQx[0,T], (1)

u; =0, inQx[0,T], 2

where ©, [0,T] are the spatial and temporal domains,
u;j is the i-component velocity, f; is the external force, t
is the time. The subscript “,” denotes spatial derivative;
i.e., uj;j denotes the derivative of u; to j direction. gj; is
the stress tensor given by

oy =—PJ; /p+v(ui,j +uj,i)l (3)

where p and vare the pressure and kinematic viscosity,
p is the fluid density, and ¢; represents the identity
tensor. The boundary conditions are

U =g;, only, (4)
oyh;=h, onr, (5)

where Iy and I}, are two disjoint subsets of the
boundary I, g; and h; are the prescribed values on the
boundary, and n; is the j-component of the unit vector
normal to the boundary.

3 Semi-implicit three-step method

The governing equations are integrated in time
using a semi-implicit three-step method. In this
method, the convection term is treated explicitly,
whereas the viscous term is treated implicitly. The
momentum equations at each of the substeps are then
discretized as follows:

uin+1/3 _ uin - .
ayz TP % (6a)
+ V(ﬂuirjjj +(1- ﬂ)uirj}jlm) + 1:in’
u_n+2/3 _ u_n+1/3 3 3
Sy
At/3 b : (6b)
+V(ﬂuirj}rjl/3 +(1_ﬂ)uirj}rjz/3)+ fin+1/3,
LI_n+1 _ u_n+2/3 o3 o3 .
i i =—y"reyMes — pht
At/3 j i,j p,| /,0 (6C)

+V(ﬂun+2/3 +(l_ﬂ)un+1)+ fin+2/3,

i i i
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where u;j; is the second derivative of u; to j direction,
and p,; is the derivative of p to i direction. At is the
time increment, and the superscript ‘n’ denotes the
time level. The implicitness in the numerical scheme
is introduced with =0.5, and thus, the second-order
accurate implicit trapezoid method for the viscous
term is obtained (Kjellgren, 1997). As a result, the
time increment of the semi-implicit method will not
be restricted by the viscous limit.

4 Finite element formulation of the govern-
ing equations

4.1 SUPG finite element formulation of the Navier
-Stokes equations

By multiplying the velocity test function and
integrating over the computational domain Q, and
with the added SUPG stabilization term, the weak
form of the momentum Eq. (1) is achieved as follows
(Brooks and Hughes, 1982; Hughes and Tezduyar,
1984; Tezduyar and Ganjoo, 1986):

j [5u. (%-FU-U- o= f)+a.,5u. }dg—j hou.dlr
o i 6’[ Jog i ij i Fa i

Ne| aul
+Zl:J.Qe Tsupeujﬁui,j (E-i-ujui'j 0y~ fijdg =0,
@)

where ng is the number of elements, Q° is the domain
of single element, du; is the velocity test function, and
the stabilization parameter zsypg is defined as (Dett-
mer and Peri¢, 2006a; 2006b; 2006c¢)

Toupe = h* z
SUPG 2l o '

u®|{h® 8

Z :LZ’ Ree :2—, ( )

1%

1+ B
S, Re’

where h®, u®, and Re® represent, respectively, the

characteristic element size, the convective velocity in
the element centroid, and the element Reynolds num-
ber. z is the process parameter. The parameters $; and
B define the limits of z as Re®—o and the derivative

dz

ples in this study have all been obtained with ;=1 and
S-=1/3. In this work, the characteristic element size h®
is defined as the diameter of the circle, the area of
which corresponds to the element e.

The spatial discretization process using the FEM
follows the procedures of Belytschko et al. (2000).
The same order interpolations based on bilinear or
linear elements are used for both the velocity and
pressure. Thus, u; and p, along with the test functions
ou; and dp, are expressed as follows:

u, —Zcp, - (9a)
pP=>.Pp, (9b)
ou, =, (9¢)
Sp=a, (9d)

where @, is the nodal shape function at node I, and u;,
and p, are the values of u; and p at node | in a single
element, respectively.

Substituting the interpolations into Eq. (7), and
applying the semi-implicit three-step method, we
derive the resulting finite element formulations of
momentum equations:

u_n+1/3 un
¥ UAT = s +Gupy/p
+1/3 +1/3
(SIJ ulJ + Sn |[.1]
+ Dn El/lp+F/, (10)
un+2l3 un+1/3
+1/3 i +1/3, ,n+1/3 +1/3
Ha JAT: Uy G  p
(Sn+l/3 n+1/3 Sn+2/3 n+2/3) + Dn+1/3
2 |J
—E} I p+FS, 11
, un+1 _ un+2/3 , , ,
+2/3 +2/3, n+2/3 +2/3 AN+l
Ig . At/; = ng US +G|TJ pJ /p

n+2/3 n+2/3 n+1 n+1
(S uy = +S;5ug

n+2/3, n+2/3

2 (S ulJ
n+1 n+2/3
—Ei" T p+ R,

n+1 n+1 n+2/3
+S) )+ D;

(12)
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where MY, NN, G, F?, DY, Si?, and

E;* are defined as

M? = [ 88,02 + [ eyl Py @, 8,00,

(13a)

NG = dui d @, d
(13b)
+ [, TsupcUi BBy U B B, O,

Gy’ =] 0, ®,02 [ 7ol DD, @, 00,

(13c)
R = vey@, i ndr, (13d)
D’ = [ @ fidQ+ [ roupct}i B @, T2,  (13¢)
S j @, @, d0, (13f)
E = J're @, p™ndr, (130)

where subscripts ‘I’, ‘J’, ‘K’ and ‘L’ are denoted as
node indexes, and ‘i’, ‘j” are space indexes; and the
parameter @ is set to dlfferent values (0, 1/3, and 2/3
for Egs. (13a)-(13e); O, 1/3, 2/3, 1 for Eq. (13f); O,
and 1 for Eq. (13g)).

4.2 Finite element formulation of the pressure
equation

The weak form of the pressure equation is ob-
tained by multiplying the continuity equation by the
pressure test function dp and applying the divergence
theorem, and can be expressed as follows:

I op;u,dQ - IgépginidF:O. (14)

To obtain the Poisson type pressure equation
from the continuity constraint, we discretize Eq. (1) at
the time level t=t"""?, and then, the following equa-
tion can be obtained:

n+1 n
ui :u_i un+1/2 n+1/2

+1/ +Vun+l/z f_”+1/2_ 15
At At “hre : (15)

L

Substituting Eq. (15) into Eq. (14), the Poisson
type pressure equation can be expressed as

IQ§p,i p,riprl [ pdQ :ij. op;ude
_J‘ 5plun+1/2 n+1/2dQ +'[ 5p n+1/2dQ (16)
+I spovudQ ——Lg Spgindr.
Since the interpolation based on linear or bilin-
ear elements is used for velocity, the viscous term in

Eq. (16) has vanished, and using the divergence
theorem, Eqg. (16) can be rewritten as

J‘gdpvi Pl pdQ = —ij spuldQ

_J‘ 5plun+1/2 ﬂ+1/2dQ+I §p n+l/2dQ (17)

sp(gt —g)ndr,

e
where
1
uin+1/2 — E(uin+1/3 + uin+2/3)’ (18)
where the velocities u™/3and u*?’® are calculated

by Egs. (10) and (11), respectively.

Substituting the expressions of trial and test
functions Egs. (9a2)-(9d) into Eq. (17), the final finite
element formulation of the Poisson type equation is

Hy pSHl = _QiIJ iJ R||Jun+1/2 P +W, (19)
where

1
== @,&,,de, (20a)

2

1
Qi :__[ e(pl(pa,idgv (20b)
s =[ @ 8,0 Ui de, (20c)

1 N+ n

P=— [ @(e"—ghndr,  (20d)
W, = [ @, fdr. (20¢)

5 Numerical examples

In this section, lid driven flow problems of low
and high Reynolds numbers in a square, a triangular,
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and a skewed cavity are considered to verify the
present numerical method. A standard iteration proc-
ess, biconjugate gradient solver (BICGS) was em-
ployed to solve the linear system, which results from
the finite element discretization described above. For
the solution of high Reynolds numbers, the con-
verged solution of lower Reynolds number was used
as an initial guess, and found to be in good agree-
ment with previous numerical solutions (Kohno and
Bathe, 2006). All the numerical results are non-
dimensionalized described.

5.1 Lid driven flow in a square cavity

Fig. 1 shows the schematics of a square cavity
flow with a coordinate system and a nonuniform mesh
with 80x80 quadrilateral bilinear elements for the
problem. A unit horizontal velocity is prescribed on
the top lid, while the no-slip boundary condition is
imposed on all other sides and on the corners of the
top lid. In addition, zero pressure is prescribed on the
left corner of the bottom side. Calculations of the
flows of Reynolds numbers 1000, 5000, and 7500
were performed. In all cases, the time step At=0.01
was used, and the corresponding maximum Courant
number was 2.78, which is defined as

@

A Ko

0.0 10

Fig. 1 Square cavity flow problem definition (a) and
nonuniform grid system (b)

(21)

Figs. 2 and 3 show the horizontal and vertical
velocity profiles, respectively, along the vertical
centerline (0.5, y), and the horizontal centerline (x,
0.5) for Re=1000, 5000, and 7500. Figs. 4—7 show the
velocity distributions, pressure contours, streamline
patterns, and vorticity contours of the steady-state
results for Re=1000, 5000, and 7500, respectively.
The present numerical results are in good agreement
with the solutions of Ghia et al. (1982).
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Fig. 2 Horizontal velocity profiles along the centerline for Re=1000 (a), Re=5000 (b), and Re=7500 (c)
Solid line: current results; circles: results given in (Ghia et al., 1982)
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Fig. 3 Vertical velocity profiles along the centerline for Re=1000 (a), Re=5000 (b), and Re=7500 (c)
Solid line: current results; circles: results given in (Ghia et al., 1982)
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Fig. 4 Velocity distributions for Re=1000 (a), Re=5000 (b), and Re=7500 (c)
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Fig. 5 Pressure contours for Re=1000 (a), Re=5000 (b), and Re=7500 (c)

Fig. 6 Streamline patterns for Re=1000 (a), Re=5000 (b), and Re=7500 (c)

(b)

Fig. 7 Vorticity contours for Re=1000 (a), Re=5000 (b), and Re=7500 (c)
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5.2 Lid driven flow in a triangular cavity

In this problem we consider the lid driven flows
in an isosceles triangular cavity with the same ge-
ometry and boundary conditions as in Ribbens and
Watson (1994), Jyotsna and Vanka (1995), and
Kohno and Bathe (2006). Figs. 8a—8c show the ge-
ometry of the triangular cavity with the coordinate
system and the nomenclature for the vortices. To
obtain a more accurate solution, we used an irregular
grid system with 12046 triangular linear elements
(Fig. 8c). The boundary conditions imposed were as
follows: a unit horizontal velocity is prescribed on the

YA
0.0 V3

[
»

top lid, while no-slip boundary condition is imposed
on the left and right sides of the triangular cavity and
on the corners of the top lid. As for the triangular
cavity problem, zero pressure is prescribed at the
bottom corner of the cavity. The steady state solutions
were obtained for the cases Re=100, 500, and 1000
using the time increment At=0.02 with the corre-
sponding maximum Courant number C,=2.17.

Figs. 9 and 10 show the velocity profiles along
the wvertical centerline (x=0) and horizontal line
(y=—1), respectively, for the cases Re=100, 500, and
1000. Figs. 11-14 show the velocity distributions,

(Xc4:Yea)

(XCZvyCZ)

-3.0 (@)

(Xc3ayc3)

(b) (©)

Fig. 8 Triangular cavity flow problem definition (a), nomenclature (Kohno and Bathe, 2006) (b), and unstructured grid

system with 12046 elements (c)

‘+’ denotes the vortex center positions, and (Xc1,Ye1), (Xe2,Ye2)s (Xea:Yes), (XcaYea), @and (Xes,Ycs) are the coordinates of vortex center
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Fig. 9 Horizontal velocity profiles along the centerline for Re=100 (a), Re=500 (b), and Re=1000 (c)
Solid line: current results; circles: results in Kohno and Bathe (2006)
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Fig. 10 Vertical velocity profiles along the line y=—1 for Re=100 (a), Re=500 (b), and Re=1000 (c)
Solid line: current results; circles: results in Kohno and Bathe (2006)



40

Huang et al. / J Zhejiang Univ Sci A (Appl Phys & Eng) 2011 12(1):33-45

Fig. 14 Vorticity contours for Re=100 (a), Re=500 (b), and Re=1000 (c)
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pressure contours, streamline patterns, and vorticity
contours, respectively, for all the cases. The center
locations of the vortices according to the nomencla-
ture in Fig. 8b are compared with that of Kohno and
Bathe (2006) in Table 1. The present results are in
good agreement with those of Kohno and Bathe
(2006).

5.3 Lid driven flow in a skewed cavity

In the third fluid flow example, we consider the
numerical solution of driven flows in a skewed cavity
with a skew angle of 45° as first proposed by
Demirdzi¢ et al. (1992), at two different Reynolds
number values, Re=100 and 1000. In this study, we
consider flow conditions of Re=100, 1000, 5000, and
7500, and grids with uniform node distributions of
151x151 and with 45000 triangular elements for all
the Reynolds numbers considered. Fig. 15a illustrates
a schematic view of the skewed cavity problem with
the coordinate system, and Fig. 15b shows the ele-
ment patterns of the regular mesh used for the solu-
tion of the problem. Prescribed boundary conditions
were as follows: zero velocity at the walls and bottom,
a unit horizontal velocity at the cavity top, and zero
pressure at the left corner of the cavity top. In this
analysis, time step At=0.01 was used for all the cases
of different Reynolds numbers, and its corresponding
maximum Courant number C, was 1.51.

Figs. 16 and 17 present the horizontal and ver-
tical velocity component profiles along the center-
lines CL; and CL; (Fig. 15a), respectively, obtained
by the present method at all the Reynolds numbers, in

comparison with the results given by DemirdZi¢ et al.
(1992) for Re=100 and 1000. Predicted streamlines
and vorticity contours for flow cases are shown in
Figs. 18 and 19, and the positions of the primary
vortex and secondary vortex are presented in Table 2
compared Demirdzi¢ et al. (1992). With an increase
in Reynolds number, the secondary vortex becomes
larger and larger, while the primary vortex size re-
duces, and when the Re reaches 5000, a vortex ap-
pears at the right side of the cavity, and its size in-
creases with the increase of Re.

@

CL,

(b)

Fig. 15 Skewed cavity flow problem definition (a) and
element patterns of regular mesh (b)

Table 1 Comparison of vortex center positions in the triangular cavity problem

Group (Xe1,Ye)

(X021y02)

(Xc3 %3) (Xc4 xyc4) (Xc5 ’ YCS)

Re=100

Present method

Kohno and Bathe
(2006)

(0.3410,-0.6381)  (0.0367,~2.1057)
(0.3467,-0.6416)  (0.0382,-2.1146)

(0.0002,2.8230) - -
(0.0002,2.8254) - -

Re=500
Present method

Kohno and Bathe
(2006)

(0.1348,-0.7841) (~0.1649,-1.9561) (~0.0020,-2.7730) (~1.3524,-0.5532) (0.0000,~2.9591)
(0.1391,-0.7864) (~0.1580,-1.9631) (~0.0022,-2.7716) (~1.3484,-0.5538) -

Re=1000

Present method

Kohno and Bathe
(2006)

(0.1106,-0.8077) (~0.2622,-1.9357) (~0.0154,—2.6657) (~1.2881,-0.3856) (0.0002,2.9348)
(0.1113,-0.8143) (-0.2561,-1.9458) (~0.0163,-2.6628) (—1.2844,~0.3864) -
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Fig. 16 Horizontal velocity profiles along the centerline
CL, for Re=100 (a), Re=1000 (b), Re=5000 (c), and
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Fig. 17 Vertical velocity profiles along the centerline
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Re=7500 (d) Re=7500 (d)
Solid line: current results; circles: results in DemirdZi¢ et al. Solid line: current results; circles: results in Demirdzi¢ et al.
(1992) (1992)
Table 2 Comparison of primary and secondary vortex center positions in the skewed cavity problem
Group Primary vortex center position Secondary vortex center position
Re=100 Present method (1.1170,0.5459) (0.3395,0.1425)
Demirdzi¢ et al. (1992) (1.1100,0.5464) (0.3387,0.1431)
Re=1000 Present method (1.3244,0.5783) (0.7823,0.3998)
Demirdzic¢ et al. (1992) (2.3130,0.5740) (0.7766,0.3985)
Re=5000 Present method (1.5139,0.6407) (0.8246,0.3619)
Re=7500 Present method (1.5488,0.6524) (0.8319,0.3607)
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Fig. 18 Streamline patterns for Re=100 (a), Re=1000 (b),
Re=5000 (c), and Re=7500 (d)

6 Conclusions

In this paper we presented a numerical algorithm
which used a semi-implicit three-step method ac-
commodating stabilized bilinear and linear equal-
order interpolation velocity-pressure elements. The
SUPG stabilization technique was employed for the
formulation of Navier-Stokes equations. Since there
are no restrictions on time step due to the diffusion
term, the present scheme allows larger Courant
numbers for the solution of unsteady incompressible
viscous flow problems. Results from our numerical
tests showed good agreement with those reported in
previous studies (Ghia et al., 1982; DemirdZi¢ et al.,

Fig. 19 Vorticity contours for Re=100 (a), Re=1000 (b),
Re=5000 (c), and Re=7500 (d)

1992; Kohno and Bathe, 2006) and suggest that the
present method is competitive for the solution of
incompressible viscous flows in terms of both accu-
racy and efficiency.
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